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PREFACE 


This book “Dynamics of Rigid Bodies” has been written 
for the use of the students preparing for M. A., M. Sc. examina- 
tions of various Indian Universities. 

No claim to originality can be made but the authors have put 
the subject matter in a clear and lucid style. Great care has 
been taken to explain the fundamental principles fully. Obscure 
points which are a source of confusion to the students have been 
thoroughly explained and numerous illustrative examples have been 
added after each article. Mostly the examples have been 

selected from the question papers of various universities and 
competitive examinations as well as from all necessary books 
available on the subject. 

Each chapter has been made complete in itself as far as 
possible. It will be found convenient for those who are already 
in the know of the subject, as it enables them to direct the atten¬ 
tion to those parts in which they may be most interested. 

The book will be found useful even for those who wish to 
appear at the competitive examinations. 

Authors will feel rewarded if the book is found useful by 
.those whom it is intended to serve. Suggestions for the improve¬ 
ment of the book will be gratefully received. 

We also feel grateful to the publishers and printers for their 
keen interest in the book. 

Meerut 
March 1963 . 
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CHAPTER I 


MOMENTS AND PRODUCTS OF INERTIA 
1 * 1 . Definitions : 

Moment of Inertia of a body about a line. Let m be an 
element of mass of a body of mass M and r its distsnce from the 
given line. Form the product mr- and the coriesponding 
products for other elements of the body. Then the sum of all 
such products i.e. Zmr 2 is called the Moment of Inertia of the 

body about the given line. For brevity we shall write M. I. 
for moment of inertia. 

Radius of Gyration. If Zmr°- = M/i 2 , where M is the mass 
of the body, then k is the Radius of Gyration sometimes called 
the Swing Radius about the given line. 

Product of Inertia. Let \(x, y) be the co-ordinates of a 
particle of mass m with respect to two fixed lines at right angles 
as co-ordinate axes. Form the product mxy and the correspond¬ 
ing products for the other elements of the body. Then the 

quantity Zmxy is called the Product of Inertia of the’ body about 
these two axes. 

Similarly we can define the moment of inertia with respect 
to a plane or a point. 

In future, we shall denote by A, B, C the moments of inertia 

of a body about the co-ordinate axes Ox, Oy and Oz respectively 

and by D, E, F the products of inertia about the axes Oy, Oz ; 

Oz, Ox and Ox, Oy respectively. Further, we shall denote by 

A', B\ a the moments of inertia of a body about the planes yz, 

zx, xy and by H the moment of inertia with respect to the 
origin. Thus 

A = Zm 0> 2 -f z 2 ), B = Zm (z 2 +x 2 ), C=Zm (z 2 + x 2 ), 

A' = Zmx 2 , B’=Zmy 2 , C'=Znjz\ 

D — Z myz, E=Zmzx, F=Zmxy, 

and H=Zm (**+/*+ =Zmr 2 , 
where r is the distance of m from O. 

We now give below moments of inertia in some simple 
cases. 
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1*2. Theorem. The moment of inertia of a plane lamina 
about an axis perp. to its plane is equal to the sum of the M. I.’s 
about any two perpendicular axes in the plane which intersect the 

first axis . 

Take the plane of xy as the plane of the lamina and the 
perpendicular axis as 2 -axis. Then A = £my 2 , B=Zmx* since 2 is 
zero on xy-plane. And C=Zm (x 2 +.y 2 ). Hence C=A + B. 

1*3. Moment of Inertia of a uniform rod of length 2a and 

mass M. 

(i) About a line AL perpendicular to the rod AB. 

Mass per unit of length of 

M 1 

the rod is Take an element 

2 a 

hx of the rod at a distauce x 
from A. 

Then mass of this element 




2a 


B 


and its moment of 
M 


inertia about AL = ^- Sx.x*. 

Hence the moment of inertia of the rod about AL 

M r* 3 T a 


= f M 
Jo 2a* 


x 2 dx= 


2 a' [3 J, 


to 

G. 


= |Ma 2 . 

(ii) About a line GL 1 •rp . 
AB through its middle point 


P Sxd 


£ 


x 2 dx 


Here the limits of x are 
from —a to a. 

Hence the M. I. of AB 
about GL 

_M C a 

2a J_ 

= *Ma 2 . 

1*4. Moment of Inertia of a uniform rectangular lamina of 
sides 2a and 2b and mass M. 

(i) About an axis through its centre parallel to the side 2a. 

Let A BCD be the rectangle in which AB=2a and AD=2b 
and let O be its centre. 


m rxn 
la |_3 J 
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Take an elementary strip 
of thickness Sx parallel to AD 
at a distance x from O. 

Mass of this strip 


_ iV/ M 

-4ab- 2Hx ~2a ix 
and M. I. of this strip about 
Ox which is an axis through 
its middle point O parallel to AB 




[see § 1-3 (ii)J. 


Hence M. I. of the rectangle about Ox 

Mb 2 / a 

=i»L dx 

— jMb 2 . 

Similarly M. I. of the rectangle about an axis through O 
parallel to the side 26 =l (Via 2 . 

Aliter. Consider an elementary area 8x 8y. Its mass 
M 

^Aab 8x by and its distance from °* y so that its moment of 


inertia about Ox=~ 8x 8y.y\ 

4ab 


Hence the M. I. of the rectangle ABCD about OX 

=-4ab /I L y ' dX dy ~ 


m c° j 

-4ab\. a [3U 

H- 


2 A3 

Aab' 

= §Mb 2 . 


M 

4ab 


.lb\2a 


Similarly M.I. about Oy=\Ma*. 

(ii) M.I. about an axis perpendicular to the lamina and 
passing through O t the centre. 

Let Oz be the axis through O perp. to the lamina. Consider 
an element 8x 8y of the lamina. Its mass=^ 8x Sj; and its dis¬ 
tance from O is Vix'+y*), so that its M. I. about Oz 
M „ 

=4 ab ix 


4 
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Hence the M.I. of the whole lamina about Oz 

=£ b L L (M) dx dy 
=lL[ xWy 'L dx 

=lL[ 2bx ' +w ] dx 

=£„ f 


= [J*a 3 +t& 3 a] = $M (a=+b 2 ). 

4 au 


1*5. Moment of Inertia of a rectangular parallelopiped about 
an axis through its centre and parallel to one of its edges. 

Let O be the centre of the parallelopiped and 2a, 2b, 2c the 


lengths of its edges. Take Ox, 
Oy , Oz as coordinate axes para¬ 
llel to the edges 2a, 2b and 2c 
respectively. We shall find out 
the M.I. about Ox. Consider 
an element 5* 5 y hz about the 
point P (x, y, z). Its mass 

,8x Sv 5 z, where M is the 

8 abc 

mass of the whole rectangular 
parallelopiped and its M.I. about 

° X = 8abc 5x * y S7 -(>’ z + 2 *)- 



Hence the M.I. of the whole parallelopiped about Ox 

Af f° [> f* 

=&ahc J_J_ L { y-+ z '> dx d y dz 


2 +r 2 ) dx dy dz 


M n fa f* f c 

~Sabc'^ j 0 J 0 J 0 ^ 

=abc J” f 0 0*+*c*) dx dy 
M fa 

~ a bc J (tb 3c + i c3 b) dx 


M 


= abc + 
= (b 2 + c 2 ). 
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Aliter. Divide the parallelopiped into thin rectangular slices 
all perpendicular to Ox. Sides of all such slices are of lengths 
2b and 2c. 

Then M.I. of each slice about Ox 

=m.% (6 2 -f c 2 ), where m is the mass of each slice. 

[see $ 1*4 (ii)] 

Hence the M.I. of the whole parallelopiped about Ox 

= H*> 2 +c 2 ) 27m=J (6 2 +c 2 ).A/. 

Note. In the case of a cube of side 2a, M.I. about any of 
these axes is f Mar. 

1*6. Moment of inertia of uniform circular ring (i) about a 
diameter, (ii) about an axis through the centre perpendicular to its 
plane. 

(i) Let O be the centre of 
the ring and let Ox be any axis. 

Let Z.POx—0 and Z_QOx 
=6+66, so that the length of the 
elementary arc PQ is a 80 where a 
is the radius of the ring. Its mass 

M 

— .a 80, where M is the mass 
2n a 

of the ring and its M.I. about Ox 

= J~- a 80 .a 2 sin 2 
2na 

Hence the M.I. of the whole ring about Ox 

M _ f2n 

j 0 

1 r 2 tt 

= 4- Ma 2 .\ * (1-cos 20) d0 

Ztt J 0 



sin 2 0 d0 


= J- Ma 2 
4tt 

1 


[- 


sin 20 "] 2 ^ 

2 J 0 


= Ma 2 .27r=|Ma 2 . 

4v 

(ii) In this case the distance of the element aS0 from the 
axis through O perp. to its plane is OP i. e. a so that its M.I. 

M 1 

about this axis = ^—.a 80.a 2 — Ma 2 80. 

2na 2 it 

Hence the M.I. of the whole ring about this axis 

2* 


M 2 f 

“27T a J 


d0= Ma 2 


6 
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Aliter. Since M.I. about any diameter is \McP, the M.I. 
about an axis through the centre perp. to the plane of the lamina 

=\Ma*+\Ma* (see § 1*2) 

=Ma*. 

1*7. Moment of Inertia of uniform circular disc (i) about a 

diameter, (ii) about an axis perpendicular to the disc through the 
centre. 

Let O be the centre and a, 
the radius of the disc. Let Ox be 
any axis. 

Consider a circular ring of 
radius r and thickness 8r. 

Its mass=—Sr 

na* 

=»~ Mr dr, 

where M is the mass of the disc. 

And its M.I. about Ox= 2 q% Mr dr.±r*. [§ 1 *6 (,*)] 

Hence the M.I. of the whole disc about Ox 

M [ a _ , 

=^2 J o ' 3 dr=l Ma 2 . 

Aliter. Consider an element r SO Sr of the disc. 



Its distance from Ox=r sin 0 and its mass = —-_.r 80 Sr. 

TiQr * 


Its M.I. about Ox=~ J .r SO Jr.r 2 sin* 0. 

na i 

Hence the M.I. of the whole disc about Ox 

M f2rc ra 


M C2n r< 

= -’Jo J, 


r 3 sin 0 dO dr 


n-cos m de 

(ii) In this case the distance of the element r SO Sr from the 
axis through O perp. to the plane of the disc is r. 
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• • 


Its M. I. about this 


• M „ 
axis= —5 r 80 8r.r. 

7 TO 


M f2jc fa 


7Td 


2 


n 


r 3 dO dr 


= M -„ f 2 " a ‘ 

fra-J Q 4 


7TQ* 


= }Ma 2 . 



Aliter. Since M. I. about any diameter is} Ma 2 , it follows 
from § 12 that the M. I. about an axis through O perp. to the 
plane of the lamina 

= \Ma 2 +\Ma 2 ^=\Ma 2 . 


1*8. Moment of Inertia of an elliptic disc 

Let the equation of the 
ellipse be 

x 2 v 2 
— +—==1 
d^b 2 u 

Let PQ be a rectangular 

strip parallel to y-axis. Its area 

• M 

is 2 y 8x and its mass= —r. 2 y 8x. 

■nab 

where M is the mass of the whole disc. 

Its M. I. about Ox—y v 2 . 

•nab 3 

Hence the M. I. of the whole elliptic disc about Ox 



f§ 1-3 (ii)l 


377 ab 

4Mb* f 7r /2 
W 

4 Mb 2 


dx 


lc " (a °~ al SinZ 0)3,2 - acos 6 de - putting *=o sin 9 

.a< \"' 2 cos‘ . - 

Jo 3 tt 4.2 2 


377fl 4 

= }Mb*. 

Similarly the M. I. about minor axis=}Ma 2 . 

1'9. Moment of inertia of uniform triangular lamina about 
one side. 
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To find M. I. about BC, we 
draw strips parallel to BC. Let 
PQ be one of these strips at a 
distance x from A and of thick- p 

ness lx. Let the perp. AN from > 

A on BC be of length p. We 
then have / 

^9=^=* or PQ=-a. f- - 

BC AN p P D 

x 

Area of the strip = - a lx 

M x _ 2A/ , 

and Us mass=.^ . - a Sx=— 2 x dx, 

where A/ is the mass of the whole triangle. 


. , _ _ 2M 

M. I. of this strip about BC=-p- 


jc Sx.MN 2 


x lx (p—x) 2 . 
P 


Hence M. I. of the whole triangle about BC 


-“'i% <»->■* 

1*10. Moment of Inertia of a spherical 9hell. 
Let the hollow sphere be 
formed by the revolution of the 
scmi-circular arc ACB about the / 

diameter AB. Then the ele- / 
mentary arc al6 will generate a / 
circular ring of radius a sin 9. f 

Its mass=277a sin 9.a 19. p g 

and its M. I. about AB=2-na 2 p sin 9 SO.a 2 sin 8 9 
M. I. of the whole spherical shell about AB 

=27ra*p [* sin 3 9 d9=4na A p f sin* 
Jo Jo 

=47Tfl 4 p.? = S7ra 4 p 

8 . Af ■ m . *> 

= 3 7704 *4wa 8 since A/=4 -na~p 

= iMa 2 . 




'S0y 


sin* 9 d9 


cl Sen 6 
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1*11. Moment of Inertia of a solid sphere. 

Let the solid sphere be 
formed by the revolution of the 
semi-circular area about the 

diameter AB. Then the elementary / 
area PORS=r SO Sr will generate / , 

a circular ring of radius r sin 0. j 

Mass of this ring B 

= 2 nr sin 0.r SO Sr.p 

and its M. I. about AB=2nr sin 0.rSOSr. p,r 2 sin 2 0. 
Hence the M. I. of the whole sphere about AB 


fa Sin 0 


==2nP fo / r * Sin3 6 d& (ir=2xp ’ 2 J* / 2 [^J a sin 3 0 dO 


_ £ ”P i 8 

"5 *'3 = i5 np * 


_ 8 . 3M 

15 770 ‘477a 3 
= SMa 2 . 


since ~ na^p—Af 


1*12. Moment of Inertia of a solid ellipsoid about a principal 
diameter. 

Take an element Sx Sv Sz z 

about the point (x, y, z > on the 

ellipsoid. Its distance from Ox / ^ s ' s v 

= V0V 2 +2 2 ). / 

.*. Its M. I. about Ox / jMp > \ 

= p. Sx 8y Sz (> 2 -f z-). j \ 

Hence the M. I. of the whole / \ 

ellipsoid about Ox s' / 

= 8/ f Jp (y 2 + z 2 ) dx dy dz , 
integration being extended over 
positive octant of the ellipsoid. ^ 

Put a* =u *• 69 x==a “ ir ~> dx=},au-i' 2 du etc. 

Then M. l. = 8f f J p .£abc (b"v+c z w) { / u ^ 

integration being extended to all positive values of //, v, »v subject 
to the condition w+v-f-w < 1 . 

=pabcjf J (/, 2 m -i/ 2 v i/* iv -i/ 2 _|_ c 2 w _i/ 8 v ,_ 1 / 2 h . 1 / 2 ^ dv dw 

=pBb c[ b ^p +cK nnri j 

[by Dirichlct’s theorem! 

=pabc(b*+c-) ±- 3 ~=~ h ~ • b/1 - + ~ 

2 • 2 • h 3 5 


10 
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=M. b2+C - since M^nabcp. 

5 

Routes Rule. 

Moment of inertia about an axis of symmetry 

Sum of the squares of per p. sem i-a_xes 

=Massx 3,4 or 5 

The denominator is'3, 4, or 5 according as the body is 
rectangular (including rod), elliptical (meludmg circular) or 
ellipsoidal (including spherical). 

1*13. Solved examples. 

1. Find an expression for the moment of inertia of a right 
circular cylinder about its axis. (Jaipur 19S5, Punjab 19,5) 

Let a be the radius of the circular base and h, th e height of 

the cylinder. 

Take a circular disc of thickness Sx at a 
distance * from the centre of the base. 

Its mass—p.^a 2 8* 

and its M. I. about the axis of cylinder 

= pna 2 5x ha 7 . 

Hence the M. I. of the whole cylinder 
about its axis 

f A 

= bf>rra l dx 
■ 0 

= h f>Tra*h 

z=hMa 7 . since na 7 hp = M. 

a. * 

2. Find the moment of inertia 
of the arc of a circle about 

(i) the radius bisecting the arc, 

(ii) a line through the centre 
perpendicular to its plane, 

(Hi) an axis through its middle 
point pedpendicular to its plane. 

Let 2a be the angle subtended 
by the arc at the centre O. 

Let OA — a be the symmetrical 
radius. Let PQ=a 80 be an element 
of arc. 

(i) Since a sin 0 is the distance of the element from OA, 
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its M. I. about 04 —p.a hO.a- sin 2 0. 

Hence the M. I. of the whole arc about OA 

sin 2 0 dO 


—pa 3 J X si 

—2pa 3 |*sin 2 0 dd 

= pa 3 [ (1—cos 20) dO 
Jo 

= pa 3 |^0— 

„ 3 T sin 2a 1 

=pa- i a-- I —pa 3 (a —sin a cos a) 


sin 20~ja 

2“ Jo 

sin 2a 
2 


Ma 2 


= * 2 — (a—sin a cos a), since M=2xap. 

(ii) Let OL be an axis through O perpendicular to the plane 
of the arc. The distance of the element a 50 from OL is a. 

Hence the M. I. of the whole arc about OL 

=J a 2 .pa d0=2<xpa 3 
M 

— 2aa 3 .-— — Ma 2 since M=2%ap. 
lax 

(iii) Let AM bean axis through the middle point A of the 
arc perpendicular to its plane. The distance of the element a 50 

0 


from AM =the chord PA = 2a sin 


2 * 


Hence M. I. of whole arc about AM 


4a 2 sin 2 ?pa dO 

— a Z 


do 


=i 

= 8pa 8 J a sin 2 d0=4pa 3 J a (l—cos 0) 

=4pa 3 ^0 — sin oj =4 pa 3 (a —sin a) 

2 M „ • x • ~ w 

=— a 4 (a —sin a) since 2apx = M. 
a 

3. Show that the moment of inertia of a semi-circular lamina 
about a tangent parallel to the bounding diameter is 

G-£) 

where a is the radius and M the mass of the lamina . 


12 
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The equation of the circle with O as origin 
and OA as x-axis is ’x ? -f -y 2 —a 2 . 

Take a strip parallel to the tangent AL at 
A as shown in the figure. Its area is 2 y Sx and 
its distance from AL is (a—x). 

Hence M. I. of the whole lamina about AL 


= f {a—x)-.p.2y dx 
J o 

= 2 p f (a—x) 2 ^/(a 2 —x 2 ) dx. 
J o 



Now put x=a sin 0, dx—a cos 0 dd. 


• • 


f rr/2 

M. I.=2p a 2 (1 —sin 9) 2 .a cos 9.a cos 9 d9 
J 0 


= 2pa i [ ^ (1—2 sin 0-bsin* 0) CO s 2 9 
J o 

4 M' . f~7T 2 TT~\ 

= L4-3 + I6 J 

—[i-y. 


dd 


since a 2 p=Af 


area 


Ex. 4. Find the moment of inertia of a hollow sphere about 
a diameter, its external and internal radii being a and b . 

The hollow sphere is formed by the revolution of the 
between the semi-circles ACB and q 

A'C'B' about the diameter AB. 

Let PORS = r 50 Sr be an ele¬ 
ment of this area. The mass of 
the circular ring formed by the 
revolution of this area about AB 
= P. 2nr sin 0 .r 50 5 r 
and its distance from AB = r sin 0. 

The M I. of the hollow sphere 
about AB 



= [ f r 2 sin 2 9.p.2irr sin 9.r dd dr 
J 0 J b 
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■2n 


* /: m; 


sin 3 6 dd 


= 2 . 2 „r.<£i=* e) 


fn, 2 4 

J o sin 3 0d(J=- pn (at-b 5 ).* 


.7T (a*-b*). § 


since M=p.* n (a 3 —b 3 ) 


_4 3 A/ 

5 * 4 tt (a :i —b 3 ) 

2 M a 5 — b r> 

~~ 5 ‘ a 3 —b 3 ‘ 

A ' iter - f onsider a ^herical shell of radius * (6 < * 
of thickness v ^ 

Its M. I. about AB= § (47r.v 2 p 8.x:). * 2 . 

Hence the M. I. of the hollow sphere 

= /b 3 • • * 2 </* 


a) and 


( se e § 1-10). 


since M^p,^ 


— P = 1*6it p (a 5 —6 s ) 

= ' A ' 7r * 4n(a¥- b * )•(“*-!>*) 

JIM a 5 — b 5 
5 * a 3 —b 3 - 

aj%, Ur ‘ ha ‘ “ ° f “ 

3 A/ a 5 — b 3 
10 * fl 3 — Z> 3 > 

a and 6 rtr<? the radii of its ends. 

The truncated cone is formed 
by the revolution of the trape¬ 
zium ABCD about AB where 
AD = b, BC=a and both are 
perpendicular to AB. Produce 
BA and CD to meet in O. 

. / ~ AOD = *• Then the equation of OC with O or ;„- 
and OB as *-axis is y=x tan a. ,g,n 

Consider an element 5* 8y of the trarwi.,™ n 

sr rins by - --- 

. = 2 ny.Sx Sy.p 

and its distance from OB=y. * 
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Hence M. I. of the truncated cone about AB 


a cot a j*x tan <* 
b cot a Jo 


yp.hrpy dx dy 


= 2np “T y'J 

J b COt a L 4 Jo 

7 rp fa COta 

= ' I x* tan 4 a dx 

2 J b COt a 


x tan a 


.dx 


= tan 4 a.^ ( a 5 —b 5 ) cot 5 a 


3 A/ 


U. - r—\ 3 -- r .tan 4 a. J (a 5 — 6 5 ) cot 6 a 

2 7 T (a 3 —b 3 ) cot a 


since A/=p.iw (a 3 — 6 3 ) cot a 


3A/ a h — b b 
10 * a 3 -b 3 ’ 


Alifer. Consider a circular disc at a 
distance .v from the vertex A and thickness 
6 .x. 

It mass = p. 7 r.t 2 tan 2 a.5.x. 

Moment of inertia of this disc about 

OO' 

= 1 ( 7 r.x 2 tan 2 x p o.x).x 2 tan 2 a 

[see $ 1*7 (ii)]. 

Hence the M. I. of the whole trun¬ 
cated cone 

, . fa COt a 

= ^Trp tan* a x 4 dx 

J b cot a 

= h 7T P tan 4 l ( a*—b 5 ) cot 5 a 
~10 (a 3 — 6 3 ) cot a* COt a 



3 A/ a 5 — 6 * 
10 * a 3 — b* m 


since A/ = ^ 7 r (a 3 — 6 3 ).cot a 


Ex. 6 . •S/iow f/iaf f.'ie moment of inertia of a parabolic area 
(of lat us rectum 4a) cut off by an ordinate at a distance h from the 
vertex is |A//i* about the tangent at the vertex , and $Mah about 
the axis. 
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Let the equations of the 
parabola be 

y *=4ax. 


of the area. 
Then M 


= 2p. f 2\/(ax) dx 

J 0 

=4py/a.%h*' z 
3M 


f2 <{ax) 


— 

dx dy 

J 0 

( * * 

Si 


Su 


0 


or 


p=-. 


8 a 1 , */j 3/2 * 

M. I. of the area about the tangent at the vertex 


(/. e. ^-axis) = 2 [ f 2>,(a '* r) x * p ( j x j y 

J 0 J 0 

= 2p[ x 2 .2y/(ax) dx 
J o 

= 4py/a . f/i 7/2 


’_? a i/2/,7/2 W__W 
7 * 8a I/2 /i 3/2 — 7 


...d) 


dy 


and M. I. of the area about the axis (/. e. x-axis) 

= 2 J A j 2 ^ (ax) 

= 2pf h[2V( ax )? dx 

J 0 

= 1 *pa 3 ' 2 .lh 5 ' 2 

_? 2 a 3/2/,5/* - 

“15 * 8a l/2 /i 3/2 


= $Mah. ...(2 ) 

Ex. 7. S/iow //m/ the moment of inertia of the part of the area 
of a parabola cut off by any ordinate at a distance x from the vertex 
is f Mx 2 about the tangent at the vertex, and \My 2 about the 
principal diameter , where y is the ordinate corresponding to x. 

(Agra 1959) 

This is the same question as Q. 6 solved above put in a 
different form. A diameter of a parabola is a line parallel to its 
axis and the principal diameter is the axis itself. 

We have from (1) and (2) of Q. 6 above, 

M. I. about the tangent at the vert qx = %Mx 2 
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and M. I. about the principal diameter, /. e. x-axis 

=£ Max—\M (4ax) 

= lMy 2, since y 2 =4ax. 

Ex. 8. Find the moment of inertia of a rectangular par all elo- 
piped about an edge. 

Let the lengths of the edges of the 
parallelopiped be 2a, 2b and 2c. Take 
three edges meeting at a vertex as 
coordinate axes. Consider an element 
5.x Sy 5 z about a point (x, y, z). Its 
distance from OX is y/(y~-\-z 2 ) and its 
M. I. about OX= P . Sx 5 y 5 z.(y 2 +z 2 ). 

Hence the M. I. of the whole solid 
about OX 

r2a r 2 b r2c 

= P (y 2 +z*) dx dy dz 

Jo Jo Jo 

(2a (2b / \2c 

=pJo j {y Zz +hz*J dx dy 

= p f ( 2 cy 2 + §c a ) dx dy 
J 0 

J 2a C \ 2b 

dx 

= p f (Vc/i 3 + yc*A) dx 

j 0 

= P.\ 9 bc (b 2 4-c 2 ).2a 
M 32 

~8abc * (^ 2 + c2 ) since Af=p.8abc 

(b 2 +c 2 ). 

Ex. 9. F/m/ v\/. /. o/ ///e area bounded by r-=a 2 cos 26 about 
its axis. 

Consider an element 
r Sr of the area. Its 
distance from OX is r sin 6. 

Hence the M. I. of the 
area of the curve 

al [cos 20) 

p.r* sin 2 O.r dd dr 

0 

1 f ^ 4 * n r r 4 - la-v(COS 20 ) 

= H Sm fl 1-4-1 
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. M4 

— pa sin 2 6 cos 2 29 dO 

J 0 

= ' pai ! 0 1 (1 “ cos 2 °) cos 2 29 dd 
~~ x i r*/ 2 

" tpa Jo n “ COS ^- cos2 +.i <*+, putting 29=<f> 

G-l-D-£ (-!)• 

Now area of the curve=4.i f’ r/ V dS 

J 0 

o r -/ 4 

— 2 a 2 cos 29 d9 

J 0 

= tf*£sin 29y i4 =a 2 . 

.. M. I.-— . — (tt— f) since 

= -A-A/a 2 (w—f). 

lemniscate r 2 = a 2 cos 29 Wertia °f the area °f flie 

pendicular to its plane is £ Mna\ ^ * r ° Ugtl t,le ongin and P e, '~ 

ln this case, the distance of the element rM s, r *, ,• 

is r so that the M I of th. i nt ' S9 St f Iom the line 

e l - ot the element about the line 

Henrp ju ! c ** fSee the fi S urc of Ex. 9 above j 

Hence M. I of the whole area about the line 

_ A [ n /4 fov(cos 20) 

Jo Jo Pr*d9dr 

f*/4 , 

— P a 4 cos 2 29 d9 

J o 

1 4 f */4 

— ipaj (1 -f-cos 40) </0. 

— &-rra 4 p. 

Now the are a of the lemniscate =a*. ( S ee ex. 9 above, 

• • ~ p.a 2 . 

Hence 


]g Dynamics of a Rigid Bodies 

Ex. 11. From a uniform sphere of radius a> a spherical sector 
of vertical angle 2* is removed. Show that the moment of inertia 
of the remainder of mass M about the axis of symmetry is 

* Ma* ( 1 +cos a) ( 2 -cos a) _ _ 


(Punjab 1954) 


Sector of the sphere will be formed 
by the revolution of the area of the sector 
of the circle of angle 2 a about its axis. 
Let r 80 8r be an element of the area. Then 
the element of volume formed by this 


area 


= 2nr sin 6.r 86 8r 
The mass of the sector of the 



sphere 


= pf a f a 2 t rr 2 sin Odd dr 
J o J n 

= 2 ptt f* f r 2 sin 0 dd dr 
Jo Jo 

Cot 3 2 

— 2TTp r Y sin 9 dd= - irpa 3 ( 1 —cos a). 

J o 3 j 

Jf =the mass of the remainder 
4 2 

= -na 3 p—^ ( 1 —cos a ) 

2 

= - 7 ra 3 p [ 1 +cos a]. 

Now M.I. of the sector about the axis of symmetry 
= f " I r 2 sin- d.p.lirr sin 6.r dd dr 


...( 1 ) 


= J" J r 2 sin- 6.p.2irr sin d.r dd dr 

= 2Ttp | J sin 8 0 dd = ~ npa 8 J* ^(3 sin 6— sin 36) dd 


= - TTpa 


—3 cos 0 + -^ cos 2d 
^ L 3 J 0 


= J0 7 rpa 6 f“3cosa+~ cos 3a + 3— 

Trpa 5 £—9 cos a + cos 3a+8 J. 
And M.I. of the sphere about the same axis 


2 2 4 , 

= 5 a ' 3 na p 


[see § Ml] 
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M.I. of the remainder 

= M.l. of the sphere —M.I. of the sector 
8 J 

= J 5 7r ° 5p — 30 77 ^ 5 (8 — 9 cos a + cos 3a) 
~Yo 7r/, ° 5 [16-8 + 9 cos a—cos 3a] 


1 

= ira*. 


3 A/ 


[8 + 9 cos a —4 cos 3 a + 3 cos a] 


30 * 2tt a 3 (1 + cos a) 

A la 1 

20 (1 + cos a) 

Mar , 

5Tr+cos’oo C2+3 cos a “ co$3 a] 

A/a 2 


.[8 + 9 cos a — cos 3a] 


~ 5 ( 1 +cos a) [l+ cos a ) 2 (2 —cos a) on factorizing 


= 5 Mar (1+cos a) (2 —cos a) 


Ex. 12 . Find the moment of inertia about the x-axis of the 


portion of the ell ipsoid~+^ + ~ = l, which lies in the positive oc- 


(Agra, 1945) 


tant supposing the law of volume density to be p=pxyz. 

A/=mass of the octant = J j J fxxyz dx dy dz , 
integration being extended to all positive values of the variables 


2 2 £ 

subject to the condition 1 . 

a- 1 a* 1 c 2 

Put -*=w or x=au 1 ' 2 , </x=Aan-i / 2 */ M e tc. 
f f f & ° 2 b ° c2 p du dv dw 


where w+v+w <1 
I 1 


=1 


Now the distance of the element Sx 52 from x-axis is 

VO *+z a ). 

M.I. of the octant about x-axis 


=JJ J(V+ 2 2 ). //xyz t/x dy dz 


where 


*! . J? . £? < , 

a 2+ 6*+c a 
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=||| (i’v+c^./i.—-- dudvdw, 

putting x=au 112 , dx—\air xt2 du etc. 
= lp.a 2 b 2 c 2 JJj* 6 2 « 1 ~ 1 .v 2_1 .H' l - 1 -|-c a M l ~ , v 1 “ 1 vv 2 " 1 ] du dv dsv 


= \pa 2 b 2 c 2 r b 2 


nr2n , . nnr2 

-+c 2 — 


rs 


r 5 


= £ pa 2 b 2 c 2 .24 (b 2 +c 2 ) 
^'aWc*' a * b * c * m & (Z>2 + C ^ from (I) 


= \M (b 2 +c 2 ). 

Ex. 13. Find the product of inertia of an elliptic quadrant 
about its axes. 

Let the equation of the y 

ellipse be 


X- V 


a- + 6 2=l - 

Consider an element 8.y Sy 
of the quadrant about the 
point (.v, >’)• 

P. I. of the quadrant about 
the co-ordinate axes 


= [ f xy.pdxdy 

J 0 Jo 

= [ px.\y 2 dx 

s J 0 

fa £2 

= ^ J q x - a i (a'-x 1 ) dx 


4 \f 


= *'nab ‘ a2b2 since ^ = p ' * 7Tjb 


Sy 


'A x 


= ~ Mab. 

2n 


Ex. 14. Find the product of inertia of a semi-circular disc 
about the diameter and tangent at its end. 
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Consider an element 
r 86 8r of the area. 

Its P. I. about OX, OY 
=r cos 6.r sin 6 pr 86 8r. 

Hence P. I. of the whole 
area about these axes 

jt/2 r2a cos 0 


r /. 


0 

_ f n/2 

— PJ i.!6a 4 cos 4 6 . cos 6 sin 6 dO 



2 M 


— 4pa 4 4=1 a*. — si nee M= p.\na- 


3 TT 


Ma 2 . 


•P 


nrn ZY' ™ e0Tem °J para,,eI axes - Given the moments and 
products of inertia about axes through the centre of ~ravit v to 

find the moments and products of inertia about parallel axes. 

Let G be the centre of gravity and GX, GY, GZ any three 

axes through G. y e 

Let OX\ OY\ OZ’ be 7 

three parallel axes through 
any point O. Let (x, y, z) and 
(*', y\ z’) be the co-ordinates 
of an elementary mass m 
referred to these two sets of 
axes. We then have 

x,==x + x >y'=y+y, z' = z-f-z, 
where (x, y, z) are the co-ordi¬ 
nates of C. G. referred to 
OX\ OY’ and OZ'. 

M. I. of the body about 

OX'=Em (y'*+z'*) 

= Zm [(y+y) 2 +( z +z) 2 ] 

=Zm (y' l +z i -\-2yy+2zz-\-y*-\-z 2 ) 


cj-- 





X 


Sm (y*+z*)+2y Zmy+2z Zmz+Eml {y*+z 2 ). 
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Now ^^=0, being the ^-co-ordinate of C. G. referred to G 
Zm 

as origin. 

Similarly, Zmz=0. 

M. I. of the body about OX’ 

=Zm {y- + z*)+Zm (> 3 -f 2 *) 

=Zm (y*+2-) + (y--\-z*) Zm 

=Zm (> >*+z 2 )+(/-+i 2 ) M 

= M I. about GX- fM I. of mass M placed at G 

about OX\ 

Again, product of inertia about OX' and OY' 

=Zmx'y’=Zm (x+x) (y+~y) 

=Zm (xy+xy+yx+x y) 

= Zmxy+y Zxm+x Zmy+x y Zm 

= Zmxy-\-Mxy since Zmx=Zmy=-0 

=P. I. about GX-\- P. I. of mass M placed at G about 

OX’ and OY\ 

Cor. If there be two axes OX’ and O'X" parallel to GX at 
distances a and b from <7, then 

M. I. about OX’-Ma*^ M I. about O’X”-Mb 

= M. I about GX. 


1*15. Moment of inertia about any line through the meeting 
point of three mutually perpendicular axis in terms of the moments 
and products of inertia about these axis. 

(Agra 1949; Delhi Hon’s 1953) 


Take the three given 
axes as co-ordinate axes and 
let A, B, C be the M. I.’s 
about OX, OY and OZ res¬ 
pectively. Also let D, E, F 
be the P. I.'s about OY, OZ; 
OZ, OX; OX, OY respec¬ 
tively. 

Consider an elementary 
mass m’ about the point 
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(*, y, z). Then 

A=zZm' 0’*+2*), B=Zm' (Ar«-fz 2 ), C=Zm' (x 2 +y*) 

D = Z nt'yz, E—l 7 m'z* and F=27 m'xy. 

__ T Le *°- be a ,ine whose D. C.’s are /, m, w. We shall find 

I- of the bod y about Draw PAT perpendicular from P on 

then <9jV=/.v-f and OP 2 =x 2 +y 2 +z 2 . 

• • PN~=x~-j-y 2 -\-z 2 — (lx-t-my-\-nz) 2 

= x*+(l— m 2 ) y 2 + (l—n*) z~ 

— 2mnyz — 2nhx — 2lmxv 
= {m-+n-) x 2 + («* + /*) y* + (/*+n*) z 2 

- 2/w/iyz - 2n/yz - 2/mxy 

since l 2 +m 2 +n 2 =l 
= / 2 (t 2 +2*)+w 2 (z 2 +* 2 ) -f « 2 (;c 2 +>> 2 ) 

r . , . , 2/»vz— 2nzx — 2lxy. 

Let / denote the moment of inertia of the body about OO • 

then 1=2 7 m’.PM*=l 2 27 0' 2 +z 2 )+m* 27 m' (z 2 +x-) 

+«- -S’ w' (* 2 -f > ,a ) — 2w/i 27m' ;>z 

— 2/i/ 27 ni'zx—21 m 27 m'„vy 
=Al 2 -f- Dm 2 -f- C/i 2 — 2 Dmn — 2 Enl— 2Flnu 

Note. We can similarly find M.I. about a plane through the 
origin. Let the plane be lx+my+nz=0. 

Then M I.®27 m' (/a+wv+Hz)*, since the length of perpendi¬ 
cular from (x, y, z) on the plane is Ix+my+nz 
= l 2 27 m'x 2 +m 2 27 m'f+n* 27 w'z 2 

+ 2/wi 27 m'yz+2nl 27 m'zx + 2Im 27 w'xy 
= A'l 2 + i?'m 2 -f- C'n 2 -f 2Dmn -f 2Enl -f- 2Flm, 

A ,B % C denote the M.I.’s with respect to the 
planes yz , z*, respectively. 

1*15. To find the moments and products of inertia of a plane 
lamina about two mutually perpendicular lines through a given point 
in terms of the moments and products of inertia "about two other 
mutually perpendicular lines through the same point. 

Let OX , OY be a set of two mutually perpendicular lines and 
let OX\ OY' be another set of 

mutually perpendicular lines 
inclined to the former set at 
an angle 0. Let A, B denote 
the M.I.’s of the lamina about 
OX and OY and F its product 
of inertia about OX , OY. Let 
(*» y) and (*', y f ) be the 
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coordinates of a particle of mass m at P referred to OX , OY and 
OX', OY ' respectively. 

Then x'—x cos 0+y sin 9, y'=y cos 6—x sin 9. 

M.I. about OX'=X my' 2 =X m (,y cos 9—x sin 0 ) 2 

=cos 2 0 X my *—2 sin 9 cos 9 X mxy 

-fsin 2 0 X mx 2 , 

= B cos 2 9—2F sin 9 cos 0-j-A sin 2 0. 

Similarly M.I. about OY'=X mx' 2 =X m (x cos 0+y sin 6) 2 

= A cos 2 04-2F sin 9 cos 9-\-B sin 2 9 , 

And product of inertia about OX’, OY' 

= X mx y'=X m (.x cos 9-\-y sin 6) (y cos 9—x sin 9) 

= X m [y 2 sin 9 cos 9—x 2 sin 9 cos 9-\-xy (cos 2 9— sin 2 0)] 

= sin 9 cos 9 \_X my 2 —X mx 2 } +(cos* 6— sin 2 0) X mxy 
= {A — B) sin 9 cos 0 + Fcos 20. 

1-16. Some elementary propositions. 

I. The sum of the M.I.’s about any two of the three mutually 
perpendicular axes is greater than the M.I. about the third axes. 

We will show that A + B > C. 

Now A+B-C^X m (f-+ : 2 ) + X m (=°- + x 2 )-X m (^ 2 fr) 

— 2X mz 2 , which is positive. 

Hence A -\-B > C. 

II. The sum of M.I.'s about any three rectangular axes 
meeting at a point is always the same and is equal to twice the M l. 
with respect to the point. 

Now A + B+C=X m {y 2 +z 2 )+X m (z 2 + x 2 ) + X m (x 2 +y 2 ) 

= 2 X m (.x 2 -f-y 2 -f- 2 2 ) 

= 2 X mr 2 

= a constant, being independent of direction 
of axes. 

III.77/? sum of the moments of inertia of a body with refe¬ 
rence to any plane through a given point and its normal at that point 
is constant and is equal to the moment of inertia of the body with 
reference to that point. 

Take the given point as origin and the given plane as xy- 
plane. Let C' denote the M.I. with reference to .xy-plane and C 
the M.I about its normal i.e r-axis. 

Then C'+C=X mz 2 + X m (x'+y-) 

=X m (x 2 +y* + z 2 ) = X mr 2 

=a constant, being independent of the direction 
of the axes. 



Moments and Products of Inertia 


25 


C'+C=Z (A + B+C) from proposition II 
or C'=l (A-hB-C). 

Similarly, A'=$ (B+C—A) and B' = \ ( C+A — B ). 

IV. To prove A > 2D, B > 2E and C > 2F. 

Now y A +z* > 2yz etc. (V A.M. > G.M.) 

or 27 m (y 2 + z 2 ) > 27 2myz 

or A > 2L>. 


Similarly 5 > 2£ and C > 2F. 

1‘17. Solved Examples. 

Ex. 1. Show that the moment of inertia of a rectangle of mass 
M and sides 2a, 2b about a diagonal is 

2M a 2 b* 

3 * a 2 + b* m 

Let AB=2a and AD = 2b. 

Now 

M.I. about OX—^ Mb’—A, 

M.I. about OY=l Ma 2 =B 
and P.I. about OX, OY= 0. 

The diagonal AC makes an 

angle tan -1 ~=0 with OX. so that 

a " 



cosfl= vTa«+^ and sin e =vW+Pr 


Hence M.I. about AC 

— A cos* 0-f-I?sin 2 6 


= \Mb 2 . 


a 


2 M 


a 2 +b 2 
a 2 b 2 - 


f hMo*. 


b 2 


a 2 +b z 


3 'a 2 +b*' 


[§ 1-15J 


Ex. 2. Find the moment of inertia of a uniform circular cylinder 
about an axis through its centre of gravity perpendicular to its axis 


Let h be the height and a 
the radius of the base of the 
cylinder. Consider a circular 
disc of thickness 8x at a distance 
x from the centre of gravity G of 
the cylinder. 


(Punjab 1955) 

y, 
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T . M s 

Its mass =- 7 - 8x 

h 

and its M.I. about its diameter parallel to Gy 

= ia 2 .^ Sx. 

Hence by the theorem of parallel axes its M.I. about GY 

a'M 5*+^ Sx.x* 

<i« 2 +* 2 ) Sx. 


Hence M.I. 


of the whole cylinder about GY 


- /, L* 




=i^ t3 a ! /.+A» ] =I A/( 3 a»+A=) 


Ex. 3. Show that the moment of inertia of an elliptic area of 
mass Af and semi-axes a and b about a diameter of length 2r is 

4 r* * (I. A. S. 1953) 

M.I. about major axes OX y 

= \Mb 2 —A , 

M.I. about minor axis OY 
— \Ma l =B. 

Also P.I. about there axes 
is zero. 

Let the diameter PQ of 
length 2r make an angle 9 with 
OX. Coordinates of P are 
(r cos 9 t r sin 9). Since P lies 

X 2 y- 

on the ellipse we get 

a* cos 2 sin* 0=1 



or 


6 a cos 2 0-f-a 2 sin* 9 =~. 


...(1) 
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M.I. about PQ 

=A cos 3 0 + B sin 2 0 
=*\Mb z cos 2 04*4 Ma z sin 2 0 
= \M ( b z cos 2 0-\-a z sin 2 0) 

= 4^-—r- from (I). 


Ex. 4. Show that the moment of inertia of a right solid cone 
whose height is h and radius of whose base is a , is 6h~ + a* 


3M 


20 'h-+a z 


about a slant side , and (h z +4a 2 ) about a line through the centre 


of gravity of the cone perpendicular to its axis. (Agra 1947, 52, 57) 


Let a be the semi-vertical 
angle of the cone. Consider 
an elementary disc of thickness 
at a distance x from the ver¬ 
tex A. Its radius=x tan a 
and its mass=p.7rx 2 tan 2 a 8x. 

Then M.I. of the disc 



\ 

-, / 

\ 

1 J I 


G 1 

r 


about AC=p.7tx z tan 2 a 8x.%x z tan 2 a. 
Hence M.I. of the cone about AD 

•ft 


rh 

= lp7T tan 4 a X 4 dx=-^ 0 -pnh 6 tan 4 <x = A. 

J 0 


Again M. I. of the disc about AD 

= M. I. of the disc about the diameter of the disc parallel to 

AD + M. I. of the mass of the disc placed at its centre 

about AD [see §1-14] 

= }.(pnx z tan 2 a 8x).x* tan 2 *+(p7rx z tan 2 a.Sxj.x 2 
== pttx 4 tan 2 a.8x (i tan 2 a-f 1). 

M. I. of the cone about AD 

<=pn tan 3 a (J tan 2 a-f 1) ( x* dx 

Jo 

= fnr tan 2 a (} tan 2 a-f 1 ).ih 6 =B. 

And P. I. of the cone about AC, AD is clearly zero i.e. F= 0. 
Hence M. I. of the cone about a slant side 
=A cos 2 a-f B sin 2 a (§1*15) 

= i i opnh 6 tan 4 a.cos 2 <x + ipn h* tan 2 a (i tan 3 a-f 1) sin 2 a 
= \ x apnh* tan 3 a sin 2 a [l-f J tan 2 a-f 21 
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3M 


= 10' Wi» tan 2 a -" 7 ' 5 ,an ’ a sin ’ 1 < 3 + i ta " 2 «) 

since M=p.\vh* tan 2 a 

3 A/ 

= -Jq- /j 2 sin 2 a (3 + § tan 2 a) 

3 M a 2 / a 2 \ . a 

-70 V+TT* V 3+i v70 since tan a=3 /> 

_3A/a 2 6/i 2 -fa 2 
- 20 * h*+a*' 

Now to find the M. I. about a line GK through the centre 
of gravity perpendicular to the axis, we make use of § 1*14. We 
then have 

M. I. about AD= M. I. about GA'+M. I. of mass A f placed 

at G about AE. 

M. I. about GK^ipn/i* tan 2 a (£ tan* <x+l)—M.-? g h 2 

. 3 M 

= ^7rT 3 ~te^a' 7rA6 tan * a tan * a +l)—AA//J 5 * 


3 M . „ /1 a 2 \ 9 

—5" G-v+O-ts 

3M 

= vn [4a 2 -f-16/i 2 — 15/i 2 l 


80 

= W< A ’ + 4*=>. 

Ex. 5. Show that the moment of inertia of an ellipse of mass 
M and semi-axes a and b about a tangent is $Mp\ where p is the 
perpendicular from the centre on the tangent. 

Equation to any tangent to the ellipse is 

y=mx-\-*,/{a 2 m 2 +b z ) where m=tan B . 

/. p = perpendicular from (0, 0) on the tangent 
^\/(a 2 m 2 +b 2 ) 

V(1 +/«*) sin2 0+b* cos 2 0), putting m = tan 6 

Now M. I. of the ellipse about x-axis={Afb* and M I of the 
ellipse about >’-axis = }.A/a 2 . * * 01 ine 

Also P. I. of the ellipse about these axes=0. 

" M - L ° f ,he ell 'P“ “ bOUt ‘ h 0 e diameter parallel ,o the tanaent. 

=HM6 2 .cos a 0 + £A/fl» S j n 2 Q 
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The required M. I. about the tangent 

=~ p'-+Mp*=iMp\ 

Ex. 6. Show that the sum of the moments of inertia of an 
elliptic area about any two tangents at right angles is always the 
same. 

M. I. about a tangent inclined at an angle 9 with the major 
ax * s = %Mp 2 (see Ex. 5 above) 

= IM ( a 2 sin 2 9 + b* cos 2 6). 


And replacing 9 by ^-9, we get M. I. about a perpendicular 

tangent = £A/ ( a 2 cos 2 9+b 2 sin 2 9). 

Hence the sum of the moments of inertia about two per¬ 
pendicular tangents 

= *M [a 2 +b 2 ], 

which is always the same, being independent of 9. 

Ex. 7. Jfk lt k 2 be the radii of gyration of an elliptic lamina 
about two conjugate diameters , then 



(Delhi Hon’s. 1953) 


If CP and CD be two conjugate semi-diameters of lengths r, 
and r 2 , then 1 


Mk 2 _ M a 2 b 2 M a 7 b 2 

—~aT * 7s and Mk 2 2 =~ . — 


L-t-J_=.lV+ 4r * a 

*i* k t * d i br a 2 b 2 


(see Ex. 3 above). 


(* 2 +* 2 > 

(since by a property of conjugate 
diameters, r x 2 -\-r 2 2 = a -+b 2 .) 


(W) 


Ex. 8. Show that the moment of inertia of an elliptic area of 
mass M and equation 

ax 2 + 2 hxy+by 2 + 2 gx+ 2 fy+c =0 

about a diameter parallel to the axis of x is 

_ aMJ 
4 (ab-h*)’ 

where A = abc+2fgh-af 2 -bg 2 -ch\ (I. A. S. 1953, Agra 1960) 
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We know that the equation of the ellipse 
ax 2 + 2hxy + by 8 + 2gx -f- 2fy + c =0 
referred to centre as origin is 

ax 2 +2hxy+by 2 + -^ ht =0 ...( 1 ) 

(an important result of coordinate geometry). 

Now length of semi-diameter parallel to x-axis is the value 
of x when y=0 in (1). Hence if r be the length of this semi¬ 
diameter, then 

A 


or 


ar 2 +^~^ 2 = 0 , putting y=0 and x=rin(l) 

A 

a ( ab—h 2 )* 

We write (1) in the standard form as 


r 2 =- 


...( 2 ) 


where 


and 


Ax 2 +2Hxy+By*= 1 

a (ab — h 2 ) h (ab—h 2 ) 

A --, H - - - 


...(3) 


B=- 


b (ab — h 2 ) 


The lengths of semi-axes of the ellipse are the values of R 
given by 

ik~ A ) (w~ B )= Ha 

(AB — H-) R'-(A + B) J? 2 +1 = 0. 

If R it R» are the semi-axes, then 

R 2 p 2_1 — A 2 

k 1X2 ~AB-H* (ab-h r ) 2 ' 

Hence M. I. about the diameter parallel to x-axis 

__M R 2 R Z 2 , 

— 4 • —— (see Ex. 3 above) 


or 

or 


= M / oa \ 

4 \ ab—h 2 )* 


putting the values of r a and R^R* 

aMA 

4 (ab—h 2 )' 
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Ex. 9. Find the moment of inertia of the triangle ABC about 
a perpendicular to its plane through A. (Punjab 1952) 

Let AE be the median and 

AD the perpendicular through A a L 

on BC. Let AD = h and AE=d. 

Then, we know that 

_ 26 2 -f-2c a — a 2 

4 

Now consider an elementary 
strip PQ of thickness 8x at a 
distance x from A and parallel 
to BC. Then 




/W/i 7//AV////////# 


M 


B 


N 



or 


PQ = AM ^x AN AN 

BC AD h AE d~ 

PQ=j a and AN=^. 
n h 


If AL is the axis through A perpendicular to the plane of the 
triangle, then M. I. of the strip about AL 

= M. I. of the strip about a line through N parallel to 
AL+AN 2 . (mass of this strip) 


= 1 ax Xy „ {<*x\* ax / xd \ 2 

3 • ~h ix - p -\Th) + T * x p Kh) 

1 Px^o 

= F2 * hx 

Hence M. I. of the whole A about aL 


x 3 dx 


1 


pa 


-,-3(«*+12*).£.*A« 

1 


= 48 t« 2 -f 3 (26 2 + 2c 2 — a 2 ) ]. pah 

= Y2 3c 2 —a 2 ).^/^ 

Af i 

~12 (36 2 -f-3c 2 —a) ; since M= ahp. 


Ex. 10. solid body, of density p, is in the shape of the solid 
formed by the revolution of the cardioid r=a (l -f- cos 6) about the 
initial line; show that its moment of inertia about a straight line 
through tha pole perpendicular to the initial line is Ufa pa*. 

(Agra 1956, 46) 
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Let an element r SO Sr of the 
area be revolved along OX. It 
will generate a circular ring 
of radius r sin 6 and thickness 
r SO Sr. 

Its mass = p.27rr sin O.r SO Sr 
= m (say) 

and its M. I about a diameter 
parallel to OY 

= lm.r' i sin 2 0. 

M. I. of the ring about OY 
= M. I. of the ring about a diameter || to OY+m.r 2 cos* 0 
= bm 2 sin 2 0+mr 2 cos 2 0=\mr 2 (sin 2 0+2 cos 1 0) 

= \.2pTrr 2 sin 0 SO Sr.r 2 (1-f-cos 1 0) 

= pnr i sin 0 (1+cos 2 0) SO Sr. 

Hence M. I. of the whole solid about OY 

[“ ftf (1+COS 0) 

= P 7r r 4 sin 0 (1+cos 2 0) dO dr 

Jo Jo 

frr 1 

= f ,7r Jo ^ ° 5 (1+cos 0) 6 .sin 0.(14-cos 2 0) dO 



I 

= ptra 


32.cos 10 ^.2 sin ^ cos |^l+4 cos 4 | 


dO 


128 


256 

5 

256 

’5 

352 

105 


f 

Jo - % 

— 4 cos 2 

cos ” * sin ’!• d-2 cos' <f, -f 2 cos* ■/,).2 d*. 

putting 0=24, d0 = 2 d<f>. 




pna' 


pna 


11 

*168 


Ex. II. a dosed centra! curve revolves round any line Ox In 
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Prove a similar theorem for the moment of inertia of the 
surface generated by the arc of the curve. 

Let OX be a line at 


a distance a from the 
centre C of the curve 
and let CA be a parallel 
line. If S is the arc of 
the curve, then 


1=2 II 


r dd dr, .. . (1) 


the integration being 
extended to upper half of 
the curve. 



Now corresponding to an element r 80 8r at a point P, there 
will be a similar element in the opposite direction at a point O. 
(see the figure). 

The distances of these elements from OX are a + r sin 0 and 
a — r sin 6 respectively and so 

S P ^ 2lT sin 0) + 2?r ( a ~ r sin *)]* r de dr 

=47rap j j r dd dr=2p7raS, from (1). ...( 2 ) 

If k is the radius of gyration of the curve about CA, then 
pS.k 2 = M. I. of the area about CA 

= \jr 2 sin 2 0.p.2r dO dr=2p J J r 3 sin* 0 dO dr ...(3) 

Now the M. I. of the solid of revolution about OX 

[p.2rr (a+r sin 0).r dO dr.(a+r sin 0)- 

+ P.2tt {a—r sin 0).r dO dr.(a—r sin 0)'- J 

= 2f»r J/ C( ° +r Sin °>* + ( a — r sinV] r dO dr 

= 2ptt j j (2 a 3 +6ar* sin 2 0).r dO dr 

= 2pna 3 jj 2r dO dr-\-6prra.j J 2r 3 sin 2 0 dO dr 

= 2pTra?S4-6Trap.sk 2 from (1) and (3) 
t =2pnaS (a* -\-3k 2 )=M (a*-f-3A«) from (2). 


II 
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II Part. If / denotes the length of the whole curve, then 


/ 


—2 j ds, ...(4) 

integration being taken over upper half of the curve 
and M=mass of the surface of revolution =2napl, ...(5) 

Also plkr= M. I. of the arc about CA 

= 2 Jpr 2 sin 8 0 ds, ...(6) 

Hence M. I. of the surface of revolution about OX 
= j*P [2n ( a+r sin 0)* + 2tt (a— r sin 0) 3 ] ds 

= 4p7rj" [a 3 -f-3ar 2 sin 2 0] ds 

= 2irpa ‘ 3 J 2 ds- f- 127rpaJ r 2 sin 2 0 ds 

= 2TTpaPl-\-6npa.lk} from (4) and (6) 

= 2t rpal (fl-4-3A: 2 ) = ^/ (a 2 -f 3A:) from (5). 

Ex. 12. Show that the moment of inertia of a solid rubber 
tyre of mass M and circular cross-section of radius a, about its 
M 

axis is — (4b 2 -| -3a 2 ), where b is the radius of the core . If the tyre 

be hollow , and of small uniform thickness, show that the cones- 

M 

ponding result is y (2b 2 -\-3a 2 ). 

The solid rubber tyre will be 
formed by the revolution of a circle 
of radius a about a line OX at a 
distance b from the centre C of the 
circle. 

Proceeding as in Ex. 11 above, 
we get 

= J o j P (b+r sin 0) 

4-27T (6— r sin 0)] r dd dr 
~ 2lJ P J* j°2b.rd0dr 

= 27r p b JJ jVj‘ de^npb.a'n 

or M=2n 2 pba 2 . 


M 



...(1) 
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Now M. I. of the solid tyre about OX 
=JJp.2tt ( b+r sin 9) rdd dr.{b±r sin 9 ) 2 

-f p.2-n ( b — r sin 9) r d9 dr.(b—r sin 0) 2 ] 
= 2p7r J 7 ' [26 3 4- 6br 2 sin 2 9] r d9 dr 

= 2ptt | n 26 3 .[ r 2 2 J d9 + 2prr JJ 6b. sin 2 9d9 


0 

7T 


= 2pnb 2 a 2 .n-\- \ 2pnb .\a x .2. h . ^ 

= 2pir'b 3 a 2 4- f pn-ba x 

= ipn 2 ba 2 (46 2 + 3a 2 ) = 4M (46 2 + 3a 2 ) from (1). 

Hnd part. If A/ be the mass of the hollow tyre, then 

M=p [” [2n (6 + a sin 9) + 2-n ( b—a sin 9)].a d9 
- o 

= 2pna I 2b d9=4pabn z ...(2) 

J o 

and M. I. of the hollow tyre about OX 


= | p [27r ( b-\-a sin 0) 3 +27r ( b—a sin 0) 3 ] a d9 
o 


\ 

= 2pira P [2b 3 + 6ba l sin 2 9] d9 
J o 


— Apnab-.7T-\-\2pnba 3 . 2.\.^ 

— 2pabn z (26 a + 3a 2 ) 

— \M (26 2 +3a 2 ) from (2). 

Note. This is a particular case of Ex. 11 above. 

In the case of a solid tyre, we have 

a=b and k 2 =%~. 

4 

.*. M. I. of the solid tyre = Af ^ l + 3.|-^ = JA/ (4b 2 + 3a 2 ). 

And in the case of hollow tyre, we have 

a=b and k 2 =ha*. 

.*. M. I. of the hollow tyr c=Af (6*+3.fa 2 ) 

= ^(26*+3a 2 ). 

Ex. 13. Show that for a thin hemispherical shell of mass M 
and radius a, the moment of inertia about any line through the 
vertex is \Ma*. 
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Let O be the vertex and 
OX the axis of symmetry of 
the shell. 

Take Oy and Oz as two 
perpendicular tangents to the 
shell at O. Let CP be a 
radius of the shell making an 
angle 0 with CO. 

Then the mass of the 
circular ring generated by the 
elementary arc a 86 at P about 
OX 

= P.2rra sin 6.a 86. 

Hence the M. I. of this circular ring about OX 
= 2 pttci 2 sin 9 86.a 2 sin 2 6=2pna i sin 3 6 86 
and its M. I. about OY or OZ 

= 2p-na* sin 6 86 [\a 2 sin 2 0 + (ar— a cos 0) a ] 

= pna i [sin 2 0 + 2—4 cos 0 + 2 cos 2 6) sin 0 86 
= P ™ 4 [3-4 cos 0 + cos 2 0] sin 6.86. 

A = M. I. of the hemispherical shell about OX 

f -/2 

sin 3 0 ^0=2prra 4 .f = |p7ra 4 =|A/a* 

0 

and B=C=its M. I about OY or OZ 

frt/2 

= P7T(i4 [3 sin 0-4 cos 0 sin 0+cos a 0 sin 0] dd 

= P ”“ 4 [3—4. J+'] = f7rpa 4 
= ? d Ma\ 

Clearly products of inertia D , E, F about these axes vanish. 
Now let /, m, n be the direction-cosines of a line through O, 

then 

M. I. of the shell about this line 

= A /" + Bm- + Cn 2 — 2 Dmn — 2Enl—2Flm 
= §Ma 2 (/ 2 + w 2 + n a ) = |A/tf 2 . 

Lx. 14. Show that the moment of inertia of an ellipsoid of 
mass M and semi-axes a, b , c with regard to a diametral plane 
whose direction cosines referred to principal planes are /, m, n is 

£A/ fa-7 2 +6 2 /« 2 +cV+ 

If A, B, C be the moments of inertia of the ellipsoid about 
principal axes, then 
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A=IM (b*+c*), B=\M (c 2 4a 2 ), C=\M {a* + b-). 

^4'==M. I. of the ellipsoid about plane 
= * [B + C—A] = lMa 2 . 

Similarly B'=}Mb- and C' = £A/c 2 [see $ 1*16 III]. 

And clearly the products of inertia about principal axes 
vanish. 

Hence M. I. about the diametral plane 

=£Af (a 2 / 2 -f b z m 2 + c 2 n 2 ) [see note of § 1*15] 

1*18. Method of Differentiation. We know that if y is a 
function of x and 8x and 8y are small changes in the values of 
x and y t then 

Lim 8y_dy 
8x->Qhx dx' 

8 y dy 

In other words, Tx = dx a PP rox,mat -*y 


or 



For example, if V be the volume of radius r, then 

V=*rrr\ 

w=*j r 8r 

= 4 nr 2 8r 

= surface of a spherical shell of radius r and 
thickness Sr. 

Now we shall use this method of differentiation for finding 
the moments of inertia in certain cases. We illustrate the method 
by means of the following example. 

Ex. 1. Show that the moment of inertia of a thin homogeneous 
ellipsoidal shell (bounded by similar , similarly situated and con - 

centric ellipsoids) about an axis is M —J - where M is the mass of 

the shell. (Agra 1959) 

The moment of inertia of a solid ellipsoid of uniform density 

b 2 +c 2 

p about the axis of x is equal to \tt abc p. —, where a, b, c 

are the lengths of semi-axes. Let the ellipsoid increase indefinitely 
little in size ; then the moment of inertia of the enclosed shell is 

6 2 4-c 2 

equal to the differential coefficient of tnabcp .—-—. This 
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differential coefficient can be effected as soon as the law 
to which the ellipsoid alters is given. Since the 
ellipsoids are similar, if a\ b', c' be the semi-axes of 
ellipsoid, we have 


and 


_ W 

—= constant = o, say 
" a 


- = -> = <7. say, 


b 

a 

c 

a 


according 
bounding 
a similar 


i. e. b=ap and c=aq. 

Then M. I. of the solid ellipsoid = £*• ppq 


p*+q 2 


.a 


and therefore the M. I. of the ellipsoidal shell 

= 5 [■farppq (p* + q-) cP] = \n lP q (p 2 +q z ) fl 4 8a. .. .(1) 

In the same way the mass of the solid ellipsoid is equal to 
tnppqa 3 and therefore the mass of the shell 


M=S [*ir(>pqa 3 ] = 47rppqa i 8a. ...(2) 

Hence the M. I. of an indefinitely thin ellipsoidal shell of 
mass M bounded by similar ellipsoids 

=*t*PPq (/>*+9 2 ).a 4 .^^ fl a frora 0) and ( 2 ) 

-y (/> f + * 2 ) a* = ^(6»+c 2 ). 


1*19. Moments of inertia of Heterogeneous bodies. 

We can use the method of differentiation in finding the 
moments of inertia of a heterogeneous body whose boundary is a 
surface of uniform density. The method is as follows : 

Suppose the moment of inertia of a homogeneous solid body 
of density p is known. Let this moment of inertia be expressed 
in terms of a single parameter a i. e . let the M. I. be p<f> (a). Then 
by the method of differentiation the M. I. of a shell supposed to be 
made of a stratum of uniform density p is pi>' (oc) See. Replacing p by 
the variable density a, the required moment of inertia is equal to 

(a) dx. 

Ex. 1. The moment of inertia of a heterogeneous ellipse about 
minor axis, the strata of uniform density being confocal ellipses 
and density along m’nor axis varying as the distance from the centre 
is 3M 4a h +c h —5a*c* 

20 2a 3 -fc 3 — 3ac % 


(Agra 1942) 
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In the case of confocal ellipses a 2 e z =a 2 — b 2 remains constant. 
Let a 2 —b 2 =c 2 . Then the equation of the ellipse may be written 


-2 


as 




b 2 +c 2 b z 

Now M. I. of a homogeneous ellipse of density p about the 
minor axis is 

b 2 -hc 2 

pnby/{b 2 +c 2 ). 4 =<£ ( b), say. 

Differentiating this w. r. t. b. we get 

0' (b) db = ^ [( b°-+c 2 )*' 2 + 3b 2 (t 2 + c 2 )»/ 2 J db 

= ~ V(6 2 + c 2 ) (46 2 -f c 2 ) db. 

M. I. of the heterogeneous ellipse 
= J* <X0' (6) = J 6 Z>V(6 2 +c 2 ) (46 2 +c 2 ) db 

[replacing p = a = Xb} 

= ~ (4fc 2 + c 2 ) (6 2 + c 2 ) 3 «-J ™ + 


= 12 [ (462 + c2) (fc’+c*) 3 '*-! (*= + c 




A7T 


= dL [(46 2 + C 2 ) (6 2 -f-C 2 ; 3/2 — f (& 2 + C 2 ) 6 ' 2 -C 6 + *C«] 
= ~[(6 2 +c 2 ) 3/2 (126 2 -3c 2 ) + 3c 6 ] 

= 2^ t^ # + c *> 3/2 (4Z> 2 -c 2 )+c 5 ]. 

The mass of the homogeneous ellipse is given by 

f (b) = p7rby/(b 2 + c 2 ). 

b°- 
+ c 


/' (6) db= pn [ V(^+c 2 ) + - V( £ + c iJ 


db 


2 b 2 -he 2 

p7T W(t>'+c 2 )' 

M=The mass of the heterogeneous ellipse 

hiss©?* <••• —> 

= At r [(26 2 -f c 2 ]V(6 2 + c 2 )-/ 4&v/(**+« 2 ) 


= Att ^Ib'+c'Witf+c 2 )-* (6 2 + c 2 ) 3 ' 2 J 
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=A* [(2 b*+c*)y/(b*+c'-)-i (6*+c*)3/«-cM *c*] 
= y [(* 2 +c’) 1/2 (26 2 —c 2 )+c 3 ]. 


M. I.= 


3A/ (6 2 +c 2 ) 3 ' 2 (4fc 2 -c 2 ) + c 


.. iyx. 2Q . (Z? o + c , )1/3 (2 6 a —C 2 )-»-C“ 

_3/V/ a 3 {4 (a 2 -c 2 )-c 2 ) + c 5 

“ 20 *a (2 (a 2 —c 2 )—c 2 ) + c 3 

[V a 2 — b' 2 = c 2 ] 

3 A/ 4a 5 4- — 5a 3 c 2 
= 2u # 2a 3 +c 3 —3ac 2 ’ 

Ex. 2. Show that the M. 1. of a hetrogeneous ellipsoid about 

the major axis is (b 2 + c 2 ) t the strata of uniform density being 

similar concentric ellipsoids and the density along the major axis 
varying as the distance from the centre. (Agra 1933, 59) 

Mass of the ellipsoid = $npabc. .. .(1) 

As the boundary surfaces are similar ellipsoids, we have 


b' a' c' 


b' b 


b a c a a 

i. e. f b=ap. Similarly c = aq. 

The mass becomes iprrpqa 3 . 

Now M. I. of the homogeneous ellipsoid about the axis of X 

— zTrppqa* ?— ^ . a 2 

~*i *f*rpqa 6 (/> a +r). 

Differentiating this w. r. t. a, we get the M. I. of the coating 
(ellipsoidal shell) which is equal to tpnpqa* {p-+q-). 

Now the density is Xa since it varies as the distance from 
the centre. 


•*. M. I.= [ iXnpqa 5 ( p-+q 2 ) da 

J o 


=t^pq (p’-+q-).^ 

= U”pq (pt + q*) a \ ...( 2 ) 

Now the m ss of the ellipsoid is obtained by differentiating 
(1) w. r. t a and replacing P by Xa and then integrating. 
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M = Mass=4rrA/><7 f a 3 da = 7rXpqa l 

j o 

7M 

M. h= y- (p 2 + <7 2 ) a 2 [from (2)] 


1*20. Momental Ellipsoid. If A, B, C, D, E , F be the 
moments and products of inertia about the axes, then the 
moment of intertia about a line OO whose direction cosines are 
/, m t n is 

A l 2 + Bm 2 4- Or — 2 Dmn -2Enl— 2 F/m. 


Now take a length OP along the line such that the 

moment of inertia of the body about OO may be inversely 
proportional to the square of OP. 

Let OP=r. We thus have 


or 


Afk* 

r 2 


= A l 2 + Bm * -f O i 2 — 2 Dm// — 2Enl—2 Elm 


Mk x = A l 2 r 2 + Bm 2 r 2 4- Cn 2 r 2 —2 Dmr . nr 

— 2Enr.lr—2Flr.mr. 


Changing to cartesian coordinates, we have 

Mk* = Ax* + By* + Cz*-2Dyz—2Ezx—2Fxy, .. .(1) 

which is the equation of an ellipsoid, since A, B, C are essentially 
positive. This is called the momental ellipsoid of the body at 
the point O. Clearly every radius vector r is real since the 
moment of inertia is essentially a positive quantity. 

We know from Solid Geometry that there can be found three 
perpendicular diameters for every ellipsoid such that, with these 
diameters as coordinate axes, the equation of the ellipsoid is 
transformed into the form 

A'x' + B'y 2 4 C'z 2 =Mk\ ...(2) 

The products of inertia with respect to these new axes must 
vanish, otherwise the equations (2) will contain terms of the type 
— 2 D'yz. These three new axes are called the principal axes 
of the body at the point O. Also a plane through any two of 
these axes is called a principal plane of the body. 

Conclusion. For every body there exists at every point O, a 
set of three mutually perpendicular axes, which are three principal 
diameters of the momzntal ellipsoid at O, such that the products of 
inertia of the body about them, taken two at a time , vanish. 
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As a particular case of the above result, we see that when 
the three principal moments of inertia at any point O are the same, 
the ellipsoid becomes a sphere. In this case every diameter is a 
principal diameter and all radii vector* are the same. 

Thus in the case of a cube of side 2a, the principal moments 
of inertia at its centre are equal, the principal axes being the 
perpendiculars from the centre of the cube on three coterminous 

faces. The moment of inertia about each of these axes is - ar. 


Hence the M. I. about any line whose direction 
are /, m, n through the centre of the cube is given by 


cosines 


IMaf^lMf | W2+ 


2 A/a 2 


n 


2 A/a- . f. 1 1 * 2 _ 1 

= —^— since / 2 + m f f/r=l, 

which is always the same. 

1*21. Momental ellipse. (Agra 61) 

Let A, D denote the moments of inertia of a plane lamina 
about the rectangular axes OX and OY in its plane and F the 
product of ineitia about them. Then the moment of inertia of 
the lamina about a line OP making an angle 0 with OX is 

given by 

A cos 2 0—2 F sin 0 cos 0-}-# sin 2 0 (see g 1*15). 
If the positions of the point P be such that this moment of 
inertia is inversely proportional to OP z , then 

=/4 c05 > 2 sin 0 cos d+B sin 2 0 

OP 1 r - 

or A/A‘ = /lr 2 cos 2 0— 2Fr sin 6.r cos 0-\-Br 2 sin* 0. 

Changing to cartesians, this becomes 

Mk*=Ax 2 -2Fxy-\-By 2 ...( 1 ) 

which is the locus of P in cartesian form. The equation (1) will 
represent an ellipse since A and B are essentially positive. This 
is called the momental ellipse of the lamina at O. 

The momental ellipse is the section of the momental ellipsoid 
at O by the plane of the lamina. 

1*22. Solved Examples. 

Ex. 1. Show that the momental ellipsoid at the centre of an 
elliptic plate is 

= constant. 


x- 


i»+5« 


• [W] 
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Take axes of x and y along major and minor axes of the 
ellipse and z-axis along the normal to the plane of the ellipse 
through its centre O. Then 

A = M. 1. about Ox=\Mb 2 . 

B= M. I. about Oy=\Ma 2 . 

C=M. I. about Oz = \M (a 2 + 6 2 ). 

Clearly the products of inertia about these axes vanish. 
Hence D = E=F= 0. 

Therefore the equation of the momenta! ellipsoid at O is 
iMb°-x 2 -\-\Ma n -y 2 + kM {a 2 + b 2 ) z 2 = constant 


or 


x 2 y2 (l 1 ^ 


z*=constant. 


Ex. 2. Show that the momental ellipsoid at the centre of an 
ellipsoid is (b 2 +■ c 2 ) x 2 + (c 2 +a 2 ) y- + (a.' 1 b'-) z 2 = constant. 

(Raj. 1952) 


The equation of the ellipsoid referred to the principal axes is 

x 2 v 2 z 2 , 

In this case, we have 

(6 2 +c 2 ), £=£A/(c 2 +a 2 ) 
and C=\M {a 1 -t-b 2 ). 

And d=E=F= 0. 

Hence the equation of the momental ellipsoid at the centre is 
\M (6 2 -fc 2 ) x 2 + \M (c 2 +a 2 ) y 2 -\-\M (a 2 -\-b-) z 2 =const. 

or ( b 2 -\-c 2 ) x 2 -+-(c 2 -f a 2 ) y 2 +(a 2 -\-b 2 ) z 2 =const. 

Ex. 3. Show that the equation of the momental ellipsoid 
at the corner of a cube of side 2a referred to its principal axes is 

2x 2 -\-ll fy 2 +z 2 ) = const. 

(Agra 1949, Luck. 1955, 56, Nagpur 1956, 57) 

Let O be the corner of the cube and G its centre of gravity. 
Take OG as x-axis and two mutually perpendicular lines OY and 
OZ as the axes of y and z. 

The M I. about any line through G 

= ~ M {F+m 2 + n 2 ) = 2 - Ma 2 . 

Now the product of inertia about any two mutually perpendi¬ 
cular lines through G is zero and the coordinates of G referred to 
OX, OY, OZ are (a\/3, 0, 0). It follows that the products of 
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inertia about these axes taken in paris is also zero. Hence OX % 
OY, OZ are the principal axes of the momental ellipsoid at O. 
We then have 

A = M I. about OG=\Ma 2 , 
i?=M.I. about OY 

= M.I about a line through G || to Oy 
+ MI. of mass M placed at G about OY 
=$Ma*+(V3 a ) 2 M since OG=ay/3 
= x fMa\ 

= C, the M.I. about OZ, by symmetry. 


or 


Hence the equation of the momental ellipsoid at G is 


2 A/ „ „ , 11A la- , , 11 A/a 2 
3 a ' X ' + 3 *’+ 3 


z 2 =const. 


2x 2 -fll (y*+z 2 )=const. 


Ex. 4 Show that the momental ellipsoid at a point on the edge 
of the circular base of a thin hemispherical shell is 

2x*+5 (y 2 +z-) — 3zx = const. 


Let O be a point on the rim 
of the base through O as x-axis 
and two other mutually per¬ 
pendicular lines through O as 
axes of y and r. Let G be the 
centre of gravity of the shell 

so that CG =Then 

= about OX~ ] A/c®, 
C=M I. about OZ 
=M I. about a Yinq through 
G |! to OG+ M.I. of a mass 
A/ at G about OZ 
= iMa- + Ma*=>Ma\ 


the base. Take the diameter 



i.e. 


Lei Cy be a radius of the rim || to OY. 

Now M.I. about Cy= M.I. about a line through G || to Cy 

-f M I. of a mass A/ at G about Cy 
5A/a 2 = M.I. about a line through G || to Cy 


3 


+ "■4-- 
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M.I. about a line through G || to Cy (or OY) 

=i ft 2 -Ma*. 

.*. 5= M.I. about OY 

= M.I. about a line through G || to OY 
-f M.I. of a mass M at G about OY 


= -A-Ma 1 + M.OG* = M 

= §Mc\ 



Since OK is symmetrical about the body, we have 

D = F= 0. 


Also 2T=product of inertia about OX, OZ 
= P.I. about parallel axes through G 


a 


-YAf.a.^ since the coordinates of G are 


("* 0 . |) 

= 0 + lMa z =\Ma z . 

Hence the momental ellipsoid at O is 

lMa*x 2 + | Ma* {y i + z z ) — 2.lMa-zx = 0 
or 2x 2 + 5 (>- 2 + z 2 ) — 3rx==0. 

Ex. 5. Show that the momental ellipsoid at a point on the 
rim of a hemisphere is 

2x 2 -\-7 (y 2 +z 2 ) — x £zx=const. 

(Agra 1942, Pb. 55, Luck, 56. Raj. 55) 

In this case, the coordinates of G are [a, 0, Proceeding 

as in Ex. 4, we get 

A = \Ma 2 , 


B=C=l Ma 2 -f- Ma 2 = l Ma 2 , 

D = F= 0 and E=M a ^hfa-. 


Hence the momental ellipsoid at a point on the rim is 

lMd-x 2 + lMa 2 (y 2 + z 2 )-2, §. Ma 2 zx = const. 

or 2x* + 7 (y 2 + 2 2 )-Vz*-= const. 

Ex. 6. Show that the momental ellipsoid at a point on the 
circular edge of a solid cone is 

(3a i +2/i i ) x*+(23a 2 +2h 2 ) y*+26a*z 2 -10ahzx=const., 

where h is the height and a the radius of the base. 

(Pb. 1952, Agra 1954) 
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Consider a circular disc of 
thickness dri at a distance r) 
from the vertex V, Then 
A = M.I. of the cone about OX 


=J p.mj* tan 2 a [Jrj 2 tan 2 a 

= np tan 2 a J [Jr/ tan 2 a 

-f- r/— 2hrf 4* /**>)*J di) 

=np tan 2 a [J tan 2 a. J/j 5 +J/i 5 —2/i.J7i 4 -i-/i'-. J/j 3 ] 
= - 6 1 o irph* tan 2 a [3 tan- a -f- 12—30-f-20] 

=-/o 77 ’p/» 5 tan 2 a (2-f 3 tan 2 a) 

= -eoTTph a 1 ( 2/j 2 + 3u 2 ) 

=-£oM (2h- + 3a 2 ), since A/=p. $7ra 2 /;. 

Also the M.I. about the axis of the cone 

A 



= pirYj~ tan 2 a. Jr/ tan 2 a dr) 

J o 

= lpn tan 4 a lh*=z’£spna*h 
=-/ 0 -A fa 2 . 

5 = M.I. about OT 

= M.I. about a parallel axis through C+Ma* 
a / 

= 20 (2/* 2 + 3a 2 )+A/a a 
= ^ (2/r+23fl 2 ). 


And 


C—M.I. about OZ 
= M.I. about a parallel axis through C-f A/a 2 

= | 3 0 Ma' + Ma'= j 3 Ma \ 

There is symmetry about OY and co-ordinates of G are (a, 0, \h) 

D=F=0 

and E=M ,a.\h=\Mah. 

Hence the momental ellipsoid at O is 

20 (2/i s +3fl=) (2/i 2 +23a 2 ) y* 

-f j- A/a 2 z 2 —2. JA/a/irx=constant. 

or (3a 2 +2/i 2 ) x 2 -b(23a 2 -f2/j 2 ) y 8 +26a*7 2 - 10a/izx=constant. 

Ex. 7. Show that the momental ellipsoid at any point O of a 
material straight rod is right circular cylinder having the rod for its 
axis. 
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Let AB be the uniform rod of f 

length 2 a and G be its middle point. 

Take any point O on the rod. Let 

the axes of reference be as shown | - - 1 _ 

in the figure. Then A x 0 G E> X 

A = M I. about OX=0, ✓ ' 

£=M I. about OY 

= M.I. about a parallel line through G + M.OG 2 , 
where M is the mass of the rod. 

= \Ma--\-Me 2 where OG=C 
and C—B = M (Ja 2 +c 2 ). 

Since the coordinates of G are (c, 0, 0), we have 
D=E=F=0. 

Hence the momental ellipsoid at O is 

0.x 2 +M (ia 2 H-c 2 )(y 2 +z f )=const. 
or >> 2 -f z 2 =const., 

which represents a right circular cylinder having the rod for its 
axis. 

Ex. 8. If S=Ax* + By 2 + Cz--2Dyz-2Ezx-2Fxy = const. 

be the equation of the momental ellipsoid at the centre of gravity O 
of the body referred to any rectangular axes through O, then prove 
that the momental ellipsoid at the point (p, q, r) is 

S + M {( qz—ry)*+(rx —pz) 1 + (py—qxf } = const, 
where M is the mass of the body. (Rajputana 1958) 

Let A\ B ', C' be the moments of inertia and D\ E\ F’ the 
products of inertia of the body referred to parallel axes through 
(p, q, r); then 

A’=A+M (< 7 2 + r 2 ), 

B'=B + M (r 2 +/> 2 ), 

C'=C+M(p*+q*), 

D'=DMqr, E‘ = E+Mrp, F'=F+Mpq. 

Hence the equation of momental ellipsoid is 

A ‘x 2 + B'y 2 + C'z 1 —2D'yz—2E zx—2F'xy =const. 

Substituting the values of A\ B\ C\ D\ E’, F' and simplifying, 
we get the required form as 

S-\-M 27 (qz—ry) z = const. 

Ex. 9. The principal axes at the centre of gravity being the 
axes of reference t prove that the momental ellipsoid at the point 
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(P, <1, r) is 

(sf+ 9,+r ’) *+ y,+ { C M+ pt + qt ) z ' 

—2qryz—2rpzx — 2pqxy = const. 

when referred to centre as origin. 

Let A y B. C denote the moments of inertia about the principal 

axes through the centre of gravity G. The products of inertia about 

these axes will vanish ie D = E=F= 0. Let A\ B\ C’ denote 

the moments and D\ E\ F\ the products of inertia about parallel 
axes through P. 

IVc then have 

A’=A + M (q-+r-) = M (j^+ q '-+A. 

Similarly B=M (®+r+p ! ), C’=M (^+/> 2 +?*) 

D'= D + Mqr=Mqr since D= 0. 

Similarly E' = Mrp and F'=Mpq. 

Hence the equation of raomental ellipsoid at P is 

A '.x 2 + B'y 2 +C': 2 - 2 Dyz-7E'zx-2F'xy = Con st. 

0r M xt + M { B M+ r '-+P') y-+ M {m+P'+I'Y 

— 2 Mqryz — 2 Mrpxz — 2 Mpqxy = Con st. 

or Cu+^+'O **+ (f/ +r2+/ ’ , ) >, ' + (r/ + ^+«0 z2 

— 2qrzy—2rpzx — ?pqxy=Const. 

1 23. Ellipsoid of Gyration. The equation of the momental 
ellipsoid at a point O referred to the principal axes at O as the 
axes of reference is 

Mk*=Ax°' + By- + Cz\ 

where A , B, C etc. have their usual meanings. 

Let ON be the perpendi¬ 
cular from O on the tangent 
plane at a point P on the sur¬ 
face. If /, m, n are the direc¬ 
tion-cosines of ON, then 

V p*=a*/ 2 +6*m 8 +cV 

for the ellipsoid £+g|+^=l]. 
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Produce ON to Q such that 

ON. OQ=k 2 . 

If OQ = r, we fet for the locus of Q t 

ON 2 .OQ-=k\ 



Mk* 


( 


l 2 "I* 

B 


A+ ^ + 




Changing to Cartesian, the locus of O is 

v2 -2 1 

B 1 C~ M' 

which is an ellipsoid. This is called the ellipsoid 
the point O of the body. 


of gyration 



Cor. The M. I. about the central perpendicular on a tangent 
plane is equal to the product of its mass and square of the length 
of the perpendicular. 

Let/? be the length of the perpendicular from O on a tansent 
plane to the ellipsoid of gyration. If /', m \ n' arc the d c.’s of 
this perpendicular, then 

~Al Oi' 2 =M. I. about the perpendicular. 

Ex. 1. Show that the ellipsoid of gyration at the centre of 
an elliptic disc is 

— 2 L! z 2 __ 
b 2+ a' + 

In the case of an elliptic disc, we get 

A = \Mb\ B=\Afa 2 , C=\M b-). 

Hence the ellipsoid of gyration is 

\Mb^\Ma}~T~ \ M (a 2 + b 2 )~~M 

or *V’ 2 , * 2 1 


1*24. Equi-momental bodies. Two systems or bodies are 
said to be equi-momental or kinetically (or dynamically) equivalent 
when the moments and the products of inertia of one system or 
body about all axes are each equal to the moments and products 
of inertia of the other system or body about the same axes. 

The conditions for two systems or bodies to be equimomcn- 
tal are that they should have (i; the same C. G., (ii) the same 
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mass, (iii) the same principal axes and (iv) the same principal 
moments of inertia about C. G. If these conditions are satisfied, 
the two systems will have the same momental ellipsoid and 
therefore the moments and products of inertia about all axes 
will be the same. 

1*25. The moments and products of inertia of a uniform 
triangle about any lines are the same as the moments and products 
of inertia of three particles placed at the middle points of the sides, 
each equal to one-third of the mass of the triangle. 

(Agra 1958, Nagpur 57, Punjab 55; Delhi Hon’s 55) 

Let PQ be an elementary 
strip of thickness Sx at a distance 
.x ( = AR) from the vertex A. Let 
AN—It. 

Then from similar triangles 
APQ and ADC, we have 

TQ_AP_AR_x 
BC~ A B~ A N~~h 



or PQ~j^ a. 

If AL is a line in the plane of the lamina parallel to BC, then 
M. I. about AL 


-i 


* x-.ax . ap IP 
i— p ax = —. — 
0 h h 4 


= ] pah 3 = J Mir, 
since p. },ah=M. 

Also M. I. about AN 


...( 1 ) 


+ *S ! 1 p.“ dx 


-j: g ■(») 

-r cmp* [••• »■>*] 

_apT a- 

~ h [_ l HP' 


h' DN 2 1 

4 + It* 


-•>] 


l 


= 4 »ph Pfj+CA"]. 


Now DN^ = {BD-BN) 2 = (^-c cos *Y 


a 


7—oc cos B-\-c 2 cos* B 
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= } (a 2 —4ac cos 2?+4c 2 cos 2 B) 

= £ (o — 2 c cos B ) 2 

M I. about AN=\aph (^ 2 — c2 ) 2 J 

ph 


=* 4 V. — ro 4 +3(6*-c 2 n 
a 


= -hM [o 4 + 3 (6 2 -c 2 ) 2 ]. 
The product of inertia about AL and AN 


...( 2 ) 


0 

h 


-J. 

= op f 

h* J 


* o (*> 2 -C 2 ) 

* * 2a 


= pjb^)^ =iph2 (b ,_ ct) 


1 


=j~ a .Mh (b 2 -c 2 ). 


...(3) 


Now M I. of the three particles about AL 

! J = *A//i 2 . 


M rh 2 h 2 L/2 
= 3 L4 + 4 4A 


...(4) 


M.I. of the three particles about /i jY 

•A 

cos C 


= T fG cos b) cos C ) +0“ c cos ] 

=- 1 \Af [c 2 cos 3 #-f 6 2 cos 2 C+a 2 — 4</c cos 5+4c 2 cos 2 5] 
= i[(6 cos C-f-c cos B ) 2 — 26c cos B cos C 

-f-a 2 —2 (c 2 -fa 2 —6 2 )-f 4 c 2 cos 2 5] 

[a 2 —2 ba cos 5 cos C-f a 2 — 2c 2 —2a 2 

-|-26 2 -f 4 c 2 cos 2 2?] 


=-hM [ 


2b* — 2c* —26c <*+£--$3 . [£!+^ 2 ) 

2ca 2ab 


+4c . (£!±f*-_^n 

+ * 4c 2 <? 2 J 


• 2 VA/ [4a 2 6 2 — 4 a*c 2 — {a 4 — (6 2 — c 2 ) 2 } 

+ :<£Jr2ib 2 —c 2 £^~ 4a 2 (6 2 -c 2 )] 

■*" t a4+3 "(t ( 2^' ' H 

^ \ r. •- - + T) j 
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and product of inertia of the three particles about AL , AN 

M 

= j [AN.ND+\AN.\NC-\AN.\BN] 

= T h cos cos C— i c cos bJ 


— 1 \Mh [2 a—Ac cos 2?+6 cos C— c cos /?] 

== i 1 2 'Mh [2a+b cos C-\-c cos B — 6c cos B] 

=\\-Mh^3a-6c° t+ct ~ bl 

[ V b cos C-f c cos B=a ] 

= T5a ^ 3a * — 3a s —3c 2 -}- 36*] 


i 




...( 6 ) 

and (6), we get the 


Comparing (1), (2), (3) with (4), (5) 
required result. 

1*26. Solved Examples. 

Ex. 1. If a, p, y be the distances of the vertices of a triangle of 
mass m from any straight line in its plane, show that the moment of 
inertia of the triangle about this line is 

^ x2 + £ 2 + Y“+/?y+ya-f *($). (Agra 1941) 

Hence deduce that if h be the distance of the C.G. of the triangle 
from the line , then M.I. about this li ne = - 1 \-m fc^+jF+y^PA*!. 

We know that the triangle of mass m is equit-momental to 

three particles each of mass im placed at the middle points of the 
sides. Let ABC be the triangle 

and D, E, F the middle points 
of its sides. 

Now the distances of the 
points D, E, F from the line PQ 
are clearly * (/3+a), * ( y + a ) 
and h (* + P) respectively. 

Hence M. 1. of the triangle 
about PQ 


-i- ("?)■+*-Gt)' 

+K‘4-7 

=-A-m (2a» + 2/S«+2 r 2 +2 p y +2ya+?«/3) 
= }m (^ , +/i=+-/ , + ^+ya + a/3). 
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Again if li is the distance of C. G. from PQ , then 

h = a 

In this case M.I.=-^ [x 2 +/?- +y2-f-(a+/? + y) 2 ] 

= -Aw (x 2 +/3 2 + y *-f 9 / 1 2 ). 

Ex. 2. Obtain an expression for the moment of inertia for a 
triangular lamina about any straight line through a vertex. 

(Delhi Hons. 1954) 

Let ABC be the triangle and 
AP any straight line through the 
vertex A. If /?, y are the distances 
of B and C from AP, then the 
distances of the middle points 
D. E, F of the sides BC, CA, AB 
are A (/? + y). Ay and £/? respec¬ 
tively. 

Hence the M. I. of the triangle about AP 
“M I. of the particles each equal to $m placed at D E F 

= (2/3 2 -f-2y 2 -f-2/?y) 

= im (/3 2 + y 2 +/?y). 

Note. It is a particular case of Ex. 1 above. By puttine a = 0 
we get the required result. 

f x * 3 *. A BCD is a uniform parallelogram of mass M. At the 
middle points of its four sides are placed particles each equal to 

6 and at ,he intersection of the diagonals a particle, of mass M . 

Show that these five particles and the parallelogram are eaui- 
momenta/ systems. 

Let E, F, G, H be the mid-points of the sides of the parallelo¬ 
gram ABCD. Join AC. 

Let O be the mid-point of AC. 

The mass of the £±ABC 
= \M ==Mass of &ADC. 

Now &ABC is equimoment 1 
to three particles each placed A £ 

at£-, Fand O. Similarly the triangle ADC is equimomental to 
three particles eaeh \M placed at G, // and O. Hence the twe As 
BC and ADC (/. e. parallelogram ABCD) are equimomental 
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to four particles each equal to placed at E, F, G, H and 
a fifth particle of mass placed at O which proves 

the propostion. * 

Ex. 4. Show that a uniform triangular lamina of mass m is 
equimomental with three particles , each of mass - x \m, placed at 
the angular points and a particle of mass \m placed at the centre 
of inertia of the triangle. (Delhi Hon’s 1959, Nagpur 1954) 

The triangular lamina will be equimomental to the particles, 
provided (i) their masses are the same, (ii) their C. G. s 
coincide, (iii) they have the same moments of inertia. 

Now let a, /?, y be the distances of the vertices and h the 

distance of the C. G. of the triangle from any line. Then 

h = \ y). 

M. I. of the particles about this line 

—iVw (a 2 +/4 2 +y 2 )+iw.£ (a+/34-y) 2 

= \m (a 2 + 0 2 +y 2 + /3y-fya + a/3) 

= M. I. of the triangle about the same line. 

Also sum of the masses of the particles 

= 3.-jV” -\-l>n = m = mass of the A* 

And obviously the C. G. of the particles coincides with the 
C. G. of the triangle Hence the system of these particles is equi¬ 
momental to the triangle. 

Ex. 5. Show that a uniform rod of mass M is equimomental 
to three particles each of mass £A/ placed at each end of the rod 
and a mass jj M placed at its middle point. 

Here sum of the masses of the particles 

= 2. JiV/-f-^U=A/=mass of the rod 
and clearly the C. G. of the particles is, at the middle point of 
the rod i. e . it coincides with C. G. of the rod. 

Also the M. I. of the particles about a line perpendicular 
to the rod through the middle point 

= $\I.a 2 +lM.a-+lM.O 

where 2 a is the length of the rod 

= |Afu 2 =M. I. of the rod about this line. 

Thus the rod is equimomental to the given set of particles. 

Ex. 6. Show that a uniform tetrahedron of mass M is equi¬ 
momental to four particles each of mass -£$M at the vertices of 
the tetrahedron, and a fifth particle of mass | M , placed at its 
centre of inertia. 
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Sum of the masses of the particles 

=4 x 2 VW-f-f A/ 

=Af = mass of the tetra¬ 
hedron. Clearly the 
C.G. of the particles 
coincides with the C.G. 
of the tetrahedron. 

Now let VL be 
any line through the 
vertex V and let a, /3, y 
be the distances of the 
vertices A t B, C from 
thi> line Consider a 
triangular slice A'B'C' 

fromK neSS S * Para ‘ lel ‘° ,he base ABC at a Stance * 

If a' L 0' k le ,? 8 ' h ° f thC P er P endicular from V on A ABC. 

* P ’ y be the distances of A\ B\ C from VL t then 

« P y h* 



c 


i.e. 


u'=z~ r'—Ql ' y x 

h tP -ir> yz== jr 


Then the distances of the mid-points of the A A'B’C' from VL 

1 . ^ m V" 


A'—* A 

^ 1,1 


ar ci(fr + Y ' )a . i * (p+y) etc> 

Also of the A A'B'C' a' x* 

Area of the A ABC ”A H* l ’ e ‘ 

where A is the area of the A ABC. 

Mass of the A A'B'C'= P .** j Sx. 

Now M.I. of the A A'B'C' about VL 

= M I. of three particles each equal to iP % j placed at , he mjd _ 
points of its sides 

<>< j ) * {^y-n *■ * epy. 

Hence the M.I. of the whole tetrahedron about VL 


rJ - ("py j: “ 




dx 


15 


h,£ (cP) 
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= Y0 (* 2 +/3 ! +y 1 +/3y + ya+a/3). 

But A dx=\ P Ah. 

.*. M.I. of the tetrahedron about FL 

M 

= I(3 (a 2 +/3 a +y 2 +/?y+y«+<*/?). 


Again the M.I. of the particles about VL 

=iM (—f—) 2 +-,VMa»+A A//3» +AA/y * 

=AM [U+jS+yJ’+^+^+y 8 ] 

=A-A/ (a J +/3 2 +y*+^oc+y«+y/3). 

Hence the two systems are equimomental. 

Ex. 7. Show that the moment of inertia of a regular polygon 
of n sides about any straight line shrough its centre is 

Mcl 2+C ° S { 2 n) 


Let O be the centre of the 
polygon A BCD. Join O to the 
vertices of the polygon. Then 
the polygon is divided into n 
equal isosceles triangles like 
OBC. Take O as the origin 
and a line bisecting the side BC 
as x-axis. Let OP be a line 
making an angle a with OX. 
Then 

y4 = M.I. of the AOBC about 
OX 

= MI. of three particles each 

equal to ^ placed at the 

mid-points of the sides of 
the A OBC 

= 3 A '[UC) , -Hic) , ]="c’. 
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And £=M.I. of A OBC about OY 

= T n [G c cot o+g c c °* iy+a c cot 0~] 

MC 2 _ TT 

= ~ 5 — cot 2 -. 

8 n n 

Hence M.I. of the &OBC about OP 

(Mc-\ _ , (Me 2 _ tt\ . „ 

~\2An ) cos a+ U«- cot2 „) S1D “ «• 

Replacing abya-}-~ a+^,., we get the M.I. of the 

other triangles about OP. 

M.I. of the polygon about OP 

Mc2 ^ 

= 24 n |^ cos " a +cos* ^a-f —^-fcos 2 ^a-f- .. ..to n terms 

+ ^f COt! ifa’ «+sin a (a + ^) 

-f sin 2 . ...to n terms|. 

Now cos* a-fcos 2 (a-f ?^-f cos 2 (a-f ^)-f... 

==£ £(l+cos 2a) + | 1 + cos ^2a-f “^1+ .... J 
cos s » n 2?r ^ 


r 


*=* ! n -f 

I 

L 


2n 

sin — 
n 


=4 [«+0]=i«. 

Similarly sin* oc+sin* ^a-f + ... =4*. 
Hence M.I. of the polygon about OP 


Me 2 Me 2 tt 
= 24 n •i n + - 8 n Cot «•*" 


Me 2 

48 


r 


1-f 3 cot 2 


3= 


Me 2 

48 


TT 


V 


Me 2 

f 1+2 cos 2 ?' 

Me 2 \ 

24 * 

, 2 sin* - 

L n J 

~ 24 

* 


sin 2 -4* 3 cos 2 
n _ n 

9 n 

sin 2 - 
n 


2-fcos — 1 

_ n 

1 27T 

1 —cos — 

n 
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Ex 8 Show tint any lamina is dynamically equivalent to the 
three part'icles, each one-third of the mass of the lamina, placed at 
the corners of a maximum tr angle inscribed in the ellipse, whose 
equation referred to the principal axes at the centre of inertia is 

^ , y^ = 2 where mA and mB are the principal moments of inertia 
B~r A 

about Ox and Oy and m is the mass. 

We known from Coordi¬ 
nate Geometry that if a 
maximum triangle be inscribed 
in an ellipse, the eccentric 
angles of its angular points 
may be taken as 

2n 

<t>. </> + 


An 

3 , '/'+y 



In order that the two sys¬ 
tems may be dynamically 

eauivalent. thtir masses must 
be the same, their centre of inertia must be the same and their 

moments of inertia about any line must be the same. 

Let ABC be the maximum triangle inscribed in the ellipse. 

Then the coordinates of A.B.C may be written as 

(a cos •/', b sin +]. [a cos ('M-y). * sin (*+ ? 3 ")] 

|ji cos ('Z'+y). b sin (++ y)] 

where a = \/( 2 B) and b^x/O-A). 

Here masses of the two systems are given to be equal. 

Now if u, y) be the centre of inertia of the A ABC, then 


X — 


y/OB) 


<! COS 0 + COS ^ 


2 n\ 

cos 


0 +?)} 


■(26) 


V |cos 0+2 cos (</>+*) cos 

— (cos 0 — 2 cos 0 .|'} == O» 

■3 


Similarly > ,= =0. 

/. The centres of inertia of the two systems coincide. 

Acain M.I. of the particles each of mass y placed at A t B. C 


about Ox 
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= y.2 A Jj>in 2 */*-+-sin 2 ^04-^^4-sin 2 ^ + 

= $mA |^3 — cos 2 /<—cos ^20 + cos ^204-^^J 

= \mA £3 —cos 20 — 2 cos ( 204 - 2 w) cos J 

= 3 mA [3 —cos 2/--f-cos 2 <h] = mA. 

Similarly M.I. about y-axis = mZ?. 

Also the P.I. of the three particles about Ox, Oy 
= y V(2B)-V( 2 A) j^cos <f> sin $+cos^+*^ sin ^ 0 +?^ 

-fcos ^04-y) sin ^4- 4 ^J 
= 3 nV(AB) £sin 2'/.4-sin ^204- y^4-sin ^20 4- 

= lmV(AB) £sin 204-2 sin (204- 2tt) cos yj 
= 0 . 

Thus Ox, Oy which are the principal axes of the lamina are 
also principal axes of the three particles. 

From the above discussion it follows that the two systems are 
dynamically equivalent. 


Ex. 9. Particles each equal to one-quarter of the mass of an 
elliptic area are placed at the middle points of the chords joining the 
extremities of any pair of conjugate diameters. Prove that these 
four particles are equimomental to the elliptic area. 

Let POP' and DOD' be a 
pair of conjugate diameters of 
an ellipse. If 0 be the eccen¬ 
tric angle of P, then the eccen¬ 
tric angles of D, P' and D' are 

04-2» 0 + 7r and 04-^ respecti¬ 
vely. If ( Xl y t ), (x 2t y.,). (x 3 , y 3 ), 

(•*4. yi) are the coordinates of 

A, L M, N which are the middle points of the siJes of the para¬ 
llelogram PDP'D then 

x i~2 £ cos 0+cos ^ 2 + 0 ^ 1 =^ ( cos 0 — sin 0), 
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^==1 [sin <f> + sin ( s * n ^+ cos ^)» 

[cos (j+*)+cos (rr-f 0)J=^ [—sin 0-cos 0] 

y 2 =2 [ sin (^+^) + sin ( 7r + < ^)J=^ f cos ‘P—sin 0], 

x * = \ \_ cos ( 7r +^)+ cos t” 008 ^+ sin 

y 3 =^ [sin (7r+0)+sin (y + ^)J = ^ [” sin ^-cos 0], 


o r /,. 3 tj 

a* 4 = 2 COS f 0 + -2 


3 ^ + cos 0 




1=2 [sin 


0 + cos 0], 


>'i=\ [sin (0 + y) +sin ^\ = \ [*“ cos , / , + si Q ^]. 

Hence if (*, J) be the coordinates of C.G. of the four parti¬ 
cles each equal to \m, then 

t£«„o from above. 

4 

And y ^ + y*±y» +y*=o. 


Hence the C.G. of four particles and the elliptic area coin¬ 
cide. 

Now M.I. of the four particles about OX 

0’i 2 +>'a 2 +> , 3 2 +>’4 i ) 

= im.ib 2 [(sin 0 —cos 0) 2 -f(sin 0+cos 0) 2 

-f (sin 0 —cos 0) 2 +(sin 0+cos 0)*] 

= 1 Vw6* (1 +1 + 1 + 1) = \mb % 

= M.I. of the elliptic area about OX. 

Similarly M.I. of the particles about OY 
= M.l. of the elliptic plate about OY. 

Also P.I. about OX t OY 

=+ {x x yi+x*y*+x9y»+Xiy A }=o 

= the product of inertia of the elliptic plate about OX , OY. 


Hence the two systems are equimomental. 


Ex. 10. Show that there is a 
inertia oj a uniform triangle which 
at the middle points. 


momental ellipse at the centre of 
touches the sides of the triangle 

(Agra 1961) 
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Let ABC be the triangle and 
D , E, F the mid-points of its 
sides. Let G be the C.G. of 
the triangle. The momental 
ellipse at G will pass through 
D , E t F if the M.I.’s of the tri¬ 
angle about GD, GE, GF are 
equal to 

mk 1 mk 4 mk 4 
GD 2 * GE 1 * GF‘ 

respectively, where m is the mass of the triangle and A: is a 
constant. 

Now the M. I. of the triangle is the same as the M. I. of 
three particles each equal to i m placed at the points D, E and F. 

.*. M. I. of the triangle about GD 

sin Z_GAC ^ + h ,n sin </_GAB^ 


[••• 


\a 2 sin 2 B 
AD 1 


] 


From As A CD and ABD, we get 
sin /'_DAC \a , sin /_DAB 

/-» = a rv 311(1 — 

sin C AD sin B 


ha “I 
AD J 


= i l s nt [(had sin C) 2 -f (\ac sin Bf J. 


I 


1 

AD- 




[V AD=3GD] 


(mA 2 
V 54 


)d 


which is of the form ^ n - 4 . 

GD 2 


Similarly M. I. about GE=Q^- 


and 


M. I. about GF 


=( 


mA 


2 


\ 54 


* GF 2 ) * 


Hence the momental ellipse at G will pass through D, E 
and F. 

Now GD is along a diameter of the ellipse and bisects the 
chord EF. Hence the tangent at £>, the extremity of the diameter, 
will be parallel to the chord EF which is bisected by this diameter 
(an important property of ellipse). But BC is parallel to EF. 
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It follows that BC is the tangent at D to the momental ellipse. 
Similarly CA and AB are tangents at E and F respectively. 

Ex. 11. Show that there is a momental ellipse at an angular 
point of a triangular area which touches the opposite sides at its 
middle point and bisects the adjacent sides, 

(Nagpur 1955; Punjab 1956) 

We know that the momental A 

ellipse at A will pass through 
D t E and F, if the M. I.’s of the 
tririangle about AD, AE, AF are 
mk 4 mk 4 mk* 

AD-'AE* and AF* 
where k is some constant. 

Now replace the triangle by g 
three particles each of mass 
placed at D, E and F. 



Hence M. I. of the triangle about AD 

— M. I. of the three particles each placed at D, E anc 
/in j-’\ 1 

V 6~)‘AD* ^ SCe Ex ‘ 10 above )* 


M. I. 

about AE 



sin c) sin A 

n 

= Z'n 

•Q sin C) , 

^ — 

[V 

2m 

* 

2m 

~3b* 

(fab sin C)- = 

. - 

3^' J ‘ 


) 


[V a sin C=c sin A] 



2md* 
3.(2 AE)* 

mJ- l 
‘ A E*‘ 


[V 


b=2AE] 


Similarly M. I. about AF= ~ _JL 

6 * AF* * 

Therefore the momental ellipse at A will pass through D 
E.F. Moreover, AD is along the diameter of the ellipse and 
bisects the chord EF of the ellipse. It follows that the tangent 
at D io the momental ellipse will be parallel to EF. But BC is 

parallel to EF. Hence BC is the tangent at D to the momenta) 
ellipse at A. Hence the result. 
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1*27. Principal Axes. To find whether a given straight line 
:s, at any point of its length, a principal axis of a material system, 
and in case the line is a principal axis, to find the othe two princi¬ 
pal axes. 

Take the given line as axis 
of z and a point O on it as 
origin Take any other two 
perpendicular lines OX, OY as 
the other two axes. 

Suppose OZ is a principal 
axis at some point O' on it 
where 00' = h. Let the other 
two principal axes at O' be 
O'X' and O'Y' and let 0 be the 
angle between O'X' and OX. 

If (*. >\ z ) be the co-ordi¬ 
nates of a particle of mass m referred to OX, OY, OZ as axes of 
reference, then its co-ordinates ( x‘, y', z') referred to O'X', O'Y', 
O'Z' are given by 

x' = x cos 9+y sin 0, y' = — x sin 9 + y cos 0, z' = z — h. 

The necessary and sufficient conditions for O'X', O'Y', O'Z' 

to be the principal axes are 

Zmy'z' = Zmz'x' = Zmx'y' = 0. 

Substituting the values of x', y', z' in these, we get 

0 =£my'z' = Em (— x sin 9+y cos 0) ( z—h ) 

= D cos 0 — E sin 0+Mh (x sin 9—y cos 0). ...(I) 

0= Zmz'x'=Zm (z—h) (x cos 0-\-y sin 0) 


(Agia 1956; Rajasthan 60) 



— D sin 0-f E cos O—Mh (x cos 0+y sin 0) 
and 0= Zmx'y 1 = 27w (x cos 0-\-y sin 0) (—x sin 0+y cos 9) 
— — B sin 0 cos 0 + A sin 0 cos 9 + F (cos 2 9 — sin 2 0) 

= 1 (ci — B) sin 29 + F cos 20. 

We get from (3), tan 29= 21 ~ ' 2F 


..( 2 ) 


From (1), Mh = 


U — A 
E sin 9 — D cos 9 

x sin 0—y cos 0 
D sin 0 + E cos 0 


or 0 = tan -1 


B-A* 


and from (2), Mh= 

x cos 9+y sin 9 

E sin 6—D cos 9 D sin 0 + E cos 9 


..(3) 

..(4) 


x sin 0—y cos 0 x cos 0+y sin 9 


Thus 
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or (E sin 8—D cos 8) (x cos 8+y sin 8) 

=(D sin 8-\-E cos 8) (x sin 0 —y cos 8) 

or Ey=Dx 

ED 

or — =—. 

x y 

We thus have 




My Mx 


The equation (5) gives the condition for OZ to be the 
principal axis of the system at some point of its length. And 
when (5) is satisfied, (6) gives the positions of the point at which 
the line OZ is the principal axis and (4) gives the directions of the 
other two principal axes at O'. 

Cor. If a line be a principal axis at a point O of its length, 
it is not, in general, a principal axis at any other point . 

For if the line be a principal axis at O, then D, E and F , all 
vanish. Then from equation (6) of $ 1 *27, we get h= 0 i.e. there 
is no other point at which the line can be a principal axis except 


when x~ .y=0. In this case the axis of z passes through the 
centre of gravity and the value of h is indeterminate which means 


that the axis of 2 is a principal axis at any point of its length. 
Hence it follows that if a line passing through the centre of gravity 
of a body is a principal axis at any point of its length, then it is a 
principal axis at all points of its length. (Agra 1956) 

1*28. Principal axes of a plane lamina Through any point 
in the plane of a lamina, there exists a pair of principal axes of the 
la » if ia. (Delhi Hons. 1960) 


Let OZ be a normal to the 
lamina through any point O in the 
plane. 

In this case, since 2 is zero for 
every point of the lamina, we have 

D — E—0. 

This shows that wherever be the 
point O on the plane, the equation (5) 
of £ 1*27 is always satisfied and the 
equation (6) gives /1 = 0. Hence if 



2 -axis be a principal axis of the lamina at O, the other two princi 
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pal axes will clearly lie in the plane. Let OX', OY' be these 
principal axes and 0, the inclination of OX' with OX; then as 
in § 1*27, we have 

tan 20= ” 

B — A 


1*29. Solved Examples. 

Ex. 1. The lengths A B and AD of the sides of a rectangle 
A BCD are 2 a and 2b; show that one of the principal axes at A 
is inclined to A B at an aagle 

1 dab 

2 ° n 2 (a*—b ■*/ 

M. I. of the rectangle 

about AB 

= \Mb 2 +Mb*=$Mb 2 =A. 

M. I. about AD 

= \Ma 2 +Ma 2 = %Ma 2 = B 
and P. I. of the rectangle 
about AB, AD 

= Mab = F. 

Hence if 0 be the inclination of one of the principal axes 
to AB, then 



tan 20= 5= 


2 Mab 


3 ab 


i.e. 


B-A iMa i -*Mb 2 —2 (a--b-) 
0=h tan -1 ~ 3ab 


2 (a 2 —b 2 ) * 

Ex. 2. At the vertex C of a triangle ABC , which is right- 
angled at C, the principal axes are a perpendicular to the plane and 

two others inclined to the sides at angle i tan~ l - b _ 

a 2 — b 2 


We know that the triangle 
is equimomental to three particles 
each equal to placed at the 

niid-points of the sides where M 
is the mass of the triangle. 

Let CZ be a line perpendi¬ 
cular to the plane. We take this 

line to be axis of z. In this case 
• 

since z is zero for every point 
of the triangle, we get 


(Rajasthan 1953) 



D=E=0 . 
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Hence the condition —= — is satisfied. 

y x 

Also h=-^- = —-=0 [V x^tO, yz£ OJ. 

My Mx 

It follows that CZ is the princi pal axis at C. 

To find the other two principal axes at C, we have 
A = M. I. about CB=\M {\b)*=$Mb*. 

Similarly B=\Ma 2 

and F=product of inertia about CB, CA 

= P/ (Aax0) + $A/(0x> 2 Z>) + J/WOa) (hb) 
=- 1 1 2 -Mab. 

Hence if 6 be the angle which the principal axis OX' makes 
with OB, then 


tan 26= 


2F _ 2. i\Mab _ ab 
B-A i Ma--\Mb* a'-b 2 


or 


6—\ tan -1 


ab 

a 2 -6*‘ 


Ex. 3. A wire is in the form of a semi-circle of radius aj 

show that at an end of its diameter the principal axes in its plane 

are inclined to th? diameter at angles 

4 4 

h tan- 1 - and tan~ l 

TT 7T 


Let O be an end of the diameter of the wire. Take OX and 


OY as axes of reference as 
shown in the figure. Consider an 
element a S</> of the wire. Its 
distances from OX and OY are 
a sin <f> and a (14-cos i>) respecti - 
vely. We then have 

A =M. I. about OX 

7T 

ar sin 2 <f>.pa d<f> 

o 




= a 3 p.2. h .2 = ™ pa*=$Ma 2 since M=npa, 

5 = J a 2 (1-j-cos <t>) 2 .pa df> = pa 3 J (1-f 2 cos <£+cos 2 i>) d<f> 

(„+o+2.$.")=^ P a°=iAfa' 

and F= P. I. about OX, OY 
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= I (o sin 0) ( a + a cos <f>) p. a dt> 

J 0 

= pa 3 ([sin <£ + sin <£ cos </>] df> 

J 0 


= pa 3 [2 + 0] = 2 Ma 2 . 

7T 

Hence 0, the inclination of a principal axis to the diameter, 
is given by 


tan 20 = 


2 F 


2.- Ma 2 


2 Ma 1 — £ hfa i ~7T 

*• 0=4 tan -1 

7T 

The other principal axis will then make an angle 

5 + £ tan - 1 ? with 

Ex. 4. SW that at an extremity of the bounding diameter 
of a semicircular lamina, the principal axis makes an angle 

£ tan -1 to the diameter. 

Conside r an element r 80 8 r of the area. The axes of refer- 
ence are as shown. The distan- 

ces of this element from OX 

and OY are r sin 0 and r cos 0 

respectively. Let OA=2a. Then 

•4 = M. I. about OX 

rc/2 p2a cos 0 
o 


-r /. 


r 2 sin 2 0 
X pr dd dr 



-rear-- 


sin 2 0 dd 




a 


16a 1 cos 4 6 sin 2 0 dd 


- 4 4 3.1.1 TT 7 T . 
"■ 4pa *(>.4.2*2=8^ 


^=M. I. about Oy= f W2 f 2 * °° s ° r 2 cos 2 Q.pr dO dr 

Jo Jo 

f */2 , 

**/>• i. 16a 4 cos 4 0 . cos 2 0 
J o 
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= 4pfl - 6 . 4 . 2-2 = ' ,7pI3 

= P. I. about OX, OY 

'k/ 2 r2a cos 0 


-n 

f 


r sin d.r cos O.pr d9 dr 


tan 2<b = 


= I 1 p.i. 16a 4 cos 4 0.sin 9 cos 0 d0=4pa 4 =lpa l 

Jo 0.4.2 

If 0 be the angle that a principal axis at O makes with OX, then 

IF *pa 4 8 

B — A ~ , n “3tt 

§ 7 rpa 4 -g pa 4 

g 

or </» = * tan -1 r-. 

?7T 

Ex. 5. .S’/zoir that at the centre of a quadrant of an ellipse , 
f//e principal axes in its plane are inclined at an angle 

h tan~ l (- to the axes . 

\ 7 T a' — b-J 

Let the equation of the ellipse be Y 


x~ r* 


* I 

2 + i,2 = 1 * 


...( 1 ) 


a c ’ b l 

Consider an element hx 5y about 

the point (.y, y) of the first quadrant. 
Then 

A = M. I. about OX 


P dx dy 



<!?■ 

— r* Jo a- 4 ' 3 dx=\p J (a 2 _.Y-)3/2 dx [from ( 1 )] 

P b 3 [-!2 

= 3 qZ - j Q a 3 cos 3 9.a cos Odd, putting x=a sin 9 


= l vab 3 • 4 * i • y= -ispanb 9 

= \Mb 2 as M=\-abp. 

Similarly 2?=M. I. about OY=\\far 
and F=P. I. about OY, OY 

= | f xy.pdxdy = h f xy 2 dx 
Jo Jo Jo 

p b 2 „ 

= 2 J A '- a 2 (<2‘—* 2 ) dx [from (1)] 
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-H 


=4^[ a2 -^ 

P b 2 . , p ab 

-2* Q z * 8 ^ 2 • ( 4 7r ^^p) • 

A/ 

Hence if 0 be the inclination of principal axis with OX , then 

2P ( Mab)!™ 4ab 


tan 20 = 


£ 


or 


A \M (a-—b' £ )~ (a* — b l , * 

B=i tan- 1 

Ex. 6, /4 uniform lamina is bounded by a parabolic arc , of 

lalus-rectum 4a, and a double ordinate at a distance bfrom the vertex. 

J f b= \ ( 7 +4y/7), show that two of the principal axes at the end 

of a latus-rectum are the tangent and normal there, 

(Agra 1953, 60, Punjab 1956,; Rajasthan 59, Lucknow 55. 

Nagpur 58) 

Let LL' be the latus — 
rectum of the parabola 
y*=4ax. 

Then tangent and nor¬ 
mal at L (a, 2a) are 

y.2a=2a (x-f a) 
i.e, y- x —a = 0 ...(1) 

and y—2a=—(x—a) 
i.e. y+ x -3a=0. ...(2) 

the pofn.'(x„ r “ Then"' ***' U ' lnC area OI ,ne P irabola ab ° a ' 

Pi = its distance from the tangent at L — x a 

y/2 

and Pz =its distance from the normal at L = 

If the tangent and normal at L are the principal axes, then the 
product of inertia about these axes must vanish. 

Hence 0=P.I. about the tangent and normal at L 

f* r2n(«*) sy-x-a \ (y+x-3a \ ., 

JoJ-2^j(ax)\ y/2 ) V. y/2 ) P-^x dy 

f* [2^j(ax) 



or 


h : r: 


2 >l(ax) 


(y 2 — x 2 -f 2 ax — 4ay -f 3a 2 ) dx dy 
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or 

or 

or 

or 


= J* £ 2 . | {2 v '(^)} 8 +2.(3a 2 +2ox-Jc 2 ) 2V(«r)J dx 
-}f £ 4a 3/2 x 3/2 -f 9a 6/8 * 1/2 -f-6a 3/2 .X 3 ' 2 —3a 1/2 x B 12 J dx 

=3 |^0a 3 ' 2 .?* 6 / a +9tf 5 ' a .? x»'*-3a'' 2 .* x*/*J 
= j £ 4a 3 ' 2 6 6 ' 2 +6a 5 ' 2 6 3 ' 2 — ^ a*/ 2 


4flft4-6a 2 ~^ 6 2 =0 


21a 2 +l4a&-36 2 = 0 

36*-14fl6-21fl 2 =0 

14oj ^ (196.a 2 + 12 x 21a 2 ) 

6 

= (7 + 4\/7), rejecting the —ve sign since b can 

not be negative. 


Ex. 7. ABC is a triangular area and AD is perpendicular to 
BC; E is the middle point of BC and O is the mid-point of DE; 
show that BC is a principal axis of the triangle at O. 

(Nagpur 1957, Luck.1957) 

Take OC and OY, a line y 

perpendicular to BC, as axes 
of reference. Let M be the 
mass of the A ABC. Replace 
the triangle by three equal par¬ 
ticles }Af each placed at the 
middle points E, F, G of the 
sides. 

The product of inertia of 
A ABC about OC, OY 

= h M [(-0£).O]+JA/ [OL.LF) + \M [ -OM.MG] 

= p/ £(2 cos C+OD ) ^ sin cos B-OD^,^ sin B j 

b e 

OL =2 cos C+OD, OM=- cos B—OD etc. 

=*! Mb sin C l b cos C+20D — c cos B-\-20D] 

[V b sin C=c sin B) 
(V ED=20D) 





— i Mb sin C [6 cos C—c cos £+2££>J 
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*=Wb sin C £ b cos C-c cos B+2 Q-b cos c)l 

1 1*7 • r ' -J 


\Mb sin C [a — (b cos C+c cos 5)] 

$ Mb sin C [a—a] [• 

0. 


a=b cos C+c cos 5] 


Hence 5C is the principal axis at O . 


Ex. 8. /I uniform square lamina is bounded by the axes of x 

and y and the line x=2c, y=2c , and a corner is cut off by the line 
x y 

a + b =2 ' Show that *he principal axes at the centre of the square 


are inclined to the axis of x at angles given by 

tan 29= a -*- 2 J a + b > 

(a — b) (a+b — 2c) * 

(Agra 1948, 55, 58, 


Luck. 1955) 


Let OABC be the square, having its sides OA t OC alon« th< 


axes cf x and y respectively. 

Let OLM be the triangular 
area cut off from the square by 

the line ~+^=2. Let G be the 

centre of the square and GX\ 
GY the parallel axes. Replace 
the triangle by three particles 
each equal to ( 2a.2b).p 

= I pab placed at the middle 
points P , Q and R. 

Now the coordinates of P, 
Q, R referred to GX' y GY' as 
axes of referrence are 



— c )t { —( c—a ), — (c — b)} and {— c, — (c —b)}. 
.’. A = M. I. of the remainder about GX' 

= * (4 pc 2 ).c* — $ (§pab) (c 2 + (c—b) 2 +(c—b) 2 } 

B= M. I. about GY' 


= i (4pc 2 ).c 2 — * {Ipab) [ c 2 +(c — a) 2 -f-(c — a) 2 ] 
•• B—A 3 = — ipab [(c — a) 2 — (c —6) 2 J 
= — opab (2c—a—b) ( b—c) 

F=P. I. about GX', GY' 


and 
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=0— $ (f pab).[(c—a).c+(c—b).c+(c—a) (c—b )] 
= — lpab [3c 2 —2ac— 2bc + ab] 

__ 2F _f,pab \ab—2c (fl-f6)+3c*l 
B—A~ %pab(a—b)(a-\-b — 2c) 

ab—2c(a + b) + 3c 2 

~ (a—b) (a+b—2c) * 


Ex. 9. A uniform rectangular plate whose sides are of lengths 
2a, 2b has a portion cut out in the form of a square whose centre is 
the centre of the rectangle and whose mass is half the mass of the 
plate . Show that the axes of greatest and least moment of inertia 


rr 


at a corner of the rectangle make angle 0, y f-0 with a side, where 

.. d ah 
tan 26=-. 

j) a- — b- 

(Delbi Hon’s 1958, Andhra 1957, Gujrat 1958) 


Let 2k be the side of the square. 
If M is the mass of the rect¬ 
angle, then \M is the mass of the 
square. 

Now M. I. of the rectangle 
about AB = *Mb- 

and M. I. of the square about AB 



c 2 +\Mb\ 



.*. A = M. I. of the remainder about AB 


= $ Mb 2 - {Hi M). c -+1 Mb 2 } = %Mb 2 - JA/c 2 . 


Similarly 2?=M. I. of the remainder about AD=\Ma 2 —\Mc % 

and F— P. I. of the remainder about AB, AD 

= P. I. of the rectangle about AB, AD 

— P. 1. of the square about AB, AD 
= M.(ab)—\M (ab) = \Mab. 


Hence tan 20= 


2 F 
B-A 


2 .\Afab 

\Ma'-\\lb 


6 ab 
5'a 2 -b *• 


Ex. 10. Find the principal axes of a right circular cone at a 
point on the circumference of the base, and show that one of them 
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will pass through its C. G. if the vertical angle of the cone is 
2 tan- 1 (Agra 1947, 5b) 


The axes of reference are 
as shown. If h be the height, 
a , the radius and a, the semi¬ 
vertical angle of the cone, then 
as in Ex. 6 of § 1*22, we have 
A = M. I. about OX 

~ (3a*+2A«J 
-R=M. I. about OY 



M 

= 2 o (23a 2 -f-2/i-), C=M. I. about OZ 
and D=F~ 0, E=\Mah . 


\%Ma 2 


Since D F 0, the axis OY i. e. a line parallel to the 
the cone through O, is the principal axis at O. Let one 
other two axes make an angle 0 with OX, Then 

tan 20 = _ _ \Ma h _ 

C —A ±lMa 2 —&-M (3a 2 +2h 2 ) 

\0ah 

23a 2 — 2h 2 ' 


axis of 
of the 


Now if this axis passes through G, the C. G. of the cone, then 

CG hi 4 h 


tan = 

oc 


a 


4 a' 


h 

• tan 29= _2jan_0_ = 2 a _8 .ah 

1— tan 2 0 /, 2 ~16a 2 —h 2 * 

lba 2 


Hence 


10 ah 

23a 2 —2h 2 
5 (16a 2 — h 2 ) 
3 h 2 


8 ah 

1 6a 2 —h 2 * 

4 (23a 2 — 2h 2 ), 
12 a 2 


or 
l. e. 


a 1 

Jj~2 ‘ e - tan * = $ 


2a = 2 tan-i 


Ex, 11 . Find the principal axes of an 
point of its bounding arc. 


elliptic 


area at any 
(Raj. 1961) 
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Let P be a point (a cos <f>, 
b sin <i>) on the ellipse 


a 2 ± b 2 * 


...( 1 ) 


Let PX\ PY' be the axes 
parallel to OX and OY respec¬ 
tively as shown 
Then 

/1 = M. I. about PX' 

= M. I. about OX+ M. I. of 
mass M at O about PX’ 


= \Mb'+M.b x sin 2 



Similarly Z?=M.T. about PY'—M cos 2 <f>) 

and F= P.I. about PX' % PY' 

= M (a cos <f>) (b sin <t>) = Mab cos sin <f>. 


or 


Let 9 be the inclination of a principal axis at P; then 
2 F 2Mab cos </» sin <t> 

tan B ~ A ~ m (a* -&)-& sin* <f>+a 2 cos 2 0] 

. , . 8 ah tan 4 

9=1 tan" 1 


= h tan -1 


t a- — b 2 ) sec' J 46 2 tan 2 ^-f-4a 4 

8o/> tan </> 

(5a--^) + (a 2 -5^ tan 2 0* 


Ex. 12. If the vertical angle of the cone is 90°, the point at 
which a generator is a principal axis divides the generator in the 
ratio 3 : 7. 


Let the generator VA be 

principal axis of the core at 

O. Take axis of rasa normal 

to the section of a plane 

passing through O and the 

C G. of the cone and axes of 

x and y as shown in the figure. 
Clearly the z-coordinate of the 
C G is zero and so D=E= 0. 



Therefore z axis is a principal axis at O. We now find out 
the moments of inertia of the cone about OX and OY. For this 
consider a circular disc of thickness 8 x at a distance x from the 
vertex. The radius of the disc is x tan 45°=x. 
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• • 


h 

A = M.I. about OX=l nx 2 p [ix 2 +(;t— VL) 2 ] dx 
= **"• [| • J~ 2VL -f + W. 


and 


= P 7 T [\h l >-\h*.VL+lh*.VL^ 
2?=M.I. about OY 
,‘ h 

==| itx 2 p ( 2 x 2 +OL 2 ) dx 
0 

IA 


A 

0 


/; 


== P 7r 

= P 7r [iV* 5 +|A 3 . kX 2 ] • OL= VL) 

Now the generator VA is given to be a principal axis at O, 

and since it makes an angle of ^ with OX, we have 

2 F 

2 jr^ 4 =tan 20 = tan (2.}7r) = tan ^ = oo 
ie * B — A = 0 or £=/l 

Hence ptt [- x V* 5 -f-l^i 3 . PX 2 ]=p7r [^/i 5 — ^/i 4 . VL+ \b*. VL 2 ] 
or $VL=(i— : iV) /i=- 2 V* 

or VL=- 1 a 0 - h 

VL 3 

/r “io* 

ra_ 3 

*** VA~ 10 

or _ 

Fy4 — ~ 10—3 

i.e. V °=l 

oa r 

Ex. 13. Show that one of the principal axes at any point on 
the edge of the circular base of a thin hemispherical shell is inclined 
at an angle to the radius through the point. 


or 


D , VL VO 
But h ~VA ‘ 


A = M.I. about OX=\Ma z 
B=M I. about OY 
= M.I. about a parallel 
line through C-{-Ma 2 
= f Ma 2 + Ma 2 =* Ma ». 
Similarly C=|A/a 2 . 

Since the coordinates of 
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C.G. are 0 , we have 

D=F= 0 and E=M.a. \a=\Ma 2 . 

Since D=F= 0, OF is a principal axis at O. 

Let 0 be the angle which one of the other two principal axes 

makes with OX; then 

. _ 2 E Ma 2 _. 

tan LMa'-lMa'-~ 

or 20 =? i. e. 9=? 

Ex. 14. Show that one of the principal axes at a point on the 
circular rim of the solid hemisphere , is inclined at an angle tan~ x i 
to the radius through the point. 

In this case, 

A = \Ma\ B=iMa*=C, 

D= F=0, £=f A/a 2 . [See Ex. 5 of § 1*22] 

Since D = F= 0, the axis of y is the principal axis at O. Let 
0 be the inclination of one of the other two principal axes with 


OX. 


or 


or 

or 

or 

or 


tan 20 = 


2E _ f A/q 2 

C-A~\ A/a’-fA/a* 
2 tan 0 = a 
1 — tan- 0 * 


= 1 


3 — 3 tan 3 0 = 8 tan 0 
3 tan- 04-8 tan 0-3 = 0 
(tan 04-3) (3 tan 0 —1)=0 
tan 0= —3 or £. 

Since tan 0=£-3, we have 0 = tan-> 

Ex. 15. Show that the principal axes at the node of a half 
loop of the lemniscate r 2 =a' 1 cos 20 are inclined to the initial line at 
angles h tatr 1 h and ^r + l tan~ l £. 

(Agra 1946, 57, Raj. 1955, Luck. 1957, Alld. 1946, 49, 

Delhi Hon:,. 1956 I.A.S. 1959) 


Consider an element 
r 50 hr of the area of the 
lemniscate r-=a 2 cos 20. 


We then have 
y|sM 1 about OX 



a^(cos 20) 
0 


r 2 sin 2 O.p 
X r dO dr 
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= $pa* [ 

‘Tt /4 

cos 2 20 

“1 

<3 

CL 

II 

0 

f «/4 

cos 2 20 

j 

= 8 Pfl 4 I 

' 0 

fTt /2 

(cos 2 / 

J 

' 0 

n 

TT 2"1 

= l\-pa 

[2 

*2 3j 


(cos 2 / — cos 3 /).* dt, putting 20=/ 


2?=M.I. about OY= 


- 8 ). 

tt/4 cos 20) 


r 2 cos 2 O.p.r dd dr 


-r j 

= P J ^ £.o 4 cos 2 20.cos 2 0 dd 
= 1 pa 1 J cos 2 20 (1+cos 20) dd 
= 8ptf 1 .j* n ^ 4 (cos 2 / + cos 8 /).* dt t where 20 = / 
= i l «pa* 192 ( 3 ? 7 -f 8) 


and F=product of inertia about OX , OF 

aV(cos 20) 


r cos O.r sin 0.p.r dO dr 


= f n/4 f a 

Jo Jo 

— $P«M*£—& cos 8 20 J^ =^pa 4 . 


i.a 4 cos 2 20.i sin 20 */0 


Hence if 0 be the angle which a principal axis at O makes 
with OX t then 

2 . ~&pa* 


tan 2^ = 


2F_ 

B—A~ji-spa i (3 tt + 8)—ibnpa* ( 3 tt — 8 ) 


= * 


or <£ = £ tan - * $ 

and the other principal axis at O will make an angle of 
2 +i tan - ” 1 $ with OX. 

Ex. 16. The length of the axis of a solid parabola of revolu¬ 
tion is equal to the latus trectum of the generaing parabola . Prove 
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that one principal axis at a 
point on the circular rim 
meets the axis of revolution 
at an angle i tarr 1 §. 

Let the equation of the 
parabola be y 2 =4ax. 

Let O' be a point on 
the circular rim. Consider 
a circular disc of thickness 
8* at a distance x from the 
vertex O of the parabola; 
then 



= M.I. about 0'X'=j 4 “ (p.ny*) (W+O'N^.dx 


[since 0./V=latus rectum=4a, the 
limits of integration are from 0 to 4 a] 


1 4 a 

4 ax [$.4 ax+\6a 2 ] dx 


[since y*=4ax, we have O'N 2 —4a.4a 
i.e. 0' N=4a] 

Sa 2 pn £ix 3 -j-8a.$x 2 J 4a 

n . r64a*.1 


==8aV 

8 x 64 x 4 
~ 3 


-4-4 a 


.16a»l 


pva 5 . 


M.I. about O 


r= '" r ir y ° <> x 

C 4a 

=p7r 4ax [ax -f-1 6a 2 —Sax -f- x 2 ] dx 

d 0 


and F 


[V PN=(4a-x)] 

=4a P 7T ^~7fl.ix 8 -4-16a*.iA: 2 -f ^J 4a 

= 4apn [ —la . $. 64a 8 +8a*. 16a 2 +\. 256a 4 ] 
=4ap7r.64a* [—1+2 + 1]=A^fwa® 
product of inertia about O’X’, O'Y ' 


=J 4fl p.Try 2 .PN.O'N.dx 
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= J 0 p7r.4ax.(4a—x).4a dx 

= 16a 2 p7r | ~4a.$x 2 —|x 8 J* a 

= 16 a 2 p-rr [2a. 16a*—£.64a 3 J 
16x32 

= —^ — p7Ta - 

Hence if 6 be the angle which the principal axis at O' makes 
with O'X ', then 


4a 


2 F 

tan 20 = ^—= 


2 . 


16x32 


pTTQ 


B — a 512 


"T #wa 


5_ 


8 x 64 x 4 


prra 


tan 26 = 


= 1 ~ 4 = —3 = § numerically 
or d=h tan” 1 f. 

Ex. 17. A uniform lamina bounded by the ellipse b 2 x 2 +a 2 y 2 
= a * b * has an elliptic hole (semi-axes c, d) in it whose major 
axis lies in the line x=y, the centre being at a distance r from the 

origin-, prove that if one of the principal axes at the point (x y) 
makes angle 6 with x-axis, then 

Sabxy—cd {4 (xy/2—r) — ( c 2 —d 2 )} 

ab {4 (x‘-y‘)+a‘-b*}-cd {2 (xy/2^-r)'~2 (yy/2-rf} 

(Agra 1945) 

Let P be the centre of / 

the elliptic hole and O' any 
point (x, y). Let O'X', O'Y ' 
be the parallel axes through O'. 

Now OP—r 
and /_POX= 45°. 

M. I. of the elliptic plate 
about O’X' 

( b~ \ 

4~+y*) 

and M. I. of the elliptic hole about O'X' 

= 7rcdp [±d* cos* 45°-f }c 2 sin 2 45 °+(y-r sin 45°)=}. 

•• d = M. I. of the remainder about O'X' 

=TT.pab (^+y 2 ^ — l7rpcd {d 2 -\-c 2 -\-4 W^y—r) 2 }. 


/ 
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Similarly B= M. I. of the remainder about O'Y’ 

=7rpab (^+x*^—\npcd (d 2 4-c*4*4 (y/2 x—r) 2 }, 

Product of inertia of the elliptic plate about O'X' , O'Y' 

=* 7 rabpxy 

and product of inertia of the elliptic hole about O'X', O'Y ' 

[ h d -- c - sin 9<r+(*- v ; 2 ) (V v r 2 )} 


— \i7cdp {d 2 —c 2 +4 (x\/2 —r) 1}'y/2—r)}. 

.*. F=the P. I. of the remainder about O'X', O'Y' 

=iTQbpxy—\TTcdp (d-—c*-|-4 ( x^2—r) (}'y/2—r)). 

•• lan20 =B 2f A 


8 ahxv—cd (4 (x\/2 —r) (y\/2—r)—(c 2 —d 2 )} 

~ab ( 4 ” (x 2 —y 2 ) + a~ — b 2 } — cd {2{Xy/2-rf-2 !>V2-r) 2 } * 
Ex. 18. Two particles each of mass m are placed at the ex¬ 
tremities of the minor axis of an elliptic area of mass A/. Prove 
that principal axes at any point of the circumference of the ellipse 
will be the tangent and normal to the ellipse if 

m 5 e 2 

A/ = 6 '1 -2e 2 ’ (Agra 1941, 62) 


Let the equation of the 
ellipse be 

x 2 v 2 
-1 - =1 

a 2 ^b 2 

Let O’ (x lt Yj) be any point 
on the ellipse. Draw parallel 
axes O'X', O'Y' through O'. 

Then 

A = M. I. about O'X' 

= M (f +J>', 2 )+m [(i-> 1 i 3 +(fc+j 1 ) i ] = iA/ (*» + 4y*) 

+ 2 m ( 6 S +V) 

B= M. I. about O'Y' 



= M 4- x/) 4 - mx x 2 -f mx 2 = \ M ( a 2 4 - 4x x 2 ) 4- 2m x 2 . 

F= product of inertia about O'X', O'Y' 

= Mx 1 y l -\- m [~x x {b-y 1 )-x 1 (-6—(A/4-2/?;). 
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tan 26 = 


If a principal axis at O', makes an angie 0 with O’X\ then 
2F 2x,\\ (\f + 2nj) 


B—A \ M (a 2 — — Ay l £ )-\-2m (x^—y^ — b 2 ) 

Now equation of the tangent at O' is 

.xx, vi’, , 

—i+'T'= 1 • 
a 1 1 b- 

If this tangent is the principal axis at O’, then 

n b ~ x , 

tan 0= - 2 — 1 . 

<* z y i 




tan 26 = 


2 tan 6 


2b 2 x l 

a'y t 


2 a-b \x x v. 


1-tan- 0— Mxf 


o*>\--b'x 2 ' 


...( 2 ) 


a x y I 2 


From (1) and (2), we get 
2 a 2 b 2 x l y l 2jt 1 v, (A/+2m) 


a*y t *—b*x~\M (a*—6*+4V—^‘i*)+2w (x^- yf-b-y 

= m [ — 2a*y* + 2b'x 2 — 2aV> i (x x 2 -y 2 -//-')] 
or M [a 2 jj 2 {a 2 —b 2 )+b 2 x x 2 ( a 2 — b 2 ) + ]a 2 b 2 (a 2 — b 2 )] 

= 2m [-a 2 y 2 (a 2 -h 2 )-b 2 x 2 (a--k'-) + a 2 b*\ 

L*' + ^ + 4 J -2 " <J ; + n--A 2 J 


or 


or 


[dividing by o'b 2 (a- — 6*)] 
M (I+i) = 2m [-1 + —^.7* } ] 

[v =1 and b ' 2 = a2 (1— c )J 


or 


or 


1 — 2e 2 

\M=2m.— 

m _5 e 2 

M ~H * 1— 2e 2 * 


1*30. Principal moments. The principal moments of inertia 
of a body are its moments of inertia about principal axes. 

The equation of the ellipsoid at O is given by 

A x 2 + By 2 + Cz 2 - 2Dyz — 2 E zx— 2 Fxy = M!<\ 

This equation when referred to the principal axes as coordi¬ 
nate axes, becomes 

A’x 2 +B'y 2 +C’z 2 =Mk t , 
where A f B\ C are the principal moments. 
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Also A', B\ C' are the values of A in the reducing cubic. 

A -A H G i=0. 


H 


B-X 


G F C -A 

Ex. 1. If A and B are the moments of inertia of a uniform 
lamina about two perpendicular axes OX and OY, lying in its 
plane, and F be the product of inertia of the lamina about these 
lines, show that the principal moments at O are equal to 

h[A+B±^{(A-B)*+4F-}]. 

The equation of momental ellipse at O is 

Ax 1 —2Fxy+BY 2 =const. ...(1) 

This equation when referred to principal axes at O reduces to 


A'x z + B'y 2 = const, 

where A', B' are the principal moments at O. 

11 a principal axis makes an angle 0 with OX, then 
A'=A cos 2 0 + B sin 2 0—2F sin 0 cos 6 , 
B'=A sin 2 0 \-B cos 2 0 + 2F sin 0 cos 0. 

tan 20 = } F - , cos 20 = B ~ A 


...( 2 ) 


and 


But 


B-A 


V(4 F*+(B-Af) ’ 


and 


sin 20 = 


2F 


VH F* + (B-A)*r 

A' = U (1 + cos 2 0) + \B (1-cos 20)—F sin 20 

B-A 


= £ M + *) + | (A-B). 


V(4 F*+(B-Af} 

— F. 


2F 


V \4F Z +{B—Af\ 


_x M + B) (*-AV+*P_ 

"" 2 1 ^ ; 2V{4 F* + (B-A)-} 


= 1 

Similarly B'=k [(.4 + 5)+ y/{{B-A ) 2 -}-4F*j], 


Alternative, Equating invariants* of the two conics (1) and 
(2), we get 

/T + Zr=/f + 5and A'B'=AB-F\ 

Then A'-B'= y/[(A + B)'—4A 5 + 4F*] = y/{(A-B) 2 + 4F 2 }. 


*'f by rotating the axes through any angle without changing the origin, 
the equation ax'A-2hxy+by*=l becomes a'x t +2h'xy+b'y t =\. then a+b=a' + b' 
and ab—h i =a'b' — h' 1 and the quantities a+b and ab—h 3 are called the 
invariants of the system. 
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/. A'=$ [iA+B)+y/{(A-B) 2 +4F 2 }) 

and £'=£ [(A + B)—y/((A-B) 2 +4F*}-\. 

Ex. 2. Show that the moments of inertia about the principal 
axes at the centre of mass of a quadrant of a circle of mass Ad 
and radius a are 

Ada 2 
4 


( j -~) a,,d t < pu »j ab i9s4 > 


let OABC be the quadrant 
and OB y its symmetrical radius 
so that Z_AOB=Z.COB = 45°. 

If G be the centre of 
gravity, then 

OG=^, Sm 4 _4V2q 


7T 

4 


3n 


Since OB is the symmetri¬ 
cal radius of the quadrant, one 
of the principal axes lies along 
OB. 

• • •'4 = principal moment of 

inertia about OB 

=2 J ^ J p.r 2 sin 2 O.r dO dr 



= 2 „j 


«/4 a * 


sin 2 0 dO 


= $pa* J 


n/4 

o 


(1—cos 26) do 


. . r a sin 20>/4 r-n n 

L # - 2 1 |_4 2 J 

~^TT a ~ (5-2) aS M=lTra 2 .p 


Also M. I. about OY 


p.r 2 cos 2 0.r dO dr 


r / 

A/a 2 / , 2\ 

= —f I + -1, on integration. 


i?=Principal moment of inertia about GY' (a line through G 
parallel to OY) 
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0+9-"- 3 £ 

_Ma-r 2_m~\ 

4 L +7r 9 tt-J* 

Ex.?. A BCD is a uniform rhombus with centre and diago¬ 
nals AC, BD equal to 2a, 2b respectively. Show that the side AB 
is a principal axis at a point P, the coordinates of which are 

1 a (7b 1 —a 2 ) 1 b(7a*-b 2 ) 

6 ' a 2 -yb l * 6 * a- + b z * 
refried to OA, OB as axes, provided they both are positive. 

Let {h. h) be the coordi¬ 
nates of P referred to OA and 
OB as axes. 

Take a strip of thickness 
parallel to OY at a distance 
a from O. 

L\f a-x 


Then 


BD 


a 


i. e. 


L\f=° X 2b. 

a 



and 


Now M. I. of the strip about OX 

2b 0 Yh , x ~l 2 

= ’r- a (c7-a-)6.x.| -(a-.t)J 

= 3 n. h t {a — xfjx. 
a 

Hence M. I. of the whole rhombus about OX 

J .i £3 

a r ■ (a-xf dx 

O U 

. h ' r i , lp . 

lMb 2 , since M—p.2ab. 

Similarly M I. about OY=l\fa 2 . 

Clearly tiie product of inertia about OA', OY = 0. 
Hence /t~M. 1. about an axis through P || to OX 
= \Mb* + Mk\ 

B = M. I. about an axis through P || to OY 
= MIP 

F—P. I. about parallel axes through P 
— Mhk. 
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Since AB is the principal axis at P, we have 

-)/T 

/Hi t/ a — 1 


But 


so that 


Hence 


But 


Z_BAX=6 where tan 20= -— 

IS /i 

tan („-*) = ?** /.£>. tan Q= — b 

(J A a a 

tnn 2 ,an 0 2<7 ^ 
tan 20 - , —tan 3 0"- T=T}y^ = /?-a^ 

lob IF 2 A ihk 

e b 2 -a-~ B — A~ > Ma* + A IIP - > Mb 2 — Aik* 

1 2hk 

a- —Z>- + 6 (h- — k~) 

ab (a 2 —b 2 ) + 6ab (h 2 -k i ) = 6hk (b*-a-). 

k a—It k a—h . 6 , 

OBT OA ° r h= a SOthat k = a (°- ! 


.(I) 


& fl—/? . . b , , v 

or z = sothat k=- (a — h). 

b a a v ' 


and 


Substituting for k in (1), we get 

ab ( a 2 -b*) + 6ab £/i 2 —(a —/i) 2 J = 6/i * (a-h) (b*-a-) 

a2 (a 2 —6 2 )-f- 6 [A-a 2 —6 2 ( a _//)=j = 6'i ( ; — //) (6 2 — a-) 

h [I2ab 2 — 6afc 2 +6«i 3 J = 6fl 7 6 2 —« 2 (a-—b 2 ) 

=a a (7b 2 —a-) 

__a ( ib 2 -a-)_ 

* 1 6 (a'-+/>-) 

/ b. , 4 /> (7a* -//-’) 

/c= * («-//) 


k= (a—/j)=—±— 
a 7 


Ex. 4. Show that for a thin hemispherical shell of radius a 
and mass A/, the principal moments of inertia at the centre of 
gravity arc fjMa 2 , \Afa-. (Delhi lion’s 55) 

Let C be the centre of the circular 2. 

base and G, the centre of gravity of the 
hemispherical shell. Then 

/ 1 \ 

Let the axes through G be as marked |C-- —-)- 

in the figure. Then I / I X 

A = M. I. about GX=iAta* \ / J 

B=^M. I. about GY \ l / 

= 'iMa 2 — M.(CG) 2 \1 

— l Aid 1 — iMa t =-f. J AIa t . 
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Similarly C=M. I. about GZ*=AMa\ 

Also D=E=F= 0. Hence GX, GY, GZ are the principal 
axes at G. It follows that the principal moments at G are 

-5 A/a 2 , -AMa*. 

Ex. 5. Show that for a hemispherical solid of radius a and 
mass M, the principal moments of inertia about the centre of 
gravity are aVo’^a 2 , 'aAMa*, f A/a 2 . 

Proceed as in Ex 2 above by taking CG=^§, 


Ex 6 . Prove that two principal radii of gyration at the 
C. G. of a triangle are the roots of the equation 

a'+b’+c* 0 

l i n o 


108 


(Agra 1935; I. A. S.’ 52) 
A 


36 

where A is the area of the triangle . 

Let G be the C. G. of 'he 
triangle ABC and D, E, F, the 
mid. points of the sides Take 
the axes GX, GY para; lei and 
perpendicular to BC as axes of 
reference. 

Let AN=h, where AN is 
the perpendicular from A on BC 

Now replace the triangle by 
three particles each of mass \m placed at D, E, F where m is the 
mass of the triangle. We have 

ND*=(^-BNJ =-.--a.BN+BN* 



a.BN+c*-h*. 




Also ND t =(cN-°fj~-a.CN+b--h i . 

2ND-=^+b*+c-—2h--a (B.V+CN) 

=b-+c--2h'-\a- [•.• SN+CN=a] 

4 = im.(ib)*+2.im (*Y=A mh\ 

B=lm UND)'-+lm J JW)JJ 

+ (|-WD)+fjVZ>J 
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= im G nd * + q-i ^y+d+i ™y ] 

=im G ND * + t+n **] 

= M> 2 +g « 2 J = 7 2 m (4/VZ ) 2 4 -3<2 2 ). 

+K-G+§ ™)]('£) 

= -jg [I WZ> + £A7)j = -^ mli.ND 

If a principal axis at G makes an angle Q with GX and A\ B’ 
are the principal moments at G, then 

4 = A cos 2 6 -f- B sin 2 d —2 F sin 0 cos 0 

_ =M/l + 5)4-* (4 — Z?) cos 20 — Fsin 20=mx 1 2 .. .(1) 

imilarly 5 =\ (A + B) — h (A — B ) cos 20-fFsin 2 0=mx 2 2 ...(2) 

where and x 2 are the principal radii of gyration. 

Adding (1) and (2), we get 

, , m W-\-x*)=(A+B) (3) 

and multiplying (l) and (2), “* ( ) 

m z x*> r 2 2 =£ (A + B)* — {l (A — B) cos 20-Fsin 20} 2 
= 1 (A + B)*—\ cos 2 20 {(/* — #) —2F tan 20} 2 


or 4 m i x l 2 x^=(AA-Bf -_/ 

' (B-A)* + 4 /-' 2 X 

' {(Z?-^) 2 -f4F 2 } 

= (A-\-B)* — (B—A)°-—4F* 

— 4AB — 4F 2 

or m 2 x 1 9 x 2 i = AB—F 2 . 


_ 4F2 \ 
B-A i 


...(4) 


From (3) and (4), we see that the radii of gyration are given bv 

Ain i n r*«» ^ / 


*<-^* *■. ^ T ^ =0 


...(5) 


Now A+B=+ i m [4A 2 -f 3<7 2 4-4 jVZ> 2 ] 

=*Vw.[4/r 2 +3a*+2Z>*-f-2c 2 —4 /j*— a*] 
(a 2 4-Z? 2 -j-c 2 ) 

3nd AD ~ F -1^2 O a *-i-4ND 2 ) 
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= (\ah) 2 . 


in 


1 


i 08 = 108 " ,2J - 


Hence equation (5) becomes .x 1 — ^ (a 2 + b z +c 2 ) x-+ 


i n« 


£s*=0. 


Ex. 7. Three rods AB, BC , CD each of mass m and length 2a, 
are such that each is perpendicular to the other two. Show that the 
principal moments of inertia at the centre of mass are ma~, \ l tna 
and 4ma 2 . (Agra 1951) 


Take BA, BY (a line H to CO) 
and BC as the axes of .x, y and : 
respectively. Then the co-ordi¬ 
nates of the middle points P, Q % R 
of AB , BC and CD are 
(a, 0, 0), (0, 0, a), (0, a, 2a). 

If (.r, v, z) be the coordinates 
of C. G. of the three rods, then 



m -f- m 4- m 

___ m. 0 -I- m . 0 4- ma _ x q 

y ~ ~~ ~m f- mf m ~ ’ ’ 

2 =-.-;- =a. 

m+ni + m 


The co-ordinates of G, the centre of mass, are Q, a 
Let C.x, Gy, G: be the parallel axes through G. Then the co¬ 
ordinates of P, Q, R referred to G as origin are (v-3’-4 

(-I'-y °) and 

Now M.I. of AB about Gx=m ^ — Q fl ) s J 

10 3 

= 9 ma - 

M.I. of BC about Gjc=M.I. about parallel axis through 

Q+ M,I. of mass m placed at Q 
about GX 

2 


\ma--\-m 


IK)' «] 


tmd 1 
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Similarly M.I. of CD about GX=l [(f) + ] 


= ma- 


Hence ^j=M I. of the three rods about Gx 


=ma- T 


10 4 

9 +q + 


?]- 


nia 


Similarly i? 1 = M.I. of the three rods about Gy 

= Jwa 2 +»i + (—a) 2 J 


+ \ma 2 + m 


+0 


~ ma * [ 3 + l +1 + 5 + 9 + ^ + I ] = 1 5 

C X = M.I. about Gz 

—[©•+©']«'[(-!)• +(-0'] 
+>--+” [(-!)' +(?)•] 


=ma 2 £ 


14 111114 


^i=P. I. about Gy, Gz = £my l z l 

= m (-5) (—a)+m (-y).0+m (y).a 




2 mar. 


=ma 


E l =£njz l x l =m (— a) Qf)~ f« (0) + w (a) (-f) 


— ma~. 


e;x-l>" (-5X-9+- HX?) 

= —ima z . 

Hence the equation of momenta! ellipsoid at G is 
x £ma 2 ,x*+ V mo 2 . y 2 -f- 2wa a . z 2 — 2. maryz -f 2. ma % zx 

-f- 2. $ma*. xy = 3mk 1 

^ma 2 (10x 2 -f- 10 y 2 4 - 6 z 2 — 6yz + 6zx+2xy) = 3mk l . .. 

The discriminating cubic is 

A 3 —(a + b+c) \ z -\-(ab+bc-\-ca —/*— g 2 —h 2 ) A 

—(abc -j- 2/gh—ap—bg 2 —c/i 2 )=0. 
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Here a=10, b= 10, c=6,/= —3, g= 3, h=\. 

A 3 —26A 2 +201A - 396=0 
or (A—3) (A —11) (A —12) = 0 

ie. A=3, 11, 12. 

Hence the equation of the momental ellipsoid referred to 
principal axes through G becomes 

W (3.x 2 + 1 ly 2 + \2z 2 )=?mk* 
or ina~x* -f x fma 2 y 2 +4ma 2 z 2 =3mk 4 . 

Now the principal moments are the coefficients of x 2 , y 2 t z % 
in the above equation. Hence the principal moments are 

mar, V ma 2 , 4ma 2 . 

Ex. 8. A uniform solid circular cone of semi-vertical angle a 
and height h is cut in half by a plane through its axis. Show that 
the principal moments of inertia at the vertex for one of the halves 
are l Mh~ (l -f £ tan 2 a ) and 

3Mh- .. „ _ 3\iir- /{.. . . 64 tan 2 a 


10 U+i '<">* *]±~\J {(7-1 tan* «/ 


where M is the mass of the body. 

The axes are as shown in the 
figure. 

By symmetry, it follows that Oy 
is the principal axis at O the vertex 
of the cone. Then 
tf=the principal moment about Oy 

= [ P \ttz- tan 2 a [\z 2 tan 2 a-fr*J dz 

J 0 


} 


9n- 

(Agra 1943) 




-r > 


= \prr tan 2 a tan 2 a. 

= tan 2 a (-/ u - tan 2 a+£) ° 

= bp*h* tan 2 ot.f/i 2 (.} tan 2 a-f 1) 

= |A//; 2 tan 2 a-f 1) as M=l P nh* tan 2 a. 

Similarly A = M. I. about OX=*\f/r (1 +}- tan 2 a) 

C=M. I. about OZ 

= J o P- l - nz * tan 2 a. J.r 2 tan 2 a dz 

= \ptt tan 4 a. lh s 
= A/.-jVi 2 tan 2 a = '?^/j 2 tan t 



and 
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£'=product of inertia about OZ, OX 

rh 4 

= p.i.Trz 2 tan 2 a. ^-z tan a.z dz 
Jo 3tt 

= 1 p tan 3 a.£// 5 


= lp7rh z tan 2 a. ^// 2 tan a = ^^/j 2 tan a. 

J7T 577 

If /* x , C, are the principal moments about OX and OZ , we 
have by the theory of invariants (see alternative method of 
Ex. 1 of § 1-30 p. 82). 

A x + C X =A + C and A y C x =AC—E~. 

A y — C x = ^{{A-\-C) 2 +4E z —4AC} 

— y/{(A — C) 2 4-4ZT 2 }. 

A x = \ [A + C+V{(A-Cf+4E'-}) 

= i [ y4 + C- v /{(^-C) 2 + 4£' 2 )] 


and 

or 


A x**\ (1 + i tan 2 a) + 


3A/, 2# o 
jq hr tan- a 


+ \/{ 9 4r (*-» «»’ «>’+< 'Z „> tan 2 «}] 


=3 ^ 2 [l + 5 tan 2 «]+ 3 ^** 




J tan 2 a) 2 


+ ++ ,a 


n 2 a| 


and 


Ct- 


3Af 

10 


A 2 [1 + 5 tan 2 a]- 3 ,^' 2 tan 2 a) 2 


+ 6 1 


tan 2 al. 


Alternative. If 9 be the inclination of a principal axis with 
OZ t then 

2, _Q 


tan a 


tan 29 = 


A—C 1 —i tan 2 a 

8 


sin 20 = 


3 7T 


tan a 


cos 29 = 


tan* «)■+££ tan 2 aj 
(1 — £ tan 2 a) 


} tan 2 <*) z +^* ta n 2 a^j 


and 
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Hence one of the principal moments 

= C cos 2 6 +A sin 2 6 —2E sin 6 cos 6 
— h (A+C) + h (C—A) cos 26 — E sin 26 
= £ (A + C)—h [( A-C) cos 26+2E sin 26] 

= h'—$-h* (l-f-f tan 2 a) 


f 5 — J tan 2 a) 2 -f tan a. tan « 


5n 

~ a 4 

tan 2 a ) 2 + ^ tan 


= 3A/ /j2 
1U 


3n 

-] 


l Vt"-! 

P 

h '~ 0 +! tan 2 *)“ tan 2 a) 2 


+^ 5 tan*«]. 


Substituting ^ + 6 for 6 , we get the other principal moment 
= C sin 2 0-M cos 2 6 + 2E sin 6 cos 6 


='A-A/// 2 ( 1 + 2 tan 2 «)+ 3 ^ 2 


\/[0-} tan 2 a) 2 

64 


+ 


64 ~] 

5 ? tan_ a J* 


Ex. 0 . The principal axes at the C.G. being the axes of 
reference, obtain the equation of the ellipsoid at the points (p , q, r) 

and show that the principal moments of inertia at this point are the 
roots of 

■ (I - A) , M -tf-r' Pq rn , 0 


P<1 


(l-B)iXf-r--p* 


rp 

qr 


r P Qr (I-C)lM-p'--q' 

/. j\f, A, B, C have their usual mcan ng (Punjab 1960) 

Since the principal axes at the C.G. are the axes of reference, 
we ha ve D=E=F= 0. 

Hence if A\ B\ C' be the moments and D\ E\ F' the pro¬ 
ducts ol inertia about parallel axes through P (p, q, r), then 

A' = A + Af {q*+r\ B'=B+\{ (r 2 +p-) t C'=C+Af (p* + q 9 ) 

D’ = Mqr , E'=Afrp, F’=Mpq. 

Therefore the equation of momental ellipsoid at (p a r) is 
A ’*+ ^ y 2 +C'z-—2D *yz—2E’zx—2F'xy =const. 



or 


or 
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27 {A + M (q 2 +r 2 )} x 2 — 2£Afqryz=const. 
2 r 2 ) x 2 —2Eqryz=cons\..=k*. 
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...d) 

Let (/, m, n) be the direction-cosines of one of the principal 
axes of (1). Let L be an end of the principal axis. Suppose 

Now the tangent plane at L will be at right angles to the 
principal axis PL and so its equation at L is given by 

lx A- my+nz=R. ...(2) 

Since L lies on the momental ellipsoid and PL = R th* 
moment of inertia 7 about PL is given by 


Mk x 
~ R- ‘ 


• • • (3) 


We know from coordinate geometry of three dimensions that 
e equation of the tangent plane at a point (a, /?, y ) to the coni- 
coid F ( x , y t z)= 0, is given by 

* d £+yf B +:f+' f=o, 

oa op dy cl 

where t is an auxiliary variable introduced to make F (x, y, r) 
omogeneous, which is equated to unity after differentiation. 

tin N f° W the cocrdinates °f L are 0R> nR) and so the equa- 
°n of tangent plane to (1) at Z, is given by 

*27 [ X {( AlM+q 2 +r 2 ).2lR-2pqmR-2rpnR}} = 2kK 

_• ^2, is written as k*t 2 which after differentiation iv.r.t. t 

gives 2kU^2k* (putting r=l)J 

° r x {{AlMy-qi-\- r i) l— mp q— nrp }+y {(Z?/A/-f-r 2 -f/j 2 ) m—nqr—lpq} 

+ z {(C/Af+p 2 +g 2 ) n — lpr — mqr}=^ = 1 ^ from (3). ...(4) 
Comparing (2) and (4), we get 

(AIM -f q 2 -f r 2 ) /—pqm — rpn 

/ 

__ (Bj Af -f- r^-f- p 2 ) m — qrn — P ql (C / M + p 2 4- q 2 ) n — rpl — qrm 

m n 

_ L 


and 


{(I — A)!M—q"—r 2 } 1+mpq+nrp = Q, 
Pql+{(I—B)lM—r 2 —p 2 } m + nqr =0 
lrp-\-mqr-\-{(l— C)\M—p 2 —q 2 } n= 0. 
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Eliminating /, m, n from the above equations, we get 
A)JM q 2 — r* pq rp 


pq 


pq 

(/— B)jM—r 2 —p- 


= 0 . 


\A 




I rp qr ( I—C)IM—p 2 —q * I 

Ex. 10. uniform tetrahedron of mass M is bounded by the 
planes of reference and the plane x-\-y+z=a. Show that the 
principal moments of inertia at the origin are 

\Ala 2 , \Ma 2 , -faMa*. 

Let ( O , ABC) be the tetrj- 2 

hedron and G its centre of gravity. 

Then the coordinates of A, B, C 

and G are (a, 0,0), (0, a, 0), (0,0, a) j 

and (!' 4 > 4) res P ectively - / a - e \ 

I . \ a 

Now we know that the M.I. / y)—^^—)t 

of a tetrahedron is the same as / <y 

that of four particles each equal 
to 'foAf placed at the vertices 
together with a lifth particle of y 
mass i A1 placed at the centre of 
inertia, (see Ex. 6 § 1*24). 

Hence A =M I. about 0^= 

Af „ 4AI far a*\ 

+ 20' a + ~5 Vl6 + 16>) 

= l\fa- = B=C, 

where B and C are the moments of inertia about Oy and Oz. 

And D = Product of inertia about Oy, Oz. 

At n , M c M a . A/ n 

“'20‘ 0 + 20‘ 0 + 2d* O * 0+ 20'°' a 

AM a a 1 «* *-» p 

+ _ 5“-4-4 = 20 Ma = E - F > 

where E , F are the products of inertia about OZ, OX and OX, OY 
Jespectively. 

The momental ellipsoid at O is 


fa- a 2 \ 
\ 16 + 16 / 


lAla- (x'+y^+z*)—2.^' ( yz+zx+xy) = Afk A 
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or 


Ma 2 

IF 


[2 (* 2 -f y- + z 2 ) — (yz-\-zx+xy)] = Mk l . 


i.e. 

or 

or 

or 

or 

or 


Reducing cubic is 

A 3 -(a + 6 + c) A 2 -f -(ab + bc+ca-f 2 -g 2 -h 2 ) A 

— (a be + 2fgh — af~ — bg- — eh 2 ) = 0 
A 3 ~6A 2 -f {3.4 —3 (-m A — [8 + 2 (-i) 3 -3.2 (-i) 2 ] = 0 

A* —6A 2 +* 4 *A —V = 0 

4A 3 — 24A 2 -f 45A — 25=0 
4 A 3 —4A 2 —20A 2 +20A + 2 5 A — 2 5 = 0 
(A—1) (4A 2 —20A + 25) = 0 
(A— 1) (2A — 5) 2 =0. 

Hence A=f, f, 1. 


Therefore the equation of the momental ellipsoid referred to 
principal axes at O is 


or 


[i * , +jy+z» ] «A/* 4 

\ Ma 2 x 2 +\ Mary 2 - -f Ma-z-=Mk i . 

The principal moments of inertia are 

Ma 2 Ma 2 Ma r 2 
4 ~ * 4 ’ 10 * 


Ex. 11. The principal moments of inertia at the centre of 
8™ vi <y G °f a body are A, B, C. The six co-ordinates of a line 

the ned l ° tUe princi P al axes at G are 7 » ".A. p. v. Show that 

moment of inertia of the body , of mass M, about the line is 

lfv , t t Al 2 + Bm*+Cn 2 +M (\ 2 + v 2 +v 2 ) 

the * ™ * n * **’ V ’ ° re coor ^ inates °f a !* ne perpendicular to 

given line and intersecting it,show that the product of inertia 
for the pair of lines is 

—{AW+Bmm’ + Cnri + M fAA'+ /z/x' + v v’)} (M. T. 1926) 
Let a, b , c be any point on the 
line whose d.c.’s are /, m, n. Then the 

equation of the line through G parallel 
to the given line is 


?=>'=? 

/ m n 

Let p be the perpendicular from 
(a, b, c) on this line. Then 

p 2 =a 2 -\-b 2 -\-c t — (al+bm-\- cn) 2 . 
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M.I. about the given line 
=M.I. about a parallel line through G-\-Mp 2 
=Al 2 + Bm 2 -\-Cn 2 -\-M {Q 2 -\-b*+c 2 —(al+bm+cn) 2 

[V D=E=F=0] 

=Al*-{-Bm 2 +Cn i -\-M {(nb— cm) 2 -f (Ic—na) 2 -\-(ma—lb) 2 } 
=Al*+Bm 2 +Cn 2 +M (A*+ M *4- v 2 ) y 

where A=bn—cm, y.=ic—na, v=ma-—bl. 



Product of inertia about OA f OB 

= P.I. about GA\ GB' -f M.pp' 

=Z m x GN.GN’+M.GL.GL f 
= 27 m x (lx+my+nz) (I'x+m'y+n'z) 

+ M (al’+bm’+cn’) (a'l + b’m+ c’n) 
where a\ b\ c' is a point on OB 
= 27 m x (ll’x 2 )+Z ni x ( mm'y 2 )-\-Z m x ( nn'z 2 ) 

+ M ( aa’ll f + ... + ab'l'm +...) 
[V 27 m x Im'xy= Im'Z m x xy=0 etc., being products 

of inertia about the principal axes at G] 
= ll'A'+mm'B'+nn , C , +M {aa’U' +... +abTm + ...) 

...( 1 ) 

where A\ B', C' are the moments of inertia 

about the coordinate planes at G. 
But A’=l (B+C — A) etc. Hence we get 

A'll'+B'mm'+C'nn'^ (B+C-A) //' + § (C+A-B) mm' 

(^4-/?— C) nn 9 

= }A 

= hA ( — 2ir+U'+nim'+nn')+... 

= — All'—Brmn'—Cnn ' ...(2) 

[V //'+!W»j'+»#!'=0J. 
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And AA'+/x/x' + vv' 

= Z {bn—cm) {b'n'—c'm') 

—bb ' {nn , -\-ir)-\-cc' (//' +mm’)+aa’ (mm'+nri) 

— bc'm'n— ... 

= bb ' (—mm')-{-cc' {—nn')+aa' (— II')—bc'm'n— ... 

= -[aa'U’- f-... -\-bc’m'n +...] .. .(3) 

Substituting from (2) and (3) in (1), we get 
P. I. about OA t OB 

= -(All'+Bmm’ + Cnri) — M (AA' + ^ + vv') 

= — {AH' + Bmm' + Cun'+M (AA' + l x l i’+ w’)}. 


CHAPTER II 


D’ALEMBERT’S PRINCIPLE 

2*1. Motion of a Particle and a Rigid Body* 

Particle. Newton’s second law of motion states that the rate 
of chance of momentum in a di ection is proportional to the 
applied force in that direction. From this law, we deduce the 
formula P=mf where / is the acceleration produced in the direc¬ 
tion of P. Hence if (x, y , r) be the coordinates of a moving 
particle of mass m at time t and X, Y, Z be the components of 
the forces acting on ni in directions parallel to the axes of x, y , z 
respectively, then the equations of motion of the particle parallel 

d-x v d 2 y v d 2 z 
to these axes are m m dt l=Zj 

Rigid Body :—In considering the motion of a rigid body, we 
shall have to consider both the external and internal forces acting 
on it. Internal forces are the mutual actions and reactions between 
different particles ot the body. As regards these mutual actions 
and reactions, we make two assumptions : (1) The mutual action 
between two particles is along the line which joins them. (2) The 
action and reaction between any two particles are equal and 
opposite. 

D’Alembert gave a method which enables us to write down 
all the necessary equations without writing down the equations of 
motion of different particles of the body. For doing so we keep • 
in view the following rule which is a natural consequence of 
Newton’s third law of motion : 

The internal actions and reactions of any system of rigid bodies 
in motion are in equilibrium amongst themselves. 

Impressed forces. The external forces acting on a rigid body 
are called impressed forces. Ine weight of a body is an example 
of an impressed force. 

Effective Forces. The effective force on a particle is defined 
as the product of its mass m and its acceleration /. Thus the 
effective forces on a particle of mass m situated at the point 
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(x, y , z) at time t parallel to the coordinate axes are 


d 2 x d*v 


d 2 z 


m dt 2,m fit 2 ’ m dt 2 




The effective force is sometimes called the kinetic reaction of the 
particle. 

2*2. D’Alembert’s Principle* The reversed effective forces at 
each point of the system and the impressed forces on the system are 
in equilibrium (Punjab 1957, Nagpur 1950, 55) 

If/be the resultant acceleration of a particle of mass w, 
then the effective force on the particle is mf. Let F denote the 
resultant of external forces and R the resultant of internal forces 
(mutual reactions) on the particle. Then Newton's Law P=mf 
gives 

mf=F+R. ...(1) 

The equation (1) means that the resultant of Fand R is mf. 

In other words, the forces — mf , F, R are in equilibrium. Hence 
the reversed effective force, the external force and the internal 
force acting on the particle are in equilibrium. This holds good 
for other particles of the body. Thus, we get 

Zmf=LF\LR. ...(2) 

But the internal actions and reactions of different particles 
of a body form forces in equilibrium so that 27 R = 0. Hence (2) 
reduces to 

27 mf — 27 F 

t.e. —27 w/+27F=0 ...(3) 

The equation (3) shows that the external forces 27 F acting 

on the body and the reversed effective forces (/. e. —Znf) are in 
equilibrium. 

Note D’Alemberts’ principle reduces the solution of 
dynamical problems to that of problems in statics. For doing so 
(1) mark all the external forces of the system, (2) mark the 
effective forces in the reversed direction. The problem can then 
be solved by equating to zero the resolved parts of all these 
forces in two mutually perpendicular directions and taking 
moments about a suitable point or a line. 

2*3. General Equations of Motion. To deduce general 

equations of motion of a rigid body from D’Alembert's principle. 

(Punjab 1956, 57, Nagpur 1958) 
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Let (x, y y z) be the coordinates of a particle of mass m at 
time t y referred to a set of rectangular axes. If X, Y, Z denote 
the components, parallel to the axes, of the external forces acting 
on it, then by D’Alembert’s principle the forces 

d 2 z 

W' * di 21 Z ~ m di* 


drx v dry 
X ~ m Y ~ m 


together with similar forces on other particles of the body are in 
equilibrium. Hence as in statics, the six conditions of equilibrium 
are 


E (X-m’x)= 0, E (Y-mV)= 0, E {Z-mz)= 0, 

E [.v (Z—m~)—z (y_my)]=o, 

E [z (X—mx)—x (Z—mi)] = 0 
and E [x (Y—my)—y {X—mx)]=0, 

where the summation is extended to all the particles of the body. 
These may be written as 
E wx = E X, E rry—EY, Emz=E Z 
E m (yz-zy)=E (yZ—zY), 

E m (zx—xz) = E (zX—xZ), 
and E m (xy—yx)=E ( xY—yX ). 

We put these equations in another form as follows; 

E mx=E X , ~ E my=E Y, £ E m~=E Z. 

E m ( yz—z$)=E (yZ—zY), 

E m {zx-xz)=E (r.Y-xZ), 


E m {xy—y*)=E ( xY—yX ). 

The first three of these equations show that the rate of 
change of linear momentum of the system in any direction is 
equal to the algebraical sum of the resolved parts of the 
external forces in that direction. 

It follows that if there is a direction, say x-axis, in which the 
sum of the resolved parts of the external forces is zero i. e. 
E A'=0, then 

</[% dx ~| „ 

d, L" m </J =o - 

_ dx 

.. Em ^=constant. 
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i. e. the linear momentum in that direction is constant. 

This is known as the Principle of conservation of linear 
momentum. 

And the last three equations show that the rate of change of 
the moment of momentum (or angular momentum) of the system 
about any fixed axis is equal to the algebraic sum of the moments 
of all the external forces about that axis. 

From this it is clear that, if the sum of the moments of the 
external forces about any fixed point or axis is zero, the mDment 
of momentum or the angular momentum of the system about 
that point or axis is constant. This is known as the Principle of 
conservation of angular momentum. 

2*4. Linear Momentum. The linear momentum in a given 

direction is equal to the product of the whole of the body and 

and the resolved part of the velocity of its centre of gravity 
in that direction. J S y 

If (S, y. is) be the coordinates of the C. G. of the system and 
M, the whole mass, then 

Mz=*Z mx, My = Z my and M?=l 7 mz. 

Differentiating these relations w. r. to t, we get 


w dx dx 

M d, =Sm ^ t e,c - 


Hence the result. 


2*5. Motion of the centre of inertia. To show that the centre 
of inertia of a body moves as if all the mass of the body were 
collected at it, and as if all the external forces were acting at it in 
directions parallel to those in which they act . 

(Agra 1950, Nagpur 1957) 

If (X, y , 2 ) be the coordinates of the C. G. of a body of mass 
M, then 

Mx = Z mx , My = Z my, Aiis = Z mz. 


M 


d 2 x 


d 2 x 


dr- etc - 

But from the general equation of motion, wc get 
-£■«^ 

Hence M ~ d * 2 =Z X. 

Similarly M d J? = Z Y ...(2) and M ^=Z Z. ... (3) 


...(I) 
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The equation (1) is the equation of motion of a particle of 
mass M placed at the C. G. of the body and acted on by a force 
£ X parallel to the original directions of the forces on different 
particles. Similarly the equations (2) and (3) can be interpreted. 
This proves the theorem. 

2*6. Motion relative to centre of Inertia. To show that the 
motion of a body about its centre of inertia is the same as it would 
be if the centre of inertia were fixed and the same forces acted on 
the body. [Nagpur 55, 56 (S), 57] 

Let (a?, y, 3) be the coordinates of the centre of gravity G of 
the body referred to rectangular axes through a fixed point O. 

Let (x, y , z) be the coordinates of a particle of mass m 
referred to these axes and (x'» y' t z') its coordinates referred to 
parallel axes through G. Then 

*=s+x\ y-y+y\ z=z+z'- 


These give on differentiation, 

d-x d*3 d-x' 


dt- ~di~ + 


dl l 


etc. 


Now consider the equation 

£ m (yz-zy) = £ (yZ-zY). 


...( 1 ) 


* w ~ 

Since yz — zy=(y+y') (-jp ) etc, » 

we get from (1), 

£ my^,+£ myi '+£ my ' +£ m/s" 

-27 mTS^?+-£ msy—£ mz ,d ^ i -£ mz'y' 

=£ [(?+/> z-(*+*') Y) 

=27 yZ-\-£ y’Z-£ zY-£ z'Y. 

£ my' 

£ m 

referred to G as origin. 

Similarly £ mz'=0 and 27 mx'= 0. 


...( 2 ) 

Now =0 i. e. £ my'= 0, beiDg the y-coordinate of G 


These give 27 m ^ » =27 m ^ =27 m =0. 


Also M 

dt~ 


d 2 s 


Y and M ^ =27 Z [see § 2*5] 
The equation (2) can be written as 


...(3) 

...(4) 

...(5) 
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d 2 is d 2 * 

My df-+ y 2 Z ™y'+Z my'z 




di 


— M * Z my '~W S mz '-Z mz'y’ 

-yzz+syz-iZY-sz'r. ... (6) 

Usmg the relations (3), (4) and (5) the equation (6) reduces to 
y Z Z+Z my'z' — 2 Z Y-Z mz’y 
=y £ Z+Z y’Z-jg Z Y-Z z'Y 
Z m (y'z'— 2 y) = z (y'Z—z'Y). 

Similarly two other equations can be obtained. 

But these equations are the same as would have been obtained 
bad we regarded the C. G. to be a fixed point. 

This proves the proposition. 

Note. (!) The propositions discussed in § 2 5 and 8 2 6 are 
called respectively the principles of the conservation of the mo ,uZ 
of translation and rotation. Together they constitute the principle 
of the independence of the motions of translation and rotation. 

S 2-5^ states that the motion of the centre of gravity is the 
same as if the whole mass were collected at it and is therefore 
mdepend t of rotation and § 2 6 states that the motion round 
centre of gravity is the same as if that point were fixed and is 
therefore independent of the motion of that point. 

(2) In dealing with the motion of a rigid body in two 
dimensions, we shall write down the equations of motion for the 
centre of mass by considering all the impressed forces to act on 
the whole mass concentrated at that point. Then we shall write 
down the equations of motion about the centre of mass by taking 
moments about it as if it were a fixed point. ° 

2*7. Solved Examples. 

Ex. 1. A rod revolving on a smooth horizontal plane about 
one end, which is Jixed, breaks into two parts:. What is the subse¬ 
quent motion of the two parts. 

Let the rod OB revolving about 

the end O break into two parts OA X --r--. 

and AB and C be the mid-point of ^ 

AB. 

Evidently the part OA will continue rotating about O with 


or 
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the same angular velocity. Now the motion of a body about its 
centre of inertia is the same as if the centre of inertia were fixed 
and the same forces acted on the body. Therefore AB will go on 
rotating about its centre of inertia with the same angular velocity 
as before, whilst its centre of inertia C describes a straight line 
(i.e. a tangent line at C to the circle with O as centre and OCas 
radius) with the velocity it had at the instant of breaking. 

Ex. 2. A circular board is placed on a smooth horizontal 
plane, and a bdy runs round the edge of it at a uniform rate", 
what is the motion of the centre of the board ? 

Here the board and the man 
constitute a material system. The 
impressed forces acting on it are the 
weights of the board and the man 
acting vertically downwards and the 
reaction of the horizontal plane acting 
vertically upwards. Thus there are 
no external forces on the system in 
the horizontal direction and so by D’Alembert’s principle, the 
centre of inertia of the system will remain at rest. 

A , ^ M.O+m.a Ma . . 

Also OG= —vi—- =— -=a constant. 

M -f m M+m 

Therefore the centre O of the circular board describes a 
circle with G as centre and GO as radius. 

Ex. 3. A rough uniform board , of mass m and length 2a, rests 
on a smooth horizontal plane , and a man of mass M walks on it 
from one end to the other. Find the distance through which the 
board moves in this time . 



Since there are no external forces in the horizontal direction, 
by D’Alembert’s principle the centre of inertia of the system 
(i.e. the man and the board) will remain at rest. As a matter 
of fact as the man moves forward, the board will move back¬ 
wards. 


Let AB be the position of the board when the mass is at A 
and A'B' its position when the mass is at the other end B\ 


Let x be the distance through 
which the board has moved 
when the man goes from one 
end to the other, i.e. AA'=x. 


rn G_A t M) 

—• ■ ■ - 1 --j a' 

r/ l____' ^ 

h (M) 
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In the first position, the distance of the C.G. of the system 
from A 

M.O+m .a __ m a 
~ M + m M+w' 

In the second position, the distance of C.G. of the system 
from A. 

M (2a—x) + m (a—x) 

M+m 

Since the C.G. remains at rest, these two distances must be 
same. Hence 


or 


i.e. 


M (2 a—x) + m (a—x ) ma 
M+m M+m 

x (M + m)=2Ma 

_ 2Ma 
X M+m * 


Ex. 3. A plank of mass M is initially at rest along a line of 
greatest slope of a smooth plane inclined at an angle a to the 
horizon , and a mass of man M\ starting from the upper end walks 
down the plank so that it does not move / show that he gets to the 
other end in time 

2M'a 

(M+M') g sin ot 
where a is the length of the plane . (I.A.S. 1955, Nagpur 57) 




To keep the plank at rest, >he 
mass must push it with a force 
Mg sin a up the plane, and by 
Newton’s third law of motion, 
there should be a force Mg sin a 
on him down the plane. Hence 
the total force on the plane down 
the plane is 
Mg sin a+M'g sin a 

=(M+M’) g sin a. 

If f be the acceleration of the 
man, then 



or 


(M+M’) g sin u = M’ f [Formula P=mf J 

- M + M' . 

f 8 Sln *• 
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or 


Hence the time t to reach the other end is given by 

a=0+i/* 2 (i=«'/+!/(*] 

' = V (/)= n/ {(m+^TTs its}- 

Aliter. Let the man, starting from the end A of the plank, 
reach a point P in time t where AP=x. Since the plank does not 
move, its centre is fixed. If X be the distance of the C. G. of the 
system form A, then 

(M+M') 3=! M+M'x. 

This gives (A/+M') = , 

Now the motion of the C. G. of the system is given by 
(A/+AT) A r =(A/-f A/') g sin a 

//2 y 

or A/' =(A/+A/') g sin a from (1). 

Integrating, A V ^* = (M+M0 g/ sin a, 
constant of integration vanishes since ^=0 when /=0. 


...( 1 ) 


Integrating again, M'x=(M+ A/'), *gf 2 sin a, ...(2) 

constant of integration again vanishes since x=0 when f=0. 

Putting x=a in (2), we get the time to reach the other end as 

/[ 2M'a T 

V [(A/ + M'j g sin « J * 

Ex. 4. A light rod OAB can turn freely in a vertical plane 
about a smooth fixed hinge at O; two heavy particles of masses m and 
m are attached to the rod at A and B and oscillate with it. Find 
the motion. 

Let OA = a and OB = b and let the 
rod make an angle 0 after time / with 
the vertical OZ. 

Since A and B will move in circles 
of radii a and b with O as centre, the 
eilective forces at A are mad and may 2 
and at B these forces are mby and mby 2 
as shown in the figure The external 
foices are the weights mg and m'g of mg 
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the particles at A and B and the reaction at the hinge O. Now 
the reversed effective forces and the impressed forces are in equili¬ 
brium by D’ Alembert’s principle. 

Hence taking moments about O to avoid the reaction, we get 

may .a+rnbij.b+mg a sin 6 + m'g.b sin 6=0 
or (ma s +m6 s ) y=—g sin 6. 

This is a differential equation of motion. 

The value of 6 can be found in terms of t‘ after intergrating 
twice the above differential equation and applying initial conditions 
to determine the arbitrary constants. 

Ex. 5. The rod O AB of Ex. 4, moves round the vertical as a 
conical pendulum with uniform angular velocity , the angle 6 which 
OAB makes with the vertical being constant . Determine the motion. 

In this case the particles at A and B 
will describe horizontal circles with radii 
a sin 0 and b sin 0 and centres C and D as 
shown in the figure. A 

Let 1> be the angle which the vertical 

plane through OAB makes with a fixed 

vertical plane through OZ. Since the o 

angular velocity <j> is constant, the only 

effective forces at A and B aie ma sin O.tf 

and m’h sin 0<£ 2 acting a'ong AC and BD 

respectively. Hence reversing the effective forces and taking 
moment about 0 9 we get 

—ma sin 0.<j*. a cos 6-m'b sin 0 <J*.b cos 0 

A-mg.a sio 6+fn'g.b sin 0=0. 

Hence the angular velocity <fi is given by 

/ 2= m'b) g _ 

9 (ma z +m'b*) cos O’ 

except when the rod is vertical. 

Ex. 6.’ If two particles are attached to O by two string? as 
shown in the figure below , and the system revolves round the vertical 
with a uniform angular velocity <j>, show that 

(tn.AE.OE+m*.BF.OF) <j> 2 =(m.AE+m'. BF) g. 
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As in Ex. 5, the effective forces 
at A and B are m.AE.ft and 
m'. BF. ft. 

Reversing these effective forces 
and taking moments about O to avoid 
the tension, we get 

-m .AE.ft.OE-rri. BF. <f > 2 . OF 

4- mg. A E+m 'g. BF= 0 
or (m.AE.OE+m’.BF.OF) ft 

= (m.AE+m\BF) g. 

Ex. 7. A uniform rod OA, of length 2a, free to turn about 

its end O. revolves with uniform angular velocity to about a vertical 
OZ through O, and is inclined at a constant angle x to OZ, show 

that the value of a is either zero or cos~ l (,V 

\4aurJ 

Take an element PQ=8x at a 
distance x from O. 

Now P will move in a horizontal 
circle of radius PN=x sin a and centre 
P. Since the angular velocity to is 
constant, the only effective force on the 
element PQ is 

P Sx.PN.to 2 =p 8x.x sin a tu~, 
where p is the density of the rod and 
acts along PN. 

Reversing the effective force and 
taking moments about O, we get 

mg.a sin <x=£ (pSx x sin a.to 2 ).* COS a 


0 



~pa>- sin a cos a 


= m .... 


/: 


x 2 dx 


~~ 2a sin «cosa.i.S a\ since 2a P =m 


or 


sin a 


or 


Either 
cos a= 


4co~a cos a~l 

J -3- J=°- 


/. e. a = 0 


/. e. 


a = COS “ 1 f 


sin a = 0 
3g 
4aoF 

Ex. 8. A rod , of length 2a, revolves with uniform angular 
velocity tv about a vertical axis through a smooth joint at one 
extremity of the rod so that it describes a cone of semi-vertical 


^ \ 

Aaco 2 ) 
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iv' 2 =- 


or 


Oj 


*_3 


angle a ; show that 

l _ g 

4 a cos a* 

Prove also that the direction of reaction at the hinge makes 
with the vertical an angle tan- 1 (-% tan x). (Agra 1956) 

As in Ex. 7, we get cos x= 

4 aco z 

8 _ 

4 a cos a* •••(!) 

Now let X, Y be the horizontal and vertical components of 
raction at the hinge. (See figure of Ex. 7.) 

Then resolving horizontally and vertically, we get 

r2a 

X=Z pxio 2 sin x.8x—poj 2 I sin x.x dx 

= pw 2 sin a. \Aa 2 = 2a 2 p( J j 2 sin a =ma<xj z sin a 
and Y—mg 

Hence if Q be the angle which the resultant reaction at O 

makes with the vertical, then 

X_matu 2 sin a 3 

—4 tan a from (I) 

i. e. 


tan 0— y— 


mg 

0 = tan-! (| tan a). 

Ex. 9. A rod, of length 2a, is suspended by a string of Ip noth 
l. attached to one end ; if the string and rod revolve about Vhl 
vertical with uniform angular velocity, and their inclinationi m 6 
vertical be 0 and </• respectively, show that * 16 

3/ == (4 ta n 9—3 t an <£; sin <j> 
a (tan <b — tand) sin V * 

(A S ra ! 9S7 . Ra i- 1952, Nagpur 1955, 57, Punjab 1957) 
Take a small element 8x at q ' 

a distance x from A. Let w be 

the uniform angular velocity of 

the rod. Then the effective force 

on the element 8x is 

2 a Zx.PN.oj* along PN , 

where PN = ! sin 9+x sin <t>. 

Therefore the reversed 
effective force will act along NP. 

The external forces on the rod 
are (1) the tension T of the string, 
and ( 2 ) the weight mg of the rod 
as shown in the figure. 



B 
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Resolving horizontally and vertically and taking moments 
about A, we get 

T sin 0= ™.co 2 Z PN.8x 


m po 

= 2a w2 J ^ sin d + x sin & dx 

= 2a sin 6+2a 2 sin 0), 


T cos (f>=mg 


( 1 ) 


and 


sin 0= — cu 2 2* PN.Sx.x cos 0 


2a 


f 2 ° 

» 2 (/ sin d+x sin </>).x cos 0 d(f> 

J 0 

= 2a *° 2 [/ sin d cos sin <f> cos </>J 


or 


2 _ 


3# sin <t> 


...(3) 


...(4) 


or 


or 


(3/ sin 0-f-4a sin <f>) cos 0* 

Dividing ( 1 ) by ( 2 ), we get 

sin 0 _a > 2 (/ sin 0 + a sin 0 ) 
cos <j> g * 

Multiplying (3) and (4), we get 

sin 0 _ j _3 sin 0 (/ sin 0 -f-a sin 0 ) 
cos 0 (3/ sin 0-f 4a sin 0) cos 0 

3/ (sin* 0-sin 0 sin 0)=a (3 sin 2 0-4 sin 0 sin 0) 

3/_ C3 sin 0—4 sin 0) sin 0 

a (sin 0 —sin 0 ) sin 0~~ 

_ (3 tan 0 — 4 ta n 0) sin 0 

(tan 0 —tan 0 ) sin 0 

== (4 tan 0—3 tan 0) sin 0 
(tan 0 —tan 0 ) sin 0 

Ex. 10. A thin circular disc , o/ mow A/ on </ radius a can 
turn freely about a thin axis OA, which is perpendicular to its plane 
and passes through a point O of its circumference. The axis OA is 
compelled to move in a horizontal plane with angular velocity «, 
about Its end A. Show that the inclination 8 to the vertical of the 

radius of the disc through O is cost i ( unles <u» < § and 
then 0 is zero. (Lucknow 1956) 
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When the axis OA moves 
horizontally round A, the disc 
will be raised in its vertical 
plane. In this position 0 is the 
inclination of the radius OC to 
the vertical. Consider an ele¬ 
ment of mass 8m at P. Draw 

PN and PL perpendiculars 
to the verticals through A and 
O respectively. Now P des¬ 
cribes a circle of radius PN with constant angular velocity co 
about N. Hence the reversed effective force along NP is 

8m.PN.aj 2 . 

Now 8m.uj 2 .NP=8m.<o 2 .PL + 8m oj 2 .LN i. e. the force 
8m.oj 2 .NP along NP is equivalent to two forces 8nuo 2 .PL along 
PL and 8mw 2 .LN along LN. The external forces on the disc are 
its weight Mg and the reaction at O. 

To avoid the reaction, we take moment about OA. Since 
NL and OA lie in one plane (they are parallel also), the shortest 
distance between them is zero. And the shortest distance between 
OA and PL is clearly OL. Also the shortest distance between 
OA and the vertical through C is a sin 0. 

Hence taking moments about O, we get 

Mg.a sin 9 = Z (8m.o»*.NL.0) + Z {8m. oj 2 LP.OL) 
i. e. aMg sin 0=a> 2 Z (8m.LP.OL). 

Now Z (8m. LP. OL) = Product of inertia of the disc about 

OL and a horizontal line through O 
= P.I. of the disc about parallel lines 
through C+M (a sin 9) (a cos 9) 

= 0-f -Ma 2 sin 6 cos 0. 
aMg sin 9=oj 2 . Ma 2 sin 6 cos 9. 

This gives either sin 9 = 0 i. e. 9=0 

or cos 0=--^ i. e. 0 = cos -1 ( g 

Qoj \aoj 

If OJ 1 < g Q . cos 9 > 1 which is not possible and hence in this 
case 0 = 0. 

Ex. 11. A small light ring is threaded on a fixed thin hori¬ 
zontal wire. One end of o uniform rod, of mass m and length 2a 
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is freely attached to the ring. The coefficient of friction between 
the ring and the wire is /x. The system is released from rest when 
the rod is horizontal and in the verticall plane containing the wire . 
Show that if the [ring slips on the wire when the rod has turned 
through an angle 9, then ■ 

p (10 tan 2 8+l)=9 tan 8. 

Let the rod make an angle 9 
with the horizontal after time /. 

Consider an element Sx at P at a 
distance x from A. This element A* 
will describe a circle of radius x 
about A. The reversed effective 


rn c . i; 
Sx . fl 


forces on this element are ^ Sx.xff 


perpendicular to AB and ~ 8x.xo 2 

along AB as shown in the figure. 

The external forces are the normal 

reaction R and friction fiR on the ring at A and the weight mg of 
the rod as marked in the figure. 

Resolving horizontally and vertically, we get 

^ ( 2 a sin &+£ $Ar.x 0 *^ cos 9—pR 

m .. . n f 2 ° m „ f Za 
Ya 0 sm 6 a: dx+r^o* cos 8 J * dx==^R 

may sin 9 + mad z cos 9=pR ...(1) 

and Z Ga hxx 0 S ) cos e + R=Z (^2a* x ' x 0*) sin e + m 8 

Ta » cos 6 x dx+R= 2a »' sin 6 J* * dx+mg 

may cos 8—may* sin 0=mg—R. ,, .( 2 ) 

Also taking moments about A , we get 

Z Ga ^ x - x 0 S )' x= mg.a cos 8 



21 8X . x e 


or 

or 


or 

or 


or 


or 


m 
2a 


[ 2<I 

0 x 2 dx=mag cos 9 

J 0 

4a 2 

•y m 8 = mag cos 8, 


...(3) 
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Multiplying (3) by y and integrating, we get 

2 a 

-j*0*=£ sin 0 + A. 

When 0 = 0 , 00 = 0; .*. A = 0. 

tf0 2 =§g sin 0. ...t4 ) 

Substituting for ay and ay* from (3) and (4) in (I) and (2) 
we get 1 '* 

m.\g cos 0.sin 0-fm.fg sin 0.cos 0=/x/? 
inig sin 0 cos 0 = pR 

n.lg cos 0.cos 0-m.fg sin 0.sin 0 = mg-R 

mg—img (cos 2 0—2 sin 2 0) = /?. 

Dividing (6) by (5), we get 

i-3 (cos 2 0-2 sin 2 0) 1 

% sin 0 cos 0 


or 

and 

or 


...(5) 


...( 6 ) 


or 

or 

or 




H- [4—3 cos 2 0-f6 sin 2 0] = 9 sin 0 cos 0 
M (4 sec 2 0-34-6 tan 2 0) = 9 tan 0 
u- (1 + 10 tan 2 0) = 9 tan 0. 

Ex. 12. ^ uniform rod of mass m and length 2a. can turn 
Jreely about a fixed end. show that the least angular velocity with 
which it must be started from the lowest position so that it may 

just make complete revolution is \/ Qfy 

Let oj be the initial angular 
velocity of the rod. Let 0 be the 
angle which the rod makes with 

the vertical after time t. Consider 
an element 8x of the rod at a dis¬ 
tance x from A ;as centre. The 
reduced effective forces on this 

element are-™ Sx.xy and £ 8x.xy s 

as marked in the figure. The external forces arc the weight mg of 
the rod and the reaction at A. 

To avoid this reaction, we take moments about A and get 



or 


r 

\2 a 

8x . xy 

j.x = mg.a sin 0 

m 

ria 

2 dx=mag sin 0 

2a« 

L * 


m .. 

8 a 3 . 


2 a U ‘ 

-y=mag sin 0 


or 
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or 4ay'—3g sin 0. 

Multiplying this by e and integrating, 

2ao*=—3g cos 0 + A. 

When 0=0, 0 =o> so that A = 2au>*—3g. 

2aQ 2 =7aw*—-3g —3g cos 0, ...(1) 

Now to is to be so chosen that when 0 = 7 r, 0 = 0 . Hence we 
get from (I), 0=2atu z —3g—3g 

'*• — \/(«> 

Ex. 13. r/j/'/i /reavv can fwrn freely about an axis in its 

own plane and this axis revolves horizontally with a uniform angular 
velocity io about a fixed point on itself. Show that the inclination 

6 of the plane of the disc to the vertical is cos~i G&) where h is 

the distance of the centre of inertia of the disc from the axis and k 
is the radius of gyration of the disc about the axes. 

eh 

If oj* < then the plane of the disc is vertical . 

(Agra 1950, 60) 

Let OX be the horizontal axis in the plane of the disc. When 
the axis OX revolves horizontally about O , the plane of the disc 
will be slightly raised. In this raised 
position, let 0 be the inclination of the 
plane of the disc to the vertical. Let C 
be the centre of the disc and CM the 
perpendicular from C on OX, so that 

CM=h (given) 

Consider an element of mass Sm of 
the disc at a point P. Draw PQ per¬ 
pendicular to OX. Then draw PL and 
PN perpendiculars from P to the verti- 

cals through Q and O respectively. Now the reversed effective 
force on 8 m is Sm.NP.to* along NP % 

But om.up NP=Sm <o z NL+5m to'.LP. Since NL is parallel 

to OX, the moment of the force Sm w* NL about OX will be zero 

and the moment of 5m.a, 2 . LP about OX is Sm.w* LP.QL since QL 
is the line of shortest distance between OX and PL. The moment 
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P5 


or 


cos 9 =Sk* 


or 


of Mg about OX is obviously Mg.h sin 9. Hence taking moment 
about OX, we get 

Mg.h sin 0=27 8m.iu 2 .LP.QL 

= 27 8mw 2 .(PQ sin 9) (PO cos 9) 

= sin 9 cos 9 27 8m.PQ~. 

But 27 8m.PQ 2 = M.I. of the disc about OX 

= Mk 2 , where k is the radius of gyration. 

Hence Mg.h sin 0 = a > 2 sin 9 cos 9.Mk 2 . 

Thus either sin 9 = 0 i.e. 9=(> 

0 = c°s- 1 (J* 2 ). 

gh 

If «> 2 < £ 2 , cos 9 > 1 which is impossible. In this case the 

only possible value of 9 is zero / e. the disc is vertical. 

Ex. 14. Two uniform spheres, each of mass M and radius a, are 
firmly fixed to the ends of two uniform thin rods, each of mass m 
and lengih l, and the other ends of the rods are freely hinged to a 
point O. The whole system revolves, as in the Governer of a Steam- 
engine, about a vertical line through O with angular velocity oj, show 
that when the motion is steady, the rods are inclined to the vertical 
at an angle 9 given by the equation 

cos 0— ^ M <l+ a ) + \l™ 

a>*'M (l + a)-+y*m- 

Consider the motion of n 

one of the spheres, say the 
sphere with centre at A. Let 
8x be an element of the rod 
OB at a distance x from O. 

The reversed effective force 
on the rod at P is 
8x 

l 


m.w 2 .x sin 9 



along LP, and the reversed effective force on the sphere is 
Mw 2 (a + 1) sin 9 along MA as 'marked in the figure. Therefore 
taking moments about O for the system of a rod and a sphere on 
one side of the vertical OM, we get 

27 y-j m.oj'x sin 9.x cos O^+Mw* (n-f/) sin 0 ,{a+l) cos 0 
=Mg.(a-\-l) sin 9+mg/- sin 9 
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or 


or 


ft m 

J 0 jw* sin 0 cos 0.x 2 dx+Mu> 2 (a-f /) sin 0.(a+l) cos 0 

—Mg {a+l) sin 0+mg. ^ sin 0 
m „ . . 

/ " s,n e cos e-i/ 3 +Ar«. 2 (a+/j sin 9.(fl+0 cos 9 


or 


<rr F 


rn 


*=Mg (a+/> sin 0+mgJ- sin 0. 

Since sin 0^£O, we have 

cos 8 llMI*a,*+M (a + l) 1 w 2 J=g [M (a+l)+\ml] 

cos 0= M (a+1)- f- *ml 

ur' M (a-\-l) 2 +$ml 2 ' 

2-8. Impulsive forces. When very large forces act on a body 
for a very short time, then their effects are measured by 
impulses. Let a force F act on a particle of mass m always in the 
same direction. Then the equation of motion is 

dv „ 

where v is the velocity of the particle at time /. If T be the time 
during which Ihe force F acts and V x , V, be the velocities before 
and after the action of the force, then on integrating (I), we get 

iK-K )=[ T F dt. ...(2 ) 

J o 

If F increases and T decreases without limit, then the integ- 
ral on the right hand side of ( 2 ) may have a definite finite limit. 
Let this finite limit be P. Then the equation (2) may be written as 

m(Y 2 -V l )=P. (3) 

fron^M e 'r i,y , dUr ‘ n8 ‘ he interval Thas increaseJ or decreased' 
F ' to U K >- Let V be ,ts greatest value during this interval 
supposing the velocity to have remained finite. Then the space 

described ,s less than VT. Since VT-+0 as T -r0 we conclude that 

the particle has not moved during the action of the force F It 

c ;;!o have time to «*« - velocity has 

shorter,, " ,a J ""r in fi" Ue ™ on a body for indefinety 
short one, the dtsplacement of the body is zero and change of 

velocity is the measure of these force* a a,,. j- 

callefl nn minn/ru ,, . 6 J orce s. A force so measured is 

called an impulse. It may be defined as the limit of a force which 

•s infinitely great bu, acts for an indefinably short time. 
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° matter °f fac! > an ‘^Puhive force is measured by the whole 
momentum generated by the impulse. 

forced b ' OW ° f 3 h3mmer ° n * Pi ' e is an exam P ]e or such a 

2*9. The effect of an impulse on a body remains th» 

even ,fall the finite forces acting simultaneously on it are neglecteT 

Let F be the impulsive force and /a finite force actino i* 
taneously on the body. Ce actl 8 simul- 


Then m (V,-V,)=jdt+j T fdt=P+fT. 


equa^f 35 ^°* / be • - forming the 

r 10 ' , GeneraI El" 3 **"" of Motion. To determine the general 
at a ,Zef ma “° n ° f “ aeUd ^“number of impulses 

.he , L , et f b V he velocities P ara,lel *° coordinate axes before 
the action of impulsive forces and u t vw' be the veln^it.Vc r» 

the action of these forces parailel to the 

Then Z m ( u '-u)=Zm \ T X dt=Z X ' ,.. 

iS the reSOlVed P3rt ° f the ,0tal impulse ™ parallel 

° r 27 mu'—Z mu=Z X'. 

Similarly E mv '—27 mv = E Y*. 

and Zmw’-Smw^ZZ'. 

The equations (2), (3) and (4) give the equation of motion 
parallel to coordinate axes and are obtained by equating the t >tal 

“r,io 8 :" er3ted ‘° the t0tal imPUlSe ° f the 1 forces i‘ 

Again, wc have the equation 

£ m <yd-zy) = Z m (yZ-zY). ... 

Integrating this, we get * 

o ~ •—-i-[•' f. r —/: >■.»]. 

are con slants and lienee 

z m {x {v'—v)—y (u' — u)}=Z (xY'—yX’). 

Similarly two other equations are 

Z m{y (w'-k)-z (v'-v)}=i7 {yZ'-zY') t 
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and 27 m {z (w '— w )— x (w'—w )}=27 (zX'—xZ'). 

Hence the change in the moment of momentum about any of 

f° XeS " equ f r to ,he m °™ntum about that axis of the impulses 
oj the external forces. 

Ex. 1. Two persons are situated on a perfectly smooth 
horizontal plane at a distance a from each other. One of the 
persons, of mass M, throws a ball of mass m towards the other which 
reaches him in time t. Prose that the first person will begin to 

slide along the plane with a velocity —. 

Mt * 

Let 1 denote the impulse between the ball and the first oerson 
and let u and v be their velocities respectively. 

Then I=mu and I=Mv $ 

sothat mu=Mv. ... 

Also ut=Q ' 

Hence we get from (1) and (2), • • - ( 2 ) 

a 


m. 


Mv 


or 


v= 


am 

Mt 


. Ex ; 2# f 4 cannon of mass M, resting on a rough horizontal 

relativ^ C °^ lc,ent °ff rict '°n n. is fired with such a charge that the 

the ra Ve ° Clty °^l he bal1 and canr *on at the moment when it leaves 
the cannon >s u. Show that the cannon will recoil a distance 

1 (_ mu v l 

, » f \M+m) * 2^g * 

along the plane , m being the mass of the ball. 

Since their relative velocity Tu, w^have' ° f thC Sh0t 8Un ‘ 

If / be the impulse between Jhe cannon and the ball, wegef 

,f] u 1 =I=Mv x . ( 2 ) 

from (1) and (2), we get 

mu 


Mv 
~m +"i=" 


or 


»’i = 


m+M ' •••( 3 ) 

plane it" ^ eqUati ° D ° f m ° tiOD ° f the -““on on the rough 

d 2 x 


M 


dt* 


— pR=— pAfg. 
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Multiplying this by 2 ^ and integrating, 

Sdx\ 2 

M \dt) =—2 t j.Afgx+A. 

When x=0, so that A=M \\ x . 

m (gy-w-wx. ...(A) 

When the cannon comes to rest, we get and then we 

have from (4), 


or 


Mv l 3 —2nMgx=0 


V / mu \ 2 
2/zg 


-— from (3) 




CHAPTER III 


MOTION ABOUT A FIXED AXIS 

MX A M £ J 1 a axis, to find the 

moment of the effective forces about the axis of rotation. 

Take OZ as the axis of rota¬ 
tion. Let any plane AOZ fixed in 
the space and passing through the 
axis of rotation be taken as the 
plane of reference and let 9 be the 
angle which any other plane ZOG 
through the axis and fixed in the 
body makes with the plane AOZ. 

Consider an element of mass 
m a t a point P of the body and 
let a be the angle between the 
plane through OZ and P (see the 

plane ZOQ in the figure) and the plane ZOG. Clearly, when the 
body rotates about OZ y a will remain constant. 

Let 9 -f-a='/>: 

9 — (j> and ...(1) 

Now the particle m will move in a circle about OZ. 

PN ^ X PN be the P er Pendicular from P on OZ and suppose 



Therefore the accelerations of P are along PN and 

r 4 k ~ r b perpendicular to PN. 

Then the effective forces on m are mr 9 * along PN and mrli 
perpendicular to PN. 


The moment of the force mrp about OZ is clearly zero 
and the moment of the force mr& about OZ is 


Hence the 


r.mry=nir 2 


d 2 9 
dt T ' 


moment of all the effective forces 


= 2 mr* 


d 2 0 

dt* 


on the body 



Motion about a Fixed Axis 


121 


£mr 2 as is the same for all the particles of 
dt* di 2 

the body 

d 2 6 

= ~r-o xM.I. of the body about OZ 
di * 


d 2 6 

• Mk 2 , where k is the radius of gyration of the 

body about OZ 

=Mk 2 .y. 


3*2. Moment of momentum about the axis of rotation. 

As in $ 3* 1, the velocity of the particle is r<j>=rQ in a direction 
perpendicular to PN. Therefore the momentum of the particle 
of mass m=mr$. 

Hence the moment of momentum of m about OZ 

= r.mre =mr z 0. 


And the moment of momentum of the whole body about OZ 
= Zmr 2 y 

Zmr*, since e is the same for all the particles of 

the body. 

— ^ Mk 1 

- dt‘ Mk * 

= Mk 2 .(). 

3*3. Kinetic Energy of the body. 


The velocity of the particle of mass m = r —. 

Hence its K.E. = }/n.(ro) 2 . 

•*. The K.E. of the whole body 

= 27 lmr 2 u* 

27 mr x 
= 2 0 2 . Mk 2 
= hMk'.o 2 . 

3*4. Equation cf Motion. When a body rotates about a 
fixed axis, the impressed forces include, besides the external forces, 
the reactions on the axis of rotation OZ. In order to avoid this 
reaction, we take moments about OZ. Since the reversed effective 
forces and the impressed forces are in equilibrium, the algebraic 
sum of their moments about OZ is zero. /. e. the moment of the 
effective forces = the moment of all the external forces. 
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Hence Mk 2 y'=L, ...(1) 

where L denotes the moment of all the external forces about OZ. 

The equation (1) is the differential equation of motion of the 
body. 

In the case of impulsive forces if co lt co 2 be the angular velo¬ 
cities of the body just before and just after the action of the 
impulses, and L, the moment of the impulses then 

Aik 2 (to 2 — to 1 ) — L. ...(2) 

3*5. Solved Examples. 

Ex. 1. A uniform solid sphere , of mass M and radius a , rolls 
down an inclined plane , rough enough to prevent sliding! find the 
motion. 

Let a be the inclination of the 
plane, O the point of contact when 
the sphere was initially at rest, C 
the centre of the sphere, A the 
point on the sphere which was 
originally at O and N the point 
of contact after time t. 

Taking O as origin. ON as 
.Y-axis, CA as the line fixed in the 

body and normal to the plane as the line fixed in the spce. 

Let f_AC N = d. 

The external forces acting on the sphere are the friction F t 
the reaction R and the weight Afg of the sphere. 

Considering the motion of the centre of mass parallel and 
perpendicular to the plane, 

Mx = Afg sin a— F t 
My=R — Afg cos a< 

Taking moments about the centre of mass C, 

Afk z y—F.a, 
where k is the radius of gyrations. 

Now y = 0 since the sphere moves in contact with 
so that R — Afg cos a. 

Since there is no slipping, we have 

x = ad so that x=ay\ 

Also k 2 = la -. 

.\ From ( ), F=$aAltf = £Afx 
and from (1), M'x = Mg sin a — f A/.W 


...( 1 ) 

...( 2 ) 

...( 3 ) 

the plane 
...(4) 
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M'x = $Mg sin a. 

F= |. fAfg sin a = fMg sin a. 

f 

Hence tan a from (4) and (5). 

K 


...(5) 


fx, the coefficient of friction, should not be less than 

? tan a. 

Ex. 2. A uniform circular disc of radius a and mass m rolls 
down a rough inclined plane without sliding, to find the motion. 

Proceed as in Ex. 1. In this case k % = ±a 2 . 

Ex. 3. A vertical thread unwinds itself from a reel, the upper 
end of the thread being fixed. Prove that the downward accelera- 

Q 4 ^ 

lion of the reel is 2 , -t^. g and that the tension of the thread is 

Cl “T K 

k 2 

Mg where M is the mass of the reel , a its radius , and k its 

radius of gyration about that axis. 

Let A be the fixed end of the string and j A 

G the C. G. of the rod which is circular in its /K -^ 

vertical section. Take AQ as >>-axis. Let P y ^ -\ P 

be the initial contact of the string with the disc. { 

Let /_PGQ = 0. Since the point of the tangen- q _ J-/ ' 

tial contact of the rod with the string is the ^“|G i 

instantaneous centre of rotation, we have \ / 


and 


i e. 


I. e. 


y=ae so that '^=a ...( 1 ) 

d 2 0 

Ma-^Mg-T. 

Taking moments about G, 

Eliminating Tfrom (2) and (3), 

M ( a *+A 2 ) ™=aMg 

I > 

M (a z + k 2 ) d *=a 2 Mg 

d l y__ a 2 
dt 2 ~-Q 2 +k i8 - 


Mg 


...( 2 ) 


...(3) 
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Also 


k z ---k* d 2 y 

a * dt*~a 2 


* 2 

a*-\-k 




Ex. 3. ^ uniform rod , of mass m and length 2a, can turn 

freely about one end which is fixed ; i7 is started with angular velo¬ 
city w from the position in which ti hangs vertically; find its angular 
velocity at any instant. 

Let OA be the rod of length 2 a 
which can turn freely about O . Take 
the vertical through O as the line fixed 
in the space and OA is the line fixed in 
the body. Let after time t , OA make 
an angle 8 with OZ. If m be the mass 
of the body, we have on taking moments 
about O, 

,«d 2 9 

ntkr jji = — mg.a sin 9. 


dd 


Multiplying by 2 j and integrating. 



7 " f dd \ 2 „ 

k ~ (jftj =2 ag cos 9 +A. 


cld 

When 6=0, j~ t =^ so that A =k 2 u> 2 — 2ag. 


• • 


But 


\dt) =^ ,a>8 -2 ag (1-cos 9). 

••• Gh^O-'ose, 


...( 1 ) 

This equation gives the angular velocity of the rod at any 
instant. 

Note. Ia general the equation (I) cannot be integrated 
further and so we cannot find t in terms of 9. 

If the rod just makes a complete revolution, we have 
^?=0 when 9= it. 

In this case, we get from (I), 

0=w '- h Z , - e -—- v/(t). 
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becomes'' ' h ' S Par, ' CUlar initial an 8 ular velocity, the equation (1) 

^ g)-* 

or 


2a (I+cos «) = ?? cos*? 


de // 3 ?\ 0 

rvU lcosr 


so 


'V'O-J! 




9 

cos - 


= 2 [log (sec ~+tan 
= 2 log (sec^ + tanQ 


te ' t - 2 \J (^) ,Iog ( sec ^+ tan |) 

° r ' = 2 \/G^)'°8 ta "(i + !). 

This equation gives the time of describing any angle 0. 

Energy equation. The equation (I) may be written as 

1 u 4a ~ fdd\ 2 .,4a 2 n 

~y \j- t ) —\M -j— .<o 2 = Mag (I —cos 9). 

From § 3’3, it follows that 

change in K. E. of the body = work done against the weight 

of the body 

Ex. 4. A uniform wheel, of weight 100 lbs. and whose radius 

°f gyration about its centre is one foot. is acted upon by a couple 

equal to 10 ft. lb. units fo' one minute, find the angular velocity 
produced. 

Find also the constant couple which would in half a minute 
stop the wheel if it be rotating at the rate of 15 revolutions per 
second. Find also luw many revolutions the wheel would make 
before stopping. 

Let 9 be the angle turned by the wheel. Then taking 
moments about the axis of rotation through its centre, we get 

100 * 1 2 .0 = 10 . 

Integrating, 100<j = 10/ -f- A. 

When f=0, 0 — 0 so that A =0. 

1000 = 1 Of 
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Hence when /=60 seconds, £ = 



Therefore the angular velocity produced in one minute is 6 
radians per second. 

Let R be the moment of the couple which would stop the 
wheel in half a minute. 

In this case, the equation of motion of the wheel is 

100 . 1 2 .0 = —/?. .. .( 2 ) 

Integrating, 100 o = —Rt + B. 


When / = 0, 0 = 3 Ot 7 

so that 


B=300Ctt 


.*. 1000 = 3 0 0077— Rt. 


Now if q — 0, when / = 30, then 

0 = 3000tt— 30/? or R=100 tt. 

Hence the moment of the couple is 100 tt ft. lbs. 

In this case, the equation ( 2 ) becomes ti=—n, which on 
integration w. r. to 0 gives 

0 2 = -2t70 + C 

When 0 = 0, 0 = 3 Ot 7 so that c=(30tt) 2 . 

Hence 0 2 = — 2t70 + (30tt) 2 
When 0 = 0, 0 = 450?r. 


.’. The no. of revolutions = 225. 

277 

Ex. 5. A perfectly rough circular horizontal board is capable 
of revolving freely round a vertical axis through the centre. A 
man whose weight is equal to that of the board walks on and round 
it at the edge. When he has completed the circuit , what will be 
his position in space. 


Let the initial position of the 
man be at A and Jet after time t, 

Q be his position where /_QOA = <f> t 
and suppose the board has rotated 
through an angle 0 during this 
interval. 

Let F be the friction between the 
board and the feet of the man as shown 
be the weight of man. 



in the figure and let M 
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Then the equation of motion of the man is 

A fa 

di l 

Also taking moments for the board about the 
rotation, we get 

Multiplying (1) by a and adding to (2), 


...( 1 ) 
axis of 

...( 2 ) 


a 


2 


d 2 <f> 


d 2 d 


dt 2 dt 2 °* 


Integrating, 


^ i u — — A 

a dt dt~ A - 


When 0=0 = 0, ^=^=0 so that A— 0. 

• a 2 ^-L-k 2 — — 0 

dt +k ^“ 0 * 


Integrating again, a 2 <f>+k 2 6=0, 
constant of integration vanishes since 9 = <f> = 0 initially. 

But k 2 =ha t , so that we get from (3) 

20+0 = 0 . 

When the man completes the circuit, we have 

0-0 = 2tT. 


...( 3 ) 

...(4) 


Then (4) gives 


20 + 0 — 2n=0 


. 2tt 

or 0 = -j. 


This is the angle described by the man in space. 


Ex. 5. A uniform rod AD is freely movable on a rough in¬ 
clined plane whose inclination to the horizon is i and whose coeffi¬ 
cient of friction is /i, about a smooth pin fixed through the end A: 
the bar is held in the horizontal position in the plane and allowed 
to fall from this position. If 0 be the angle through which it 
falls from rest , show that 


sin 0 

- r =pcot 



(Raj. 1960; Punjab 56; Lucknow 57) 
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Let AB be the position of the 
rod after time /, its initial position 
being along the horizontal AL 
Let /_BAL = 9: 

The external forces on the rod 
perpendicular to the plane are the 
normal reaction B ai d the resolved 
part mg cos / of the weight, so that 

We * et B=mg cos /. 



...( 1 ) 
(i) the 


through G COS 1 act,n S Perpendicular to AB 

o h u r A e lZ °"ef ^ To avoid ‘ he reaction, we 

mk*y=img sin i.a cos 6—fx.mg cos i.a, 
where *.a is the length of the rod. 

Multiplying this equation by 2q and integrating, 

k-u £ =2ag sin i sin d-l^agd cos i 

constant of integration vanishes since when 0 = 0 * r= 0 . 

Now the rod will come to rest when # = 0. 

This gives 0=2 ag sin i sin 9-2 h ag9 cos i 

or S, |J 0 =.u cot i. 

routin' a Which is ca " led 

velocity oj. Prove that it r r t a< * ,us c w,t h constant angular 
the verticat provided maintMH * C ° nS ‘ ant indi ^on a /* 

<*( aC - k *) = a 8 

, \sm a J cos a* 

Let O be the centre of the horizontal 
circle of radius c and AB the rod inclined 
at an angle a with the vertical. 

Consider an element bx of the rod at P 
at a distance * from A; since the inclination 
a of the rod to the vertical is constant and 
the angular velocity of the end A is also 
constant, it follows that every point of 
the rod will move round with the same 
angular velocity a>. Hence the effective 
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force on the element Sx is 

^ m.coKPN 
2a 

where PN is the perpendicular from P on the vertical through O. 
But PN—(c— x sin x). 

Sx 

The effective force = ;^ (c—x sin a). 

Taking moments about A to avoid the reaction, 


mg 


.a sin a=J 


2a 


m 
2 a 


dx.oj 2 (c—x sin a).x cos a 


TYl f 2a 

= — oj- cos a. (ex— x 2 sin a) dx 
2a Jo 

a .^.4a- —^.8a 3 sin aj. 


But 


m 2 

= —.cu~ cos 
2a 

4 

A: 2 =| c*. 


ag sin a=^ cos a [2 cg 2 —2a& 2 sin a] 


or 


og 

cos 


-=<** -aA 

a \ sin a y 


Ex. 8. A uniform vertical circular plate, of radius , is 
capable of revolving about smooth horizontal axis through its 
centre/ a rough perfectly flexible chain, whose mass is equal to 
that of the plate and whose length is equal to its circumference , 
hangs over its rim in equilibrium; if one end be slightly displaced, 
show that the velocity of the chain when the other end reaches the 

plate is Positively after fimet Initial Portion, 

(Agra 1954; Jaipur 54; Nagpur 55) 

Let x be the distance des¬ 
cribed after time /. 

Depth of C. G. below AB in 
this case 

( ■na , \ 1 /• na , \ . (rta 

2 +X )-2 V 2 +*) + P -h-* 



p.2na 


o 2 7T 2 -f 4x 2 —8a 2 


Una 


...(I) 
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And depth of C. G. below AB in the initial position 

a 2 n 2 — 8o* , 

“——» by putting x=0 in (1). 

Hence the displacement of C. G. in the vertical downwards 
direction 

= q-77- 2 4-4x 2 —8 a 2 _ a z 7T 2 - 8a 2 
Sira 8 rra 

= * 2 
2 t TQ 

Let v be the velocity of the chain. 

y 

Then ^ is the angular velocity of the plate. 

Let m be the mass of each of the plate and the string; then 
K. E. of the string generated = \mv 2 

and the K. E. of the plate generated = & 2 <o 2 



Hence the energy equation gives. 


v- 


o~ lira 


i. e. 


v* = 2 JL x * 

3t tq 


• • • 



Putting x=\na in (2), we get the velocity of the chain when 
the other end reaches the plate. Let V be this velocity. 

Then K«= 2? .}n'a- 

3t ra 


or 



Ex. 9. A uniform chain, of length 20 feet and mass 40 lbs „ 

hangs is equal lengths over a solid circular pulley, of mass 10 lbs. 

and small radius, the axis of the pulley being horizontal. Masses 

of 40 and 35 lbs. are attached to the ends of the chain and motion 

takes place. Show that the time taken by the smaller mass to 
reach the pulley is 

l°S (9+4y/5) seconds. 


Let a be the radius of the small pulley. Let * be the dis¬ 
tance moved by either of the masses in time t. 
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Then the velocity of the masses and the chain=.v. And the 
angular velocity of the pulley=^, where a is the radius of the 
pulley. 

Since the radius of the pulley is small, 
the two portions of the chain on either side 
of O can be regarded as vertical. 

Depth of C. G. of the chain in the 
initial position below O is obviously 5 feet. 

And depth of its C. G. after time t lo' 
below O 

_ M10 + *M (10 + x) + p (10 —x).* (10 —at) 

P (10 + x)+ P (10— x) *3Slb». *i0 lb*. 

=-.v r(io+*) 2 +(io—*)*] 

~ *o [200 + 2x 2 ] = (5+ ft. 

Hence the displacement of the C. G. of the chain in the 
downwards direction 

= ( 5 + 26)- 5 = 2*6 feet - 
Now K. E. of the system 

= A.40..''i 2 +i.40j4*+|.35.x 2 +£. lO.A:*.*^ 

= i (40+40+35+5) .V 2 since k*=*a 2 
= 60x 2 . 



or 

or 

or 


And the work done by gravity 

= 40g.x—35g.x+40g. * Q =g (5x+2x 2 ). 

Hence the energy equation gives 

60x 2 =g (5x+2x*)=64 (x 2 +fx) since g = 32 
2V15> ; = 8 (x 2 + §x) l,z 
[ 10 dx _ 4 

Jo V(x*+lx) V15 f 

4 dx 

V15 Jo Vl(x+ 5) # -(5?'j 

=[iog {(x+5)+v[(^+f) 2 -(5)] 2 }J 10 

*=log W + 5\/5)—log \ 
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= Iog (<J±|v^) 

=log (9+4V5) 

or log (9-j-4v/5) seconds. 

Ex. 10. Two unequal masses M and M' rest on two rough 
planes inclined at angles a and (3 to the horizon; they are 
connected by a fine string passing over a small pulley , of mass m 
and radius a, which is placed at the common vertex of the two 
planes ; show that the acceleration of either mass is 


g [A/ (sin a —/x cos a ) — M' (sin /?+/*' cos ^J-f-^AZ-f-A/'-f-^-J, 

where p, p' are the coefficients of friction , k is the radius of 
gyration of the pulley about its axis , and A f is the mass which 
moves downwards. 


Let the mass Af move a 
distance x down the plane 
in time t. Then the mass A/' 
will move the same distance x 
up the plane in the same time. 

Let 0 be the angle through 
which the pulley has rotated 
about its axis during this 
time. 

Then x = a9 so that 4 =qq and x=ay\ 

Now K. E. generated by Af=hMx 2 t 
K. E. generated by A/'=AA/'.v 5 
K. E. generated by the pulley = imA: 3 .^ 2 



• ••(!) 


and 


.v 2 


— hm.k 2 .~ 2 from (1). 


Hence the total K. E. generated 




Also work done on Af 

= A fg sin <x.x—pR.x 

=x (Mg s * n a — P'Mg cos a), since R—\fg cos a. 
Similarly work done on A/' 


=—M'g sin fl.x-p'.Af ' g cos (3.x 
= -x (A/'g sin (3+ p’Af'g cos /3). 
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Hence the total work done 

=gx (M sin a — y-M cos a — M' sin P — pM' cos (3). 

Now K. E. generated = w ork done. 

I J.rf 2 

=gx [M sin a —yAf cos a — A/' sin P~ y'M' cos /?]. 

Differentiating this equation w. r. to t and cancelling the 
factor x, we get 

A/-f A/'-f 

=g [M sin a. — yM cos a—A/' sin fi—y'M' cos P). 
.*. Acceleration =x 

g \M (sin a — y cos a) — M' (sin P + n' cos /?) ] 

M + M'+"4‘ 

a £ 

Aliter. Taking moments for the pulley about the axis of 
rotation, we get 

mk 2 y=T.a — T'.a 

or ^ k*x = T-T', ...(1) 

since x = ag. 

Also the equations of motions of M and M ' are 

Mx = Mg sin a — Mg. y. cos a— T ...(2) 

and M"x = — M’g sin p — M'gy.' cos p-\-T. ...(3) 

Adding (1), (2) and (3), we get 

= Mg (sin a — p. cos a ) — M'g (sin p+ p* cos p). 
Hence the result. 

Ex. 11. Two unequal masses m, and m 2 (ni l > m t ) are 
suspended by a light string over a circular pulley of mass Af and 
radius a. There is no slipping and the friction of the axle may be 
neglected. If f be the acceleration, show that this is constant, and 
if k * be the radius of gyration of the pulley about the axle, show that 

k}= Wf^ 8 ~ f) 

Calculate the pressure on the axle. (Raj. 1961) 

Let x be the distance moved by m l in time t in the down¬ 
ward direction. Then x is also the distance by m 2 in the 
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upward direction in the same time. Let 
0 be the angle through which the pulley 
has rotated about its axle in time /. i - 1 

Then x=ad t so that *** a § T iV >4-/ 

and .¥=*£. 1T TT 

Now the equations of motion of m 
and /;/ 2 are m y T .. .(1) 

and ™ t .x=T'-m t g. ,..( 2 ) m ,g "W 

And the equation of motion of the pulley is 

M.k-y^Ta-T’.a [taking moments about 

, 2 the axle] 

M- 2 .x = T - T ' t ...(3) 


1 r 


or 


s,nce X=ay. 

Adding (I), (2) and (3), we get 

,V ( ,; h + 'u 2 + A *jA=»i l g-m 2 g 

J A/F’ 


or 


which is constant. 


"h + w a + 


a- 


This gives f(n h +n h ) + M £f= (mi _„ h) g 


or 


a- 


or 


or 


k '~ m. s-('»!+«,) /] 

to-/) "'!-(?+/) m,l 

Now the pressure on the pulley^r+r'. 

.. Subtracting (1) from (2;, we get 

(*=-«>) T '+T-(m l+m ,)g 

. p T ' +T= ("’~--"h) W+ (»., + //!,) 

.. Pressure—(m 2 .f g 

Note Th- -<«i+m,) 

^ r r,„ 

« / Zees LZ7onZ‘ZuT’ZJ'Z C T e V 

descend with acceleration ' * that A/ * 1 // 

A/ —A/' 

M + Af+rikij# 
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where a is the radius and k the radius of gyration of the pulley. 

If the pulley be not sufficiently rough to prevent sliding , and M 
be the descending mass , show that its acceleration is 


M-M’e^ 

M+M'e* 1 * 8 * 

and that the pulley will now spin with an angular acceleration equal to 


2MM'ga fe* n -l) 


mk 2 (M+M'e**) 


(Agra 1955) 


First, let the pulley be rough enough to prevent sliding. 
Then as in the above example, the equations of motion of the 
masses and the pulley are 


and 

or 


Mx- 
M'x 
mk 2 y 
k 2 


Mg-T, 
T’-M’g 
(T—T’) a 


m -.x = T-r 


a 


..( 1 ) 

..( 2 ) 

..(3) 

..(4) 


Adding these, we get 

(M+M'+m x = {M— M') g. 

Acceleration =x= (M—M ) g 

M+M’+"'£- 


Secondly, let the pulley be not rough enough to prevent all 
sliding of the string. 

In this case x^aO. Instead, if p be the coefiicient of friction, 
then we know from statics that 


T= T'.e* n 

Substituting for T from (5) in (1), we get 

Mx=Mg—T’ e* n 

or T' = M (g—x) e~** 

From (2) and (6), we get 

M"x = M (g—'x) e~*~ — M'g 
or .V {M+M'e* n )=g (M—M’e**} 

Hence in this case, we have 

Acceleration=.V= — — g. 

M+M’e** 


...(5) 

...( 6 ) 


...(7) 
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Again (3) and (5) give, 

mk i y=a (TV 1 *— T') 

=a («■**—l).j|f (g-M) from (6) 

=« (e^-l) from (7) 

A/-f*Afe* 4 * 

. 2 MM'ga (&* - 1 ) 

mk 2 (M+M' <**) * 

Ex. 13. ^ flywheel has a horizontal shaft of radius a and the 
moment of inertia of the shaft and wheel about the axis of revolution 
is I. A. string of negligible thickness is wound round the shaft and 

supports a mass M hanging vertically. Find the angular acceleration 

of the wheel when its motion is opposed by a constant frictional 
couple of moment G. 


Let x be the distance moved by M in time 
t and 0 , the angle turned by the shaft during 
this time. Then 

x==aO. ...( 1 ) 

The equation of motion of A/ is 
MX = Mg — T 

or Mao=Afg— T from (1). ...(2) 

And the equation of motion of the flywheel 
and the shaft is 

f.y=T.a-G t 
[taking moments about the axis of rotation] 
Multiplying (2) by a and adding to (3), we get 

(A/n 2 + /) H—Mag—G 
A fag—G 
d ~ J+Ma ** 

3*5. The Compound Pendulum. 



or 


Definition. A rigid body of any shape and size, which is free 
to turn about a fixed horizontal axis under the action of gravity 
alone, is called a compound pendulum. 

Theorem. To show that the time of a complete oscillation 


of a compound pendulum is 2tt^/ where k is the radius of 

gyration about the axis and h is the distance of the centre of inertia 
of the body from the fixed axis. 

Suppose plane of the paper is the plane through the centre 
of inertia G of the body perpendicular to the fixed axis and let it 
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meet the axis in O. Let 0 be the 
angle between the vertical OA and 
the line OG , so that 0 is the angle 
between a plane fixed in the space 
and a plane fixed in the body. 

Let OG = h. 

The impressed forces on the 
body are, (i) its weight Mg acting 
through G and (ii) the reaction of 
the fixed axis. 



To avoid this reaction, we take moments about this fixed 

axis. 


Now moment of Mg about the axis = A/g./i sin 0, and the 
moment of effective forces about the axis 


= Mk 2 



Since the moment Mg.h sin 0, has a tendency to diminish 0, 
the equation of motion is 


Mk 2 


d 2 6 

—Mgh sin 0, 


i. e. 


If 0 be small, the 


dt 2 k 2 s,n 9 ‘ 
equation (1) can be written as 
d 2 d^_gh 
dl 2 k 2 


which is the equation of simple harmonic motion. 
Hence the time of a complete oscillation 



...(0 

...( 2 ) 


• • • 



Length of simple equivalent pendulum. If / be the length of 
a simple pendulum which has the same period as the period of a 
compound pendulum given in (3), then 



Therefore the length of a simple equivalent pendulum is 
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3 6. Centre of Suspension. If a line be drawn through the 
centre of inertia G perpendicular to the axis of revolution cutting 
it in C, then the point C is called the centre of suspension. 

Centre of Oscillation. Produce CG to a point O such that 

fc 2 

CO== h * the ,eD 8 th of the simple equivalent pendulum), 
then O is called the centre of oscillation. 

3*7. To show that the centres of suspension and oscillation 
are convertible. (Nagpur 195?) 

Let O be the centre of suspension and O x the 
centre of oscillation, so that ^ 


0O,= 


k 2 


! = , , where OG=h 


= yh i == kf-\-OG i 
h 


OG 


T 0, 


0, 


or 


...( 2 ) 


O 


2 


where k is the radius of gyration about an axis 
through G parallel to the axis of rotation. 

Hence OO x . OG^P+OG*. 

k~=OG (OO l -OG) = OG.O l G. 

When the body rotates about a parallel axis through O lt let 
be the centre of oscillation. 

In the same way, we have 

k 2 =O x G .G0 2 , 

Comparing (1) and (2). we see that 
points. It follows that when O x is the 
is the centre of oscillation. Hence the 
centre of suspension are convertible. 

3 8. Minimum time of oscillation of a compound pendulum. 
Now the time of oscillation of a compound pendulum will be 
least when the length of the simple equivalent pendulum is 

minimum. Let/be {the length of simple equivalent pendulum. 
N\e have in the notation of $ 3 * 5 , 

1 —7r ~h+''■ 

For a minimum of /, ^ =o 

(11 


...( 2 ) 

O » and O are the same 
centre of suspension, O 
centre of oscillation and 


/. e. 


<*/,=-£+ 1=0 


or h=k, 

and then the length of the simple equivalent pendulum is 2k, 
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If h — 0 or h—oo f then/=oo, i. e. if the axis of suspension 
either passes through the centre of gravity or be at infinite distance 
from centre of gravity, the length of the equivalent simple 
pendulum is infinite and thereby the time of oscillation is also 
infinite. 


3*9. Solved Examples. 

Ex. 1. Find the lengths of the simple equivalent pendulum in 
the following cases, the axis being horizontal : 

(i) Circular disc; axis a tangent to it. 

(ii) Hemisphere; axis a diameter of the base, 

(iii) Cube of side 2a; axis (a) an edge, (b) a diagonal of one 


of its face. 
(i) Let 


a be the radius of the disc and 


(Agra 1934) 
O 


5af 

h ~4 .a 


axis. Let M be the mass of the disc. 

Here h=OG=a 

and Mk 2 = Ma 2 -\-\Ma 2 i. e. k 2 — ^a 2 . 

5a 
4 * 

(ii) Let a be the radius of the hemis¬ 
phere and horizontal diameter AB as the 
axis. 

Here h=OG = 3 / and A:* = *a 2 . 

O 


l- k 2 -i a * x 8 _I 6 * 
h X 3 a~ 15* 



(iii) (a) 


Here /; = distance of C. G. from an edge 

= V(* 2 +a 2 ) = V2 a 
and M. I. of the cube about an edge 

“ 3 


= a3 2 


/. k 2 =h 2 + \a 2 =2a 2 +W=W- 
. W _±s/2a 

h~^2a~ 3 * 

(b) Here h = a. 

If A denote the M. I. about an edge, then A = AA.\ar where 
M is the mass of the cube. 

Now the diagonal of a face is inclined at an angle of 45’ with 
the edge. 
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•. M. I. about a diogonal of a face 

= M. I. about a parallel diagonal through the C. G, 
of the cube-fM. I. of mass M placed at C. G. 

=(A cos 2 45 °+B sin 2 45°)+Af. a * 

^IMa'A + lMa'.l + Ma* since A==B= t Ma 2 

/. Mk}=\Ma- i. e. k 2 =*a\ 

Hence /=j~=£<7. 

Ex. 2. Find the time of oscillation of a compound pendulum, 

consisting of a rod, of mass m and length a, carrying at one end 

a sphere, of mass n h and diameter 2b, the other end of the rod 
being fixed. 

Let AB be the rod and C the centre of 
sphere so tint AB=a and BC=b. 

If G be the common centre of gravity of 
the rod and the sphere, then 


AG = 


w.^+mi.ia+b) 


=/', 



...( 1 ) 


m -f- m l 

(m + mj /<-= M. I. of the system about a hori¬ 
zontal axis through A 
= hma*+m l [(a+bf+lb 2 ). 

k*= f(a +*)*+f6 3 J 

m -f- m x • 

.\ /=^ 2 = » ,,w2 >'W 1 [(a + bf+lb* ] 

,l \ma+m l (a + bj 

” time ° f OScillation =2,r^Q where , js gjven by (1) 

Ex. 3. A uniform triangular lamina can oscillate in its men 
plane about the angle A. Prose that the length of the simple 

equivalent pendulum is t t, 0 _. ,, 

4(2b z 2c 1 — a 1 / " te axis through A being 

horizontal. , K . 

( A g™ 1953; I. A. S. 1948) 
Now M. I. of the triangular lamina ABC about a perpendicu¬ 
lar line through A (/. e. the horizontal axis) 

= j 2 (3^‘-f-3c 2 — a 2 ). [See Ex. 9 § I* 17] 
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and 


• • 


Hence 

Ex. 4. 


/=*-= 


/* = V(2&M -2c 2 -a 2 ). 

3 (6 2 -fc 2 ) — a z 
h y/(2b % +2c*^d*)* 

/I fo//</ homogeneous cone , o/ height h and vertical 
angle 2<x, oscillates about a horizontal axis through its vertex! show 
that the length of the simple equivalent pendulum is 


(Agra 1952, 59) 



lh (4 +tan 2 <x). 

Let VL be the horizontal axis through 
the vertex V of the cone. Consider a 
circular disc of thickness ox at a distance 
x from the vertex. 

M. I. of the disc about VL 

= (pnx t tan* a.Sx) [x l + \x* tan* «]. 

Hence the M. I. of the whole cone 
about VL 

=prr tan 2 a (I + i tan 2 a) | A X 4 dx 

“ST/ an * a (, + * tan * «MA 6 

• a) j h * since Ar=/>.Jrr/|3 tan* a. 

.. = (tan 2 a + 4).A* 

/. e. /c 2 = - 2 » 0 - (tan* a+ 4). A*. 

And VG=*h. 

Hence 1= y G = h (tan 2 a+4).A. 

Ex. 5. A solid homogeneous cone , of height h and semi-verti¬ 
cal angle a, oscillates about a diameter of its base; show that the 
length of the simple equivalent pendulum is 

ih (2-\-3 tan * v.). 

M. I. about AB 


L* 


-j 


prrx 2 tan 2 a dx 


[ 


x- tan 2 a 
4 


(see the figure of Ex. 4) 
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= P?r tan 2 a f [Jx 4 tan 2 a-f A 2 * 2 — 2hx?+ x 4 ] dx 

— pn tan 2 a tan 2 a-f/t 2 ,$h 9 —2h.\h l + J/r 6 ] 

= pn tan 2 a.' 0 l 0 -/z 5 [3 tan* a-}-20—30-f12] 
=M.- 2 l fh* [3 tan 2 a-f 2]. 

Mk'^h* (3 tan 1 cz+2) 


or 


Hence 


k 2 = i l 0 -h* (3 tan 2 a-f 2). 
j k 2 -A/i 2 <3 tan 2 a-f-2) 

CG~ Vi 

=lh (2-f 3 tan 2 a). 


Ex. 6. A bent lever, whose arms are of lengths a and b, the 
angle between them being a, makes small oscillations in its own 
plane about the fulcurnv, show that the length of the corresponding 
simple pendulum is 

2 a*+b 3 

5* V (a 4 +2a 2 b 2 cos ct-\-b*) * 

Let OA and OB be the arms of 
the bent lever which can turn in its 
plane about the fulcurm O. Let m 
be its mass per unit of length. Take 
OA and a perpendicular OY as the 
axes of reference. Let G x and G 2 be 
the C. G.’s of the arms OA and OB. 

Then the coordinates of G x and G% 
are (Aa, 0) and Qb cos a, \b sin a) 

respectively. Let (.«, y) be the coordinates of the C. G. of the 
lever; then 

ma.\a+mb.\b cos a a 2 -f b 2 cos a^ 

~ ma+mb “ 2 (a+b) 

ma.O+wbAb sin a b 2 sin a 
ma+mb ~2 (a-fb)‘ 



Then = cos a) 2 -f6 4 sin 2 aj 

= 2 (a-f b )V(a*+b*+2<* 2 b* cos a). 

Also (ma+mb) k 2 =ma.i (}a) 2 -fm&.£ ( hb )*, where k is the 
radius of gyration of the lever about the axis of rotation 
through O, 

K “3 (a-f £)* 


or 
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. k 2 2 o 3 -f-6 s 

OG ~3 * Va l + 2a*b* cos a+ 6 4 )* 

Ex. 7. /! flat circular disc of radius a has a hole in it of 
radius b whose centre is at a depth c from the centre of the disc 
( c < a—b) The disc is free to oscillate in a vertical plane about 
a smooth horizontal circular rod of radius b passing through the 
hole. Show that the length of the equivalent simple pendulum is 

c a'-b* 

a 2 c (Gujrat 1952) 

Let O be the centre of the disc and O’ 
that of the hole, so that 0’0 = c. Since the 
section of the rod is a circle of radius b, its 
axis which passes through the centre of the 
rod will be the axis of rotation. 

Distance of the C.G. of the body from 
O' 

_ P.Tra* .C — prrb 2 . 0 a 2 C 

~ pna^ — pnb 1 = a 2 —b 2 * 



i. e. 


If k be the radius of gyration about the axis, then 
(prra t -pTTb 2 ).k 2 = pna 2 (}a 2 + c 2 ) - pnb 2 . ).b* 

k 2 _ <* 4 + 2a 2 c*- b* 


2 (a 2 —b 2 ) * 

.. /__ (a i +2 a 2 c 2 -b t )/2 (a 2 ~b 2 ) 

a 2 c (a-—b~) 

_ a* + 2a 2 c*—b* a 1 —IP 

2 a*c 

Ex. 7. An elliptical lamina is such that when it swings about 
one latus rectum as a horizontal axis , the other latus rectum passes 
through the centre of oscillation prove that the eccentricity is J. 

c f . . #u < A 8 ra 1929 , I. A. S. 1951) 

Since 5 (the focus) is the centre of suspension 

and S' (the other focus) is the centre of oscillation, / 

we have * / s \ 

£S'=length of simple equivalent pendulum ; 

l=SS'=2ae. ...(,) / 

Again SG = ae I G 

and Mk 2 ={M.\a 2 +M.a 2 e 2 ) \ , 

so that k*=la 2 (l+4e 2 ) \ . 3 ' J 

SG 4e * 
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From (1) and (2), wc get 

4e 

or 4 e 2 =l i. e. e= J. 

Ex. 8. /I uniform elliptic board swings about a horizontal axis 
at right angles to the plane of the board and passing through one 
fccus. If the centre of oscillation be the other focus, prove that its 
eccentricity is y/\. (Agra 1945) 

Here Mk 2 =\M (a 2 +b*)+Ma 2 e 2 . Hence as in ex. 7, we get 

2fle=* 2 =-I [a 2 +6 ! +4aVj 
ae 4 ae 1,1 J 


or 8 a 2 e 2 =a*-{-a 2 (1 — e 2 )-j-4a 2 e s 

ie - e=VI- 

Ex. 9. An ellipse of axes a , b and a circle of radius b are 
cut from the same sheet of thin uniform metal and are supreposed 
and fixed together with their centres coincident. The figure is free 
to move in its own vertical plane about one end of major axis ; show 
that the length of the simple equivalent pendulum is 

5a 2 -ab + 2b 2 
4a ' ' 

Here the axis of rotation passes through A. 

Now AG=a 

and (Trb 2 p-\-TTabp) k 2 

= 7 rb 7 p ( lb*+a 2 ) + nabp [i (a* + b 2 ) + a 2 ] 

k r = b (2b 2 +4a 2 ) + a (5a 2 +b*) 

4 (a + 6) 

^ (a+/>) (5a a ~ab+2b- ) 

4 (ab) 

(5a 2 -ab+2b 2 ). 

*** /= AG = 4a ( 5a °'— ab -h2b z ). 

Ex. 10. A sphere, of radius a, is suspended by a fine wire 
from a fixed point at a distance l front the centre ; show that the 
time of a small oscillation is given by 


so that 



* k i) ■ vc-jf-y 


where a represents the amplitude of the vibration . 

(Agra 1956, Raj. 1959) 
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Here AC~1 and BC=a. fa 

(See the figure.) N 
The axis of rotation passes through A. 

Now M. I. of the sphere about the G \ 
axis of rotation 

= M (1 a 2 -f/ 2 ). 

Hence the equation of motion of the . . _ 

sphere is --- 

d 2 0 

M(ia*+1*) c Lz.= — A'g.l sin 0. ...(1) 

Multiplying (1) by 2 ^ and integrating, we get 

(|a 2 +/ 2 ) (^)*=2 gl cos 0+A. 

When 0 = a, ^=0 so that A = — 2g/ cos a. 

(ia~ + l 2 ) =2g/ (cos 6 —cos a) 

dd / / IP' 7 / \ 

or sr v C^vsrO- v ' (cos 0_cos a) 

If Tbe the time of a complete oscillation, then 

//2a 2 H-5/ f \ . f* dti _ 

V \ 10*/ / Jo v/(cos (/ — cos al 


\/(cos 0 —cos a) 


, //2fl«+5/*\ a -77- -1 - 

4 V \ 10*/ >)• ,y/(l-2 sin 2 ^-1 + 2 sin 2 *) 

v 0 ' 


=V( 


2aM*5/*\ 1 

10*/ >/ * V2 


. 0 


\/( sin ' 2- si " 2 t) 


Now put sin 2 = sin 2 sin f/, » 


$ cos 2 </0 = sin 2 cos «/» </'/». 
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-V( 

-V( 


2rt 2 -f5/ 2 \ /* n/2 

j o 

2a a +5/* \ [ */2r I 

5W JJ 0 i , + 2 


) Ij /2 ['~ si,>2 l sin2 ^ J 


_ • O fit • o 

sin- ^ sin* 

a 


'fil d<f> 


-V( 


neglecting higher powers of sin | since a is small, 

2fl2 + 5/2 \rvi 

5^/ A2 + 2 

i s * n2 ? 

4 2 


•j-a 


*• A2 + 2 S,V i 

-'*('+!*• DVC-sl"')' 

winch is the required time of a complete oscillation. 

, • U . /' roJ °f mass »n oncf length 2a can oscillate 

cilout a fixed horizontal axis through one end 4 circular v r 

"! aS7 ° nd ra f US Us centre clamped to any po'nt If 

ore,// u " S A CO "' ai " S "' C aX ‘ S ° f r °' a,ion • Sbow that fir 
, Under sravi, y ,he len gth of the simple equivalent 

pendulum lies between J « and 2a. (Punjab 1954) 

Passthrough s "* ^ " ,e ° f rotation 

Let the centre of the disc be C, which is 
c amped to the rod at a distance jr from A. Then 

1 dl>Umce of c * G * Of the system from A 
_ w.g + 24 m .x 

25 


t.e. 


i. c. 


w + 24/;i 

And V»+24m) k*=m.t a * +24m [i ( i a) . +Jc2j 

A 2 = -11+ 2t/ 4- 7 2x 2 __ 2a- 4 . 24a: 2 
3x 25 25 ~— 

/=^ 2 -_ “°‘424a-2 

h ~~ a+24x * 

For max. or min. of l, we have j-=0 

~ = 48a: (0±24x) — 24 (2a*+24x*) 
dx (a+24xf -= 0. 

This gives x= a A and at=-* 

4 3* 

Nowx=—j is inadmissible. 

And when *=*, /=J a . 
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The other extreme value of / is obtained by substituting .v = 0 
or 2 a in (1). This gives l —2a. Hence the required limits for / 
are \a and 2a. 


Ex. 12. A weightless straight rod ABC, of length 2a, is 
movable about the end A which is fixed and carries two particles 
of the same mass, one fastened to the middle point B and the other 
to the end C of the rod. If the rod be held in a horizontal position 
and be then let go, show that its angular velocity when vertical is 

\/ ( 5 ^)’ a ' U * ^ iat ~T * S ^ ie ^ en ^ 1 °f svn P^ 2 equivalent pendulum. 

(Punjab 1952) 


Let v, and v., be the velocities of 
the masses at B and C when the rod 


is in the 

vertical position Let cube 

the angular velocity of the rod in this 

position. 

Then 


Vj =aoj and v 2 = 2au>. 

Change of K E.=work done. 

• 

• • 

1 m \\ 2 h m vf = mga -\- mg. 2a 

i. e. 

Vi*+v 4 *=*6 ag 

or 

a 2 cu~ -f- 4 a 2 or — 6ag 

or 

-V(S> 


Now (m + m) k 2 — m.a 2 -\-m.(2a) 2 




and 


// = distance of C.G. from A 


m.a-\-m.2a 3 a 

m+m ~ 2 * 


B 

m 


_C 


. k 2 _5a 2 /2_5a 

** ~ h ~3a/2 ~ 3 ' 

Ex. 13. A uniform wire, in the form of an arc of a circle of 
given radius is swinging about a horizontal axis through the middle 
point of the arc perpendicular to the plane of the arc. Show that 
the time of a small oscillation is independent of the length of the 
arc. (Punjab 1954) 
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Let 2x he the angle subtended at 
the centre O by the arc and let A be the 
raid, point of the arc. Let AN be the 
lorizontal axis of rotation perpendicular 
to the plane of the wire. 

M.f. of the wire about AN 

i 

=Jl a Wd9.(2a sin|y 

= 2n> | (1 cos 9) dd 

J CL 

= 4 a >p[ff- sin ff J‘ = 4a , p (x _ s . n a) _ 

Hence if A: be the radius of gyration, then 

2ax. f>./c 2 =4a 3 p ( x ~s in a) 

/. e. 


= p.ade.PN* 

1 —at 



/ 2 2 ° 2 

* ~~ (« —sin a). 


And distance of C.G. from O 


u sin a 
a 


The distance of C.G. from ,4 = 


a — 
a 


a sin a 

a 


= - (a —sin a) = /r 


Hence /= * =9^ 

// 


„ “-Vl-V© 

"Inch is independent of a 


arc. 


independent of the length of the 


z :z r yrrr r; rr 

/«/. JzZ:Z' c ‘ r T' ale "‘ s ‘ mph > 

'■'alent simple pcnJulun, n-Ul he"'" eqUi 

tl 'lll -f /' 

/>/// -l n,'/,' * 
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If k x and k 2 be the radii of gyration of the two 
the axis of rotation, then 


bodies about 


and 


k - 

l =t 

k 2 

//_ K 2 

“Vi' 


/. e. k 1 2 =lh 


/. e. kJ=l'h'. 


If k be the radius of gyration of the compound body, then 

(w+ /??') k 2 =mk x 2 + m'k 2 2 

=rtilh iri T h' 


l. e. 


, 2 _mlh+m'rh' 
“ m+m' ' 


...( 1 ) 


Also the distance of C.G. of the compound body from the 


axis 


mh + m'h’ 

= —:—— = x, say. 
m + m 

Hence the length of the equivalent simple pendulum 

A 2 m th + m 'l'h' 

~ mh+m'h ' 

Ex. 15. A simple circular pendulum is form ?d of a mass Af 
suspended from a fixed point by a weigh ties? wire of length /; if a 
mass m, very small compared with A/, be knotted on to the wire at 
a point distant a from the point of suspension , show that the lime 
of a small vibration of the pendulum is approximately diminished 

2M‘] ( /_ /) °f ltse, f- (ARra 19 46, 61) 

Let T be the period of simple pendulum of q ^ 
length /; then 


by 


r= 2 V 0 - 


...( 1 ) 


Let k be the radius of gyration of the system 
when a mass m is attached to a string at a distance 
a from O. 

Then (M+m) k 2 =M.l 2 -\-m.ar, 

A4l 2 -\-tra 2 
M -f- m * 

And distance of C. G. of the masses from O 

M l f/n .a 


i e . 


k 2 — 


CL 


+ m 




M-ym 


= /;. 
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Of .fc'miL?, “id '■'!!" ?;*' poodulum mod, o. 

Now we have to find 


T— T' 
T 


T— T' 
T 


=1—r=i_ // ^+wi* i 

^ \f 1 / J 


_^/|l A-(maVMl 2 ) 


J -f ( majMl) 


) 


--o+sro+sr 

-'-(■♦SX'-S) 


neglecting higher powers of ^ 


since m 


is small compared with 4/ 

= I-fi--™ 0 . 

L tAiriAlP'J 

24 / / V /J- 

Ex. 16. /f uniform rod hangs freely hv one end, the other end 
. f f/cw /<7 the " rotwJ - An aigular velocity in a vertical plane 

lS lhc, \ communicated to the rod . w//e,; ,7 /,*, 

on angle of 90 °, ///e end by which it was hanging is loosened What 

must be the initial angular velocity so that on falling to the ground 

it may pitch in an upright position ? Show that the required 
angular velocity to is given bv 

where 2a ,s the length of the rod and 2p is any odd multiple of*. 


Let AD be the position of the 
rod after time t , when it has turned 
through an angle 0 in the vertical 
plane about A and AD’ be its hori¬ 
zontal position. 

Equation of motion of the 
rod is /tdd'li= —mg. a sin 0, 
ic. -Wj=-ag sin 0 


or 


3g . 

U = -~ -- sin 0. 

HU 



ft' 
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Integrating, 0 2 =^ cos 0+A. 


When 0 =co, 0=0 so that ^ = — 

2 a 

or ^““(l-cos^+a, 2 . 

0 2 —o> 2 =—(I cos 0 ). 

Let to be the angular velocity when the rod becomes hori¬ 
zontal, i.e. when 0 = 90°, d=<o'. 

Hence — #2 2 - ^ 


'2 2 


2 a* 




In this^ horizontal position, the centre of the rod has a 

velocity aw' in the vertical upward direction. Let / be the 

time in which the rod pitches the ground in the vertical position. 

Since the centre has fallen a distance a in the vertical downward 
direction, we get 

a =qcxj •/ \gt*• n\ 

Now the motions of translation and rotation are independent 
Suppose the centre is fixed and the rod turns through an angle 0 
during any time t. Then “ 6 

I'u = moment of the external forces = 0 , 

*• e * £) = constant = a/. 

Clearly the rod will pitch the ground in the vertical position 
from its horizontal position after rotating through an angle which 

is an odd multiple of ~ radians. 


Hence 


a//=( 2 // + 1 ).Z=p, 


so that 2 p is any odd multiple of n. 

Eliminating / from ( 2 ) and ( 3 ), we get 

o 

-a = ap-lg 

OJ c 


(3) 


i.e. 


'2 

OJ * = 


SP 


2a Ki+p)' 

Then eliminating <*/ 2 from (I) and ( 4 ), 

_ S P* _ 2 3 g 

2a (1 4 P) ° J 2a 


(4) 
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3*10. Reactions of the axis of rotation. To find the reactions 
of the axis of rotation on a rigid body rotating about it, given that 
the forces and the body are symmetrical with respect to the plane 
through the centre of gravity perpendicular to the fixed axis and 
gravity is the only external force. (Agra 1957, Nagpur 1958) 


Let O be point where the plane 
through G perpendicular to the axis of 
rotation meets this axis. By symmetry 
the action of the axis on the body 
reduces to a single force acting at O in 
the plane of the paper. Denote by P , 

Cl the comporent reactions along and 
perpendicular to GO. Let OG=h. 

Now G will describe a circle of 
radius /; and centre O , so that its 
accelerations along and perpendicular to GO 



GO are 
and 


the equations of motion of G along and 

Afh$ 9 =P—Mg cos 0 
Mhij—O — Mg sin 0. 


perpendicular to 

...( 1 ) 

...( 2 ) 


Also taking moments about O, we get 

M /cV= — Mgh sin 0, ...(3) 

where k is the radius of gyration of the body about the axis. 


From (1). (2) and (3), we can find P and Q. 


And then, we shall get 

/? = resultant reaction = y/(P*+Q 2 ) 

an d tan = 

where <f> is the angle which the direction of R makes with GO, 


3'11. Solved Examples. 

Ex. 1. A uniform rod of length 2a and weight W is turning 
about its end O and starts from the position in which it was verti¬ 
cally above O. When it has turned through an angle 0. show that 
the horizontal and vertical reactions at O are 


sin 0 (2 — 3 cos 0) and \ W (1-3 cos 0J 2 , 
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i. e. 


yY 




Let X and Y denote the hori¬ 
zontal and vertical reactions at O. 

The equations of motion of G along / 

and perpendicular to GO are / 

Mag 2 =Mg cos 0+Fcos 9 vfG 

+ X sin 0 .. .( 1 ) Q Sq 

and May=Mg sin 8+ Y sin 6 X O / 

— X cos 6. ...(2) 

Also taking moment about O, 

M. Wy=Mga sin 9, ' . v M , 

May'll Mg sin 9. ...(3) 

Multiplying (3) by 2 q and integrating, 

Mae 2 = —\Mg cos 8+A . 

When 9=0, 0 = 0, so that A = \Mg. 

Mao t = %Mg ( 1 — cos 9). ...(4 

From ( 1 ) and (4), we get 

Mg cos 0+Kcos 6 + X sin 0=f Mg (1-cos 6). .. .( 5 ; 

And from (2) and (3), 

Mg sin 9+Y sin 9—X cos 9 = \Mg sin 9. .,.( 6 ) 

Multiplying (5) by sin 9 and ( 6 ) by cos 9 and subtracting, we 
get X=\Mg (2 sin 9-2 sin 8 cos 0-sin 0 cos 0) 

= sin 0 (2—3 cos 0). 

we ^ Eai L™v Plyin8 (5> ^ C ° S 6 3nd (6) by Sin 0 and adding, 
e get Mg+ Y=*Mg (2 cos 0 — 2 cos 2 0-f sin 2 8), 

Y=\Mg (2 cos‘0—2 cos*.0 + sin* 0 —|) 

= lMg (6 cos 0-6 cos 2 0 + 3 sin 2 0 - 4 ) 

w (6 cos t 0 —9 cos* 0 + 3 — 4 ) 

= — ifV (9 cos 2 0—6 cos 0+1) 

= — \W ( 1—3 cos 0)*, 

-ive sign shows that y acts upwards. 

“ ~ -Vc*. ::~r" -- 

v tZZZZZZZ ” d " - 

(Agra 1955) 


...(4) 


...(5) 


...( 6 ) 


get 
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Let 9 be the inclination of the rod 
to the horizontal after time t. Let X 
and Y be the components cf reactions 
at O in the horizontal and vertical 
directions. Let OA=2a. 

Now the equations of motion of 
G along and perpendicular to GO are 
Ma.e 2 =Y sin 9+X cos 6—Mg s j n d 

...( 1 ) 

and Mae = — Y cos tf+A'sin O + Afg cos 9. 

... ( 2 ) 

Also taking moments about O, 



MAa* 


i. e. 


*..(3) 


i e . 


i.e. 


9 ~ —Mg. a cos 9, 

May = l Mg cos 9. 

Integrating (3), we get 

Ma6*=$Mg sin 0 + a. 

When 9=0, 0 = 0, so that A = 0. 

.. Mab*=\Mg sin 9 

From (1) and (4). Y sin e+X cos 6-Mg sin sin 0 

r sin e+ X cos 0=|.A/£sin0 
From (2) and (3). -Y cos S+Xsin 0 + A/g cos e^Mg co, 9 


...( 4 ) 


.. .( 6 ) 


or 


...(7) 

...( 8 ) 


i e. 


~ y u COS S + Sin 9 =-|r'/g cos 9 
Multiply mg (5) by cos 0 and (6) by sin e and addin* 

Mg sin 9 cos 9 

c . , , 5=2.W* sin 9 cos A/g sin 26. 

Similarly, Y=Mg <$ sin 2 9 + j. COi2 

Clearly A is maximum when sin 20 —1 
when 6 — 45 ° 

And in that case, y = Mg [f sin 2 45°+J cos 2 45°1 

= A/ S [!.*+*.$] 

r , , . . . = A - A Afg= ^ tiraes the weight of the rod 

Ex. 3. A circular area can turn freely about a horizontal axis 

which passes through a point O of its circumference and is perpen- 
\hroulh O i* S \ r “” 7 / F moUon com, ^ences when the diameter 

, t » ,# / ' *no\\ mat , when the diameter has 

turned through an angle d thp rm »n # r . 

, . *■ ’ e ccm P°nents of the strain at O along 

Z7ffZ d :7! ar ,o ,his diameter ° re ** ^ - •-<> 

Let be the radius of the disc. Let P 
components of react,on along and perpendicular to OG. 
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Equations of motion of G along 
and perpendicular to OG are 

MaQ 2 = Mg cos 6 — P ...(1) 

and Matf = Mg sin 0— Q. ...(2) 

Also taking moments about O, 
we get M k 2 &'= Mg.a sin 0 ...(3) 

where k is the radius of gyration of 
the disc about the horizontal axis 
through O perpendicular to the plane 
of the disc. 

Mk 2 =M \dr + Mar=\Ma 2 . W=Mg 

Then (3) may be written as 

M. \a z .$=Mg.a sin 0 

ie - Ma\j=\Mg sin 0. ...(4) 

From (2) and (4), we get 

or \Mg sin 0 = A/gsin 0-0, Q = }Mg sin d=\W sin 0. 

Again integrating (4), we get 

Mao 2 = — \Mg cos 0+A, 

When 0=0, 0 = 0, so that A = \Mg. 

.*. Ma() 2 = \Mg (1 — cos 0) ...(5) 

Then (1) and (5) give iMg (1— cos d) = Mg cos 0— P 
or p=Mg (| cos 6 — $) = §lV (7 cos 0 — 4) 

4. A heavy homogeneous cube, of weight fV, can swing about 
an edge which is horizontal, it starts from rest being displaced from 
its unstable position of equilibrium. When the perpendicular from 
the centre of gravity upon the edge has turned through an angle 0, 
show that the components of the action at the hinge and at right 
angles to, this perpendicular are 

\W (3 — 5 cos 9) and \ W sin 0. (Agra 1950, 54) 
Here OG = \ V[(2a ) 2 + (2a) 8 ] 

= \/2 a. 

Equations of motion of G along 
and perpendicular to GO are 

M.ay/2. 0 2 = Mg cos 0 +/ > ...( 1 ) 
and M.ay/2.'o = Mg sin 0 + Q 

...( 2 ) 

Also taking moments about O, 

Mk t . '(j=Mg.a>/2 sin 0 .. .(3) 

But AfA : 2 = M.I. of the cube 

about an edge 
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=1M(a 1 +o ! ) = ^a* 


i e. 


[see Ex. 8 § 1*13], 

Then from (3), M ,%a 2 .lj=Mg,ay/2 sin 0, 

.. 3v/2 . _ 

09 = g - g sin 9. 

Integrating, ao 2 =—^~g cos 9+A. 

When 9=0, 0=0 so that g. 

. 3\/2 

.. a 9 ~=~— g(l—cos0). 


..(3) 


.(3) 


From (1) and (5), we get 

My/2,^~ g (1—cos 9)=Afg cos 9+P 

or P=Mg (| — | cos 9 — cos 9) 

= \W (3—5 cos 9). 

And from (2) and (4), we get 

My/2. §y/2g sin 9 = Mg sin 9 + Q 

or 0 = —JA/g sin 9 = — \W sin 9 , 

— ive sign shows that Q is in a direction opposite to that shown 
in the figure. 


Ex. 5. A circular disc of weight W can turn freely about a 
horizontal axis perpendicular to its plane which passes through a 
point O on its circumference. If it starts from rest with the dia¬ 
meter vertically above O/ show that the resultant pressure on the 
axis when that diameter is horizontal and vertically below O, are 
respectively \y/17 W and V W. Further prove that the axis must 
be able to bear at least V times the weight of the disc . 



(L A. S. 1953) 

Proceeding as in Ex. 3 above, we get 


P=i\\V (7 cos 9 — 4) 

...(0 

an d Q=) ( iy sin 9. 

...(2) 

If R be the resultant pressure, then 


/?2 = p2 + Qi^ifyz [ 49 cos * 0_5 6 cos 0+16 + sin* 0], 

[48 cos 2 0—56 cos 0+17]. 

...(3) 
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When the diameter is horizontal, 0 = 2 * 

In this case, R 2 =IW 2 A1 
or R=W 171V. 

Again R is maximum when 6=tt. 

In this case, R 2 =\W 2 (48 + 56+17) 

^W 2 

or R=^W. 

Ex. 6. A uniform semi-circular arc, of mass m and radius 
a, is fixed at its ends to two points in the same vertical line , and is 
rotating with constant angular velocity w. Show that the horizon¬ 
tal thrust on the upper end is m 

7r 

(Rajasthan 1960, Punjab 53, 54; I. A. S. 58) 


Let O be the centre of the circle and 
G the C. G. of the semi-circular arc, so that 

OG= 

7r 


Since the arc is rotating with constant 
angular velocity w, the only effective force 

on it is m. — .w 2 along GO, 

7T 

If P and Q are the horizontal and verti¬ 
cal reactions at the upper end A, we get on 
taking moments about the lower end C to 
avoid the reaction at B, 


2a , , 2 a 

m.— oj 2 a+mg. =P.2a, 
7 r rr 


P A 



n m (g+acu 2 ) 
giving P= -—- 


Ex. 7. A right cone, of angle 2a, can turn freely about an 
axis passing through the centre of its base and perpendicular to its 
axis. If the cone starts from rest with its axis horizontal, show 
that when the axis is vertical, the thrust on the fixed axis is to 
the weight of the cone as 

(7 + £ cos 2 <x) : (7 — h cos * a). (Agra 1958, Nagpur 57) 
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Let O be the centre of the 
base and V , the vertex of the cone. 
Let the axis OV make an angle 0 
with the horizontal after time /, 

Let OV=h, so that OG—\h. 
Let P , Q be the components of 
reaction at O along and perpendi¬ 
cular to OV. Then the equations of 
motion of G along and perpendi¬ 
cular to GO give 


and 


Taking moments about O , 

M.k 2 .Q = Mg.\h cos 0. 

But Mk 2 = M. I. of the cone about the axis 



..(3) 


so that 


• • 


w (*• e • a diameter of the base) 

so- (2/r+3a 2 ) [see Ex. 6 of Art. 1*22] 

~2q (2/j 2 -f 3/;* tan 3 <x) 

I1 2 

^' 2 =20 + 3 ta ° 2 *)• 

From (3), Af. — (2-f-3 tan 2 a) $=*\Mgh cos 0 


or 


**“2+3 tan 2 ~a * ^ COS *• 

10 * 


(4) 


Integrating (4), ^= 2 ^ 3 ^-.sin *+*. 

When 0=0, y = 0 so that A = 0. 

sin 0. 


//&*=— ,0 * 


2+3 tan* a 
From (1) and (5), we get 
M 10 g 

.sin 0 = F-Afg S iii e 


(5) 


4 *2 + 3 tan 2 a 

sin 0^1 + 

And from (2) and (4), 


4 + 6 tan 2 a 


) 


( 6 ) 


Q = Mg cos 0— _5^ 

/I O I T . 


4 *2 + 3 tan 2 a 

= A/g cos 0 1- 5 ~l 

L & + 6 tan 2 aj’ 


cos 0 


• • • 


(7) 


i. e. 


Motion about a Fixed Axis 


159 


TT 

When 0=2* * e - when the axis is vertical, we get 




^ and Q = 0. 


• • 


or 


4 + 6 tan 2 a 
Resultant pressure = P—Mg 

4 + 6 tan- a 

J F^ = 9 cos 8 a + 6 sin 2 «_ 6 + 3 cos 2 a 

Mg 4 cos 2 a+6 sin 2 a 6 — 2 cos 2 a 

1 + i cos 2 a . , 

as was to be proved. 


1 — £ cos 2 a 

Ex. 8. A rod, of length 2a, revolves with uniform angular 
oj about a vertical axis through a smooth joint at one extremity of 
the rod so that it describes a cone of semi-vertical angle a / show 

that a> 2 -= —. Prove also that the direction of the reaction 

at the hinge makes with the vertical an angle tan- 1 ff tan <x). 

(Agra 1946, 56; I. A. S. 59) 

Consider an element 8x of the rod 
at a distance x from the hinge at O, 

This element will describe a horizontal 
circle of radius x sin a, so that the 
reversed effective force is 

p.8x x sin a.o> 2 

acting along KL (see the figure). 

Let P and Q be the horizontal and 
vertical reactions at O. Then resolving 
horizontally and vertically, we get 

rZ<j 

P=\ p dx.x sin a.a* 2 =poj- sin a. A. <\ a 2 
J 0 

= 2 a 2 /tcu 2 sin a. = MaoP sin a 
and Q = Mg. 

Also taking moments about O, we get 

Mg.a sin a= xcosa./) t/x.^sin a. 

J o 

/ 2a 

x 2 dx 

= f>io 2 sin a cos a. h.8a 3 



•••(f) 

•••(2) 


OJ 


M 2 . 63 

= 2-•«" sin a cos a * a • 
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This gives 


*,* = 




...(3) 


4 a cos a* 

Again if 0 be the inclination of the resultant reaction with 
the vertical, then 

a p Maui* sin a 
tan d = ~= -—- 

Q Mg 


a sin a 3 g 
g ’ 4a cos a 


_ 3 


4 tan a 


mg 


or 0 =tan -1 (4 tan a). 

Ex. 9. A uniform circular disc, of mass m and radius a, is 
making complete revolutions in a vertical plane about a horizontal 
axis through a point on its circumference. If the pressure on the 
axis vanishes when the centre is vertically above the axis, determine 
the angular velocity when the centre is vertically below the axis, 
and prove that the pressure on the axis is, then, 

(London 1934) 

Let co be the angular velocity of the 
disc when its centre is vertically below 
O. Let 0 be the angle made by the 
diameter OA with the vertical after 
time t. Let P and Q be the components 
of reaction at the hinge O along and 
perpendicular to GO. Then the equations 
of motion of G along and perpendicular 
to GO are 

ma()- = P—mg cos 0 ...(1) 

and ma\j—Q — mg sin 6. ...( 2 ) 

Also taking moments about O, 

m.(a 2 +\a~).ij=—mg.a sin 0 
* o'(j= — %g sin d. 

Integrating (3), we get- 

(*6 2 =ig cos d + A. 

When 0 = 0, o = <*> so that A=aco ? —*g. 

Hence ao 2 =ato 2 —*g (1 —cos 0). 

• • P=mg cos 0-j-mato 2 — *mg ( 1 —cos 0) 

= m [aco 2 — cos 0J. 

And Q = mg sin 0—\mg sin 0=£mg sin 0. 

Now the reaction vanishes when the centre 
above O i.e. when 6 = tt, we have 

P= 0 and Q~0. 



- V A 


[V 

...(3) 


...(4) 

...(5) 

...( 6 ) 

is vertically 



Motion about a Fixed Axis 


161 


• • 


giving 


We get from (5), 

I*-**], 


o 

Cu~ = 


LL g 

3 a * 


...(7) 


3a * 

1 e ' thC angu,ar velocity when the centre is vertically below O 

= V( I 3 ^)* 

we^e'Vn 0 p'tit/rotTsrand ^ 

P=m (tfo, 2 —*g-f i g ) 


and 


=m 

= V/wg 
0=0. 


£ 3^~ag+lgJ from (7) 


Resultant reaction = Vwg. 

312. Motion about a fixed axis : _ Imp „ |sive 

before and juft afteMheactio^oTtLTmpuhlve fS. ,h * jUSt 

2.) ° { m ° men,Um aboUt tlle axis of rotation is 
HenCe Chanfie in m ~ of momentum about the axis 

Mk, ( oj —co). 

‘ben the^moinent'equation'give* ab °“‘ «* axis. 

A//c 2 (oj'- w ) = 1. 

fl nd perpendicular to OG°, the^ nCntS ° f thc ,mpulsive action along 

and >) = Q+y 

3*13. Solved Examples. 

in equilibrium; find",he 'puuL if"," s enJ A a »d is 

“Pplied to i, so ,hat the impulses at A u ™* “ *' Wbe 
of that blow. A may be in each case (//«)tb 

Let 


AD^2a, so that 
AG=-a. 
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Let an impulse P be applied 
at a distance .v from A. It pro¬ 
duces an impulsive action - P at 

/# 

A and an angular velocity co. 

Then the equations of motion 
are 

Afk 2 co=P.X 

i.e. M.*a-co = P.x ...(l) 

and Afauj- 


i 


ip 

n 1 


p+'p^ n -±Jp' 
n n 


Dividing (1) by (2), we get 


ia = 


nx 


or 


n + \ 

-K'4- 1 )- 


I 


G(M) 


^ n P * s ' n ^ le opposite direction, we have 


B 


...( 2 ) 




a. 


Ex. 2. A uniform rod OA . of mass Af and length 2a. rests on 
c, smooth table and is free to turn about a smooth pivot at its end O 
in contact with it at a di tance h from O is an inelastic particle of 
mass m; a horizontal blow, of impulse P. is given to the rod at a 
distance x from O in a direction perpendicular to the rod-find the 
resulting instantaneous angular velocity of the rod and the impulsive 
action at O ami on the particle. 

Here OP= x and OG = a 
Let .9 be the impulsive action 
between the rod and the particle of 

mass m ; then the moment equation 

gives 

Af.' z a-uj = P.x-S.b. ...(i) 

Also 

•9= momentum generated in m 

= mb to. 

From (1) anJ (2), we get 

Af. $a-u> = P. x — mbw. b t 
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giving 


CO — 


Px 


...(3) 


and then 


■SW 


...(4) 


iMa*+mb 2 ' 

Pmbx 

Now let X be the impulsive action at O. Then, since the 

change in the motion of C.G. of the rod is the same as if all the 
impulsive forces were applied these, 

Maui = P-S— X. 


This gives 


X ~ P — S~ Atouj 

= P— mb a, — Maoj 

Px 

mb) x 


= P — (mb -f Ma ). 


-'H 


Ma~-\-mb 2 


n 


Ex. 3. A rod, of mass nM, is lying in a horizontal table and 
has one end fixed; a particle , of mass M, is in contact with it The 
rod receives a horizontal blow at its free end; find the position of 
the particle so that it may start moving with the maximum velocity. 
Jn this case show that the kinetic energies communicated to the rod 


and mas^ are equal. 

Let P be the horizontal blo.v 
applied at the end B of the rod AB 
of which the end A is fixed. Let 
the position of the particle of mass 
w be at C where AC=x Then 
the velocity communicated to M is 
xoj, where a, is the angular velocity. 
Hence the equation of angular 
motion gives 


(Jaipur 1953, Agra 42) 


B 


which gives 


nM.*a 2 .uj + Mxuj.x=P. 2a, 

2a P 


2a Px 


M dna- + x~Y 

v= velocity of the particle = xoj = --- 

M x-)’ 

Now v is maximum when 


dv 

dx 


= 0 I. 


2a P rtna* + 2x* *J_ 

L + J~°* 


M 


This gives x = 



164 


Dynamics of a Rigid Body 

Hence the position of the particle is at a distance 2a\ / 
from A. * 

Again K.E. of the particle = lMx*oP 


= \M. 


Aa-n 


CO 


and 


= | Mud'co 2 

K.E. of the iod = $nJ\f %a z .uP 

.. K.E. of the particle=K.E. of the rod. 

Ex. 4. A rod , of mass m and length 2a, which is capable 
offr.emotion about one end A, falls from a vertical position, and 
»hen tt is horizontal strikes a fixed inelastic obstacle at a distance 
b from die end A. Show that the impulse of the blow is 
m 


m 


- - r -- v/ tsiL/tv 

2a / <2ga\ 

h \f ^ 3 ) arn 1 t ^ at the impulse of reaction at A 
\/ vertlca Hy upwards. 


is 


I ct at be the angular velocity 
generated when the rod falls from 
its vertical position to the horizon¬ 
tal position. Let P be the impulse 
ot the blow and X the impulse of 
the reaction at A. Here AP=b. 

Now change of K. E. 

= work done 



** a« w w — mg.u ...(1) 

e ,“ ‘ h . e . rod is reduced to rest, after striking the obstacle, 

Oil laklnir m A m f S t n L « ..4 A 


we get, on taking moments about A, 

m.U 2 (0~w) = ~P.b. 
Also for G y we get 

m ( 0 -aco) = -P-X. 
From (1) and (2) f we get 

*,= . /n*\= 3pb 

. „ \r \2aJ 4ma 

giving ,« rV© = '"^V( 2 r) 


...( 2 ) 

...(3) 


w -- s v v \ j / 

And then A'— niaui — P= ma 2 ° 


m 




u»i at 
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Ex. 5. A un form beam can revolve about its centre of gravity 
in a vertical plane and is at rest inclined at an angle 7 to the verti¬ 
cal A particle of given mass is let fall from a given height above 
the centre and hits the beam in a given point P Find the position 
of P so that the resulting angular velocity may be maximum. 

Let x be the distance of the p^int from G where the particle 
strikes the beam so that GP~x. 1 

Since the particle falls from R / 

a height h above G, the vertical v \ / 

distance through which it falls V "' 1 ' 

before striking the beam is 

h — x cos a. 

Hence if V be the velocity '/Ox 

of the particle before striking / 

the beam, / 

V z =2g (/* — x cos a). . . .(1) / 

Let R be the normal / 
impulse at P and X the impul- y 
sive action at G. A 

If o» be the angular velocity after impact, then the equations 


of motion are M. ,oj = R .x 

and R — m (V sin a —Xoj). 

Eliminating R from (2) and (3), we get 

M. Ja’wsffu (Fsin a —Xoj) 

or <*> (3 A fa-+mx 9 )=*ntx F.sin a 

Now oj is maximum when = 0. 

dx 


...( 2 ) 

...( 3 ) 


...(4) 


i. e. 


DilFerentiating (3) w. r. to x, we get 

(}Ma 2 + mx 2 ) -j-2/nxaj = mF sin a +mx ^ sin a 

2 mxw = mV sin a-f mx/^.sin a f • • ^ = ol 

dx L * iix J 


dj/ J 2 xio-V sin a 
dx~~ x sin a 


dV 


Also from (Ij, 2F — = — 2g cos a. 

2xoj — V sin a 


...(5) 


...(6) 


g cos a 
V 


From (5) and (6), 


x sin a 
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2xmV— V 2 sin a = —gx sin a cos a 
, mr ^ 2 s ' n a 

' • ~~ s,n a = “S* sm a cos a [from (4)] 

^ V- (2/?ix- — $A/a 2 —mx-) = —gx cos <x.{$Ma~+mx 2 ) 

2g (h x cos a) (mx 2 —iAfa*)+gx cos a (£ Afa 2 +mx 2 )=0 

nt * 3 cos <x-2mhx 2 -Ma*x cos ad-- 7 ' A/a* = 0 


or 3/w* 3 cos a - (*mhx 2 -3Ma 2 x cos a-f-2A//m 2 = 0. 

The value of .v found from the above equation v\ill determine 
the position of P. 

Ev.fi. A uniform thin rod A B, of length 2a, lies at rest on 
a smooth horizontal table and is freely hinged at A, a fixed point. 

n IS set in motion by a horizontal blow P applied to it in a direc¬ 
tion perpendicular to its leng'h a, a distance >,a from A and the 
magnitude of the impulse at a is O. The rod is then brought to 
rest by a horizontal blo c R applied at B perpendicular to A B. 
Prove that ^ _ Q R 

16~ 1 = ;o* 

Here AC=*/ 7 . Let at be the 
angular vcloicty of the rod after 

the blow P is applied at C. Then & R 

the equations of motion are AI_ 9 _ C 

M. *a : . 0 j — P. ...(|) ip B 

and Mam - p - Q ...(2 ) 

Now the rod is brought to rest 
bv applying a horizontal blow at B. 

Hence the equation of motion in this case is 


1. e. 



M *a-m = P. 2a. 

...(3) 

(1) and (2), 

we get 



Maoj=\*p=zP—Q 



Q = i*u P. 

...(4) 

(1) and (3), 

Mau> = \*P=%R 



P R 



16 10' 

...(6) 


Hence from (4) and (5). we get 

P Q R 

16 1 11) 
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to 


Ex. 7. A uniform beam, of mass m and length 21, is horizotal 
and can turn freely about its centre which is fixed A particle, of 

mass m' and moving with velocity u, hits the beam at one end. If 
the coefficient of restitution for the impact be e, show that the angular 

velocity of the beam after impact is 3, ~ ? and that the verti- 

(m -\-3ni ) l 

cal velocity of the ball is then — ) 

m-\-3m’ 

Let v be the velocity of the 
particle of mass in' after impact 
and u before impact. Let oj be the 
angular velocity of the rod then 

The equations of motion are A G 

m.*l*.aj=m' (w— v)./, ...(1) 

and v-cul=—e(u-o). ...(2) 

Eliminating vfrom (1) and (2), we get 

m. $I 2 w =m' [u - tul+eu] l 

/ 2 -fm7^=sm'K(l+e)/ 

3m' (I -\-e).u 
0) \m+3m') l * 

v — ojI — eu 


B 

u 


or 


/ e. 


OJ 


And 


— eu 


. _ 3 m* (1 -f u 

m - 1 - 3/m' 

__(3 m'-—em) u 
mi + 3m' 

_ _ (em — 3m') u 
(mi + 3mi') * 

Negative sign may be neglected. 

Ex. 8. The door of a railway carriage stands open at right 
angles to the length of; the train when the latter starts to move with 
an acceleration f : the door being supposed to be smoothly hinged to 
the carriage and to be uniform and of breadth 2a, show that its 
angular velocity, when it has turned through an angle 6, is 




2a 


sin 0 


) 


(Delhi Hons. 1959) 
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Let A BCD be the door which can rotate 
about AB. Since/ is the acceleration of the 
train along the rails, every element of the 
door will have the some acceleration / 
Parallel to the rails and in the opposite 
direction. Hence when the door has turned 
through an angle 0 , the acceleration of every 

element perpendicular to plane of the door is 
J cos 0. 

Consider an elementary strip of thickness 
Sx parallel to AB and at a distance x from it. 



Jts mass = ~ «s.y, where m is the mass of the door. 

And the force on this clement at right angles to the plane 

of the door r 


i e- 


=5" fix f cos 0 [P=mfl 


In 

Hence taking moments about AB , we get 

ni • a - 0 =| 0 dx ./cos 6 .x 

J o -U 

_ m f 

5 ^ cos 0. \. Aa- = maf cos d 

•• V 

H = A COS 0 

Aii 


Integrating, 
When 0 = 0, 
Hence 


3f . „ 

0' = sin 6 +A 


O~0 so that .4 = 0. 

\f (2a sin 

Ex. 9. A rod of mass M end length 2a , is rotating in a vertical 
p am with angular velocity 10 about its centre w hich is fixed. When 
the rod is horizontal, its ascending end is struck by a ball of mass 
m which is fading with velocity u, and when it is next horizontal the 
tl "r n ‘ S Strl ‘! k hy ° similar bal/ filing with the same velocity u: 
of ihfi!d’ZnduC' U “ 0n be ‘" S W,Uy ’ find ,he subsequent motion 


Let to,, <0., be the angular 

velocities of the rod after the lirst 
and second blows respectively 
and v,, v. the velocities of the 
balls in the vertical upwards direc¬ 
tion. 
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Let P be the impulse of the blow. 

Then the equations of motion in the first case are 

M. la 2 (w l — a#)=— P.a ...(1) 

anc * P=change of momentum in m 

=m (w-f-i'j). ...(2) 

Also normal velocity of separation times the normal 

velocity of approach 

16 * ( v x— a<o l ) = u+ao> [v <?=!]. ...(3) 

And the corresponding equations of motion in the second 
case are 

M.\a l ...(4) 

m (v 2 q-w) = />. ... ( 5 ) 

^2= 1 . (M-tftOj). ...(6) 

Eliminating P from (1) and (2), 

a Ma- (ojy — oj) — —am (w-f-Vj) 


i e. 


aio i — a<o= — ~ (u-j-vf. 


Adding (3) and (7), we get 


3m 


Vj ~ aio-= u-\-aco— — (j/q-vJ 

Vi ( l+ l 7 ) =u+ 2 a “’-l 7 “• 

v i (M-\-3m) = 2aAIoj + (\f — 3m) u. 
This gives v,. 

Substituting for v t in (3), we get 

_2aMu)i-(M — 3m) u 
1 M q- 3m ( Mfaw) 

a (A/+ 3m) a >i = a (A f —3m) a> — 6 mu. 
This gives oj 1 . 


— (u i-acu) 


...(7) 


Similarly we can find v 2 and w 2 from (4), (5) and (6). 

Ex. 10. Two wheels on spindles in fixed bearings suddenly 
engage so that their angular velocities become inversely proportional 
to their radii and in oppsite directions. One wheel t of radius a 
and moment of inertia /,, has angular velocity o> initially, the oth ?r, 
of radius h and moment oj inertia /„ is initially at rest. Show 
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(Raj. 1958) 


that their new angular velocities are 

fb 2 . Lab 

I h'l f w GW* /“TV*. ° COm 

1 1 ° + Ivor 1 b--+ I 2 a~ 

Let <*>! and a> 2 be the angular 
velocities of the wheels of radii a and 
b respectively after impact. 

Since the velocity of the point of 
contact is the same for each wheel, 
we have 

au) l = ba)o. ...( 1 ) 

Now the change in the moment of momentum of the first 
wheel of radius a — I x (o>, — w). 

Hence the equation of motion of the first wheel is 

/'. ( w i~ cu) = R.a. ...(2) 

R being the impulsive force product by the engagement. 

Similarly for the second wheel, 

I,(w 2 -0) = R.b. ... ( 3) 

Eliminating R from (2) and (3), 



/, (cu l — tu) = — a. 

Irom (I) and (4), we get 


/.uj a 


...(4) 



/ i (co x — Ol)— —^ / 

b 

i e. 

(/l+^ /a ) =/ i^ 

or 

b-/., 

CO, -~-L 


Qcu 

b 


CO 


V> 2 +/,a 2 * 


And 


to = 0x> ~ = A baiv 

'• b~ I t p + I~ a 




- * 14. Centre of Percussion. // a both, rotating about a 
Ji ved axis is so struck that there is no reaction on the axis, then 
any point on the line of action of the blow is called a centre of 
percussion. (Agra 1949, 54, 58; Rajasthan 60; Punjab 59) 

If the lme of action of the blow is given, the axis about 

which the body begins to turn is called the axis of spontaneous 

rotation. Clearly this coincides with the position of the fixed 
axis in the fir^t case. 
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3*15. Centre of Percussion of a rod. 

Let P be the horizontal blow applied 
to a point C of a vertical rod OA suspended 
from O. Let OC=x. Let X be the impul¬ 
sive action at O and w the instantaneous 
angular velocity communicated to the rod. 

The centre of gravity G will move with 
velocity aw. 

The equations of motion are 

Mk 2 w=P.x ...(1) 

and M(aw — 0) = P + X. ...(2) 

If the line of action of the blow passes 
through the centre of percussion, there is no 
impulsive action on the axis so that ^ = 0, 

Then (2) becomes 

Maw = P. ...(3) 

Dividing (1) by (3), we get 

k * 

x= =length of the equivalent simple pendulum. 
a 

3*16. General case of centre of percussion. 

Take y-axis as the fixed axis and the plane xy pass through 
>’*axis and the centre of gravity G of the body, so that the 
co-ordinates of G are (.V, y, 0). Let Q be the point where the 
blow is given and let the plane through Q perpendicular to j'-axis 
be zx plane. Then co-ordinates of Q can be taken as (£, 0, £). 

Let X, Y, Z be the compo¬ 
nents of the blow at Q. Consider 
an element of mass m at a point 
P of the body at a distance r from 
Oy at an angle 0 with z-axis. 

Then the co-ordinates of P are 
given by 

x ~r sin 0. 

_>’=conslant, 
and z = r cos 0. 

Let w be the angular velocity and u, v, w the components of 
linear velocity before the blow, parallel to the axes. Then 

u = x = r cos 0. () = zw, v — y = 0 
w= — r sin 0.{f= — xw. 
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...(!> 

...( 2 ) 

.-.(3) 


...(4) 


...(5) 
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Again if u\ v', w' be the velocity components parallel to the 
axis and «, the angular velocity after the blow, then 

u'—zto', v-' = 0, w'=—xoj’. 

The equations of motions are 

X=£ m (u'-u)=E mz ( w '- to) = - to) 2 mz 

= (o >'—cu) M?=0, since 2=0. 
y=2 in (v’ —v) = 0, since v' = v=0. 

Z=2 m (u’'— H’) = — ( u /— oj) E tnx 

= — (a/ — to) MX. 

— YZ = E m {y (u-'—u-) —z (v'— v)} 

~ ~(«»'— a>) E mxy= — (to —to).F, 

1 e% F=0, since T=0. 

m {z (u'-u)-x (vt’*— w)} 

= (oj — to) E m (z'“-|-x 2 ) 

= (<o'-to).Afk*, 

w here Afk- is the M. I. of the body about y-axis 
and SY=r m fx (v'-v)-y («'_«)}= S myz 

— — (to' —to). D, 

i.e. D = 0, since K=0. ...(6) 

Equations (1) and (2) show that A'= 0 , V=Q, i e. the blow 
must have no components parallel to the axis of .v and y. Hence 

~ 1C °. vv nu,st perpendicular to -vy-plane, which contains the 
ixe axis and the instantaneous position of the centre of gravity. 

we gct . /r=0 and = 0 from f4) and (6). It means 
, , u (,x -‘d axis (which is y-axis) must be a principal axis of 

k oi y at the origin i c. at the point where the plane through 

. le lne .°* acIion the blow perpendicular to the fixed axis cuts 
.iis is a necessary condition for the existence of the centre 
° Percussion If the fixed axis is not a principal axis at some 
point, there is no centre of percussion. 

From (3) and (c), we get 

This relation shows that the distance of the centre of per- 
cusHon from the fixed axis is the same as that of the centre of 
oscillation. Hence the direction of the blow passes through the 

centre of oscillation and the centre of percussion may coincide 
with the centre of oscillation. 
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To sum up. In order to find the centre of percussion of a 
body for a fixed axis, 

(i) find the point where this fixed axis is principal axis of 
the body; 

(ii) Below the point where the fixed axis is a principal axis, 
take a distance - = length of equivalent simple pendulum and 

X 


draw an axis perpendicular to the plane containing the fixed axis 
and the centre of gravity. 

Then any point on this line is a centre of percussion of the 
body for that fixed axis. 

3*17. Solved Examples. 

Ex. 1 . Find the position of the centre of percuision o f 

(i) a uniform rod with one end fixed , 

(ii) a uniform circular plate , axis a horizontal tangent. 

(i) If 2 a be the length of the rod, then 

h = a and k 2 = ia 2 . 


The distance of 
fixed end = 


the centre of 

k 2 %a 2 4 

-' - ^ • 


percussion below the 


(ii) In this case, h=a, k 2 =$a 2 +a 2 = *a 2 . 


Hence the distance of the centre 

highest point == ^ 2 = ifL" == 5 a 

h a 4 

Ex. 2. Find the centre of percussion 
is free to move about its side BC. 

Firstly, we shall find out the 
point where BC is a principal axis 
of the triangle. 

Let AE be the median and AD 
the perpendicular to BC. Let AD=p. 


of percussion below the 


of a triangle A BC w hich 
(Agra 1949, 54, 58) 



A 


Now BC is a principal axis at the mid-point of DE. 

(See Ex. 7 § 129) 

Let this point be O. 

Now M. I. of the triangle above BC is the same as the 
M. I. of three particles each equal to £A/ placed at the middle 
points of the sides of the triangle where M is the mass of the 
triangle. 

.*. Mk 2 =M. I. of the triangle about BC 
= (*/>)* + (hpf+hM.O 
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= l Mp a 

i.e. k*=&p 2 . 

Also /j=the depth of C. G. below BC=}tp. 

Depth of the centre of percusssion below BC along the 
vertical through O 

~h ^ P * 

i.e. the centre of percussion lies at the middle point of AE. 

Ex. 3. Find how an equilateral triangular lamina must be 
struck that it may commence to rotate about a side . (Punjab 1955) 

In order that the triangle may commence to move, the blow 
should be applied at the centre of percussion. 

This is then a particular case of the previous example. Here 
D, E, O all coincide. 

Hence the centre of percussion lies at the middle point of 
the median AE. 

Fx. 4. A uniform circular lamina rests on a smooth 
horizontal plane ; show that it will commence to turn about a 
point O on its circumference ij it he struck by a hor'zontal blow 
whose line of action is perpendicular to the diameter through O and 
at a distance from O equal to three-quarters of the diameter of 
the lamina. 

Let OA be the vertical diameter and 
let a blow P be struck at a point C of OA 
where OC-x. Let u> be the angular 
velocity produced about a line through O 
perpendicular to is disc. In this case there 
is no impulsive action at O. 

Hence the equations of impulsive motion 
are Mau> = P ...(1) 

and M K\a" \-a-).u) = P.x. ...(2) 

Dividing (2) by (1), we get 

.*= *«= 4 of the diameter. 

Ex. 5. A pendulum is constructed of a solid sphere , of mass 
M and radius a, which is attached to the end of a rod , of mass m 
and length b. Show that there will be no strain on the axis if the 
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pendulum be struck at a distance 

\M {fa 2 + (a + 6j 2 } + £w& 2 ]-KA/ {a + b)+\mb)from the axis. 

(Agra 1944, Punjab 1952) 

Let O be the fixed end of the rod OA to which a 

sphere with centre C is attached. 

Depth of C. G. of the rod and the sphere 

below O. 

m.--f M (b + a) 

_ ^ =h 

m-\- M 

Also if k be the radius of gyration of the whole 
system about an axis through O , then 

(m + M) k- = m.i (5)’ + ^ [(6+o) 2 + W\. 

* 

Depth of centre of percussion 

__k 2 _ M \\a 2 + (a +b ) 2 }-{-} x mb' t 
h i,nib-\- M (o-f b). 



Ex. 6. Find the position of the centre of percussion of a 
sector of a circle, axis in the plane of the sector, perpendi¬ 
cular to its symmetrical radius, and passing through the centre of 
the circle . 

Let O be the centre and OAD be 
the sector. Take the symmetrical 
radius as x-axis and a line OY 
perpendicular to the plane of the 
sector as the axis of rotation. 

Now M. I. about OY 

= Mk z = 2 j j r 2 cos 2 0 pr dd dr 

" (1 +cos 26) dO 
o 

. . / , sin 2a\ 

= ipa* {a 4- 2 J 

= 4 pa 1 (a 4 -sin a cos a) 

= i (a 4 -sin a cos a) as M=p.a.a 2 

oc 




Mar 

4a 


(a4-sin a cos a) 
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& 2 = — («+ sin a cos a). 

And/;=the distance of C. G. from O 

_2 a sin a 
3 * a ' 

Therefore the distance of centre of percussion from O 


k 2 


o 


3a 


—r =t~ ( a +sin a cos a)x«-— 

n 4a 2a sin 


-?( 


a + sin a cos a 


sin a 


) 


a 



CHAPTER IV 


MOTION IN TWO DIMENSIONS 


(Under Finite Forces) 

4*1. Equations of Motion :—Determine the dynamical equa¬ 
tions of motion in two dimensions, when the forces acting on the 
body are finite. (Agra 1955; Punjab 60) 

Suppose, at any time /, (.?, y) are the co-ordinates of G, 

the centre of inertia of the body, and 0 the angle which any 
straight line fixed in the body makes with another straight line 
fixed in space. 


Then the equations of motion of the centre of inertia are 
given by 



= 2" X y 




Let (x' t y f ) be the co-ordinates of any particle m of the 
body relative to the centre of inertia (also called the centre of 
gravity). Then motion about (7, the centre of gravity, is expressed 
by the following equations 


, dy _, d z x 


Sm ( x <u‘-y a* 


) = 2 (x'Y-y'X) 


..(3) 


or E m 


or 


or 


f x » <L ('dy\ , dx ' d _y'_ _ d ( dx> \ dx' dy' 1 
l dt \ dt ) + dt * dt y dt\ dt ) dt dt J 

*-4 <"-y» 


yx) 


d 

dt 


2 - m (*• %-y vr-yx). 


..(4) 


because the operator 


is independent of summation. 


The term 



dy'_ , dx' 
dt y dt 


city of m relative to G. 


is the moment about G of the 


velo 
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Let r be the distance of 
any particle m at P and <f> be 
the angle which GP, the line 
joining P to G, makes with GB, 
the line fixed in space , and 6 the 
angle that a line GA which is 
fixed in the body makes with GB. 

It is obvious from the 

figure that <b = 6+/_AGP. 

d<f> dd 
*’* dT~dt’ 

Since /__AGP is the same throughout the ensuing motion (as 
the point P and line GA both are fixed in the rigid body, hence the 
angle between GP and GA is constant). 

Now the distance GP is r; hence the velocity of m the particle 

at P relative to G is r ^. 

dt 



The moment of the velocity of m about ^ =rx ( r ^) = r ^ =r ^ 

(pcrp. distance from G upon the direction of the velocity X the 
velocity). 


Hence S /;/ 


V dy _ (bd 
dt y dt 


)- 


the sum of the moments 


about G of the velocities of all mass-elements such as m 

„ 0 dd dO 

= 2? mr- , = . 27 mr- 

dt dt 


= Mk 2 o, 

k being the radius of gyration of the body about an axis 
through G perpendicular to the plane of the motion i.e. xOy 
plane. 

The equation (4) can be written as 

~ (Afk n -o) = Z {x'Y-y'X), 


i.e. Afk-y =27 (x’Y-y'X) 

= the moment about G of all the 
external'forces acting on the body* 

...(5) 

Equations (1), (2) together with (5) constitute the dynamical 
equations of motion. 
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4'2. To express the kinetic energy in terms of the motion of 
the centre of inertia and the motion relative to the centre of inertia, 
when the body is moving parallel to a plane (i. c. in two 
dimensions). (Agra 1954, 56, 61; Punjab 52) 

Given (S, y) as the the co-ordinates of G the centre of gravity 
of the body referred to two fixed axes, let ( x , y) be the co-ordi¬ 
nates of any element s of the body. Let (* *) ) he the 
co-ordinates of this element referred to the parallel axes drawn 
through G the centre of inertia. 

Then from the figure, 

x=x+x',y*=y+y'. 

Differentiating these w. r. t. 

*t\ we get 

dx__dx , dx’ dy = dy d/ 

dt dt ' dt' dt dt dt 

Since the kinetic energy of 
the element m is 



hm 




= 27 hm Z I ~ 1 -fr¬ 


it follows that the kinetic energy of the whole body is 

[{(©’+ (©>{(«■)■+©•}] 

But since the origin for (*', y') is G t the centre of inertia of 
the body, hence 

27 mx’ 

27 m 


=27 \m 
= h 27 m 


= 0 


1 


i. e. 


dx’ 


Similarly 

Also 


and 


Emx' = 0, or 27 w-^- = 0. 

27 m % = 0. 
dt 

dx dx’ da dx' 

27 m = 2. m = 0 

dt dt dt dt 

dy dy’ dy <//_ 0 

tfl ~ j -J7 ' i tf ^ t7l / # — U# 

dt dt dt dt 


...( 2 ) 
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V ^ and ^ is independent of summation. 

With the help of the results given by (2), equation (1) can be 
written as 


*-{(SMS’} 


£ m-\-\ £ m 


{(£)■+(£)■} 


-{(¥) 


3 . fdy\t 


)■}• - 


(3) 


Now \M |(7/7^ J = kinetic energy of a particle of 

mass M placed at the centre of 
inertia and moving with it 

= *A/v a , ...( 4 ) 

v being the velocity of G , the centre of inertia, 


and 


h £ m {c dt y + ci t ^ | = kinetic energy of the body 


relative to G the centre of 
inertia 


= * £ m 


r d<f>\- 


^as is the velocity of any particle m relative to G^ 

= i s m ( r ^) 2 *•* from artic,e ( 4l > 


= 2 (jfif £ m r'=lAfk 2 d* ...(5) 

k being the radius of gyration of the body about a line through 
G perpendicular to the plane of motion. 

Substituting the values from (4) and (5) in (3) the required 
kinetic energy 

= • Mv- -f *. Mk o - 

= the kinetic energy of a particle of mass M placed at the 
centre of inertia and moving with it -f- the kinetic energy of 
the body relative to the centre of inertia. 

Imp. Note. The result we have obtained can also be 
expressed in the following form :— 

kinetic energy of the body = (kinetic energy due to translation) 

-f (kinetic energy due to rotation). 
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4 3. To find the Moment of momentum (Angular momentum) 
about the origin O of a body moving in two dimensions. 

Proceeding as in the previous article, we have 

x=Z+x’ t )’=? +-/. 

Hence the moment of momentum of the body about the 
origin 



But ^—=0 as ( x', y') are the coordinates referred to G 

2 / nt 

the centre of gravity as the origin. 

Hence 


dx’ v dy 
2m , =0 = 2Jm 4- 
dt 


dt * 


Zmx’ 0. 

dt dt 

dy d 


V the velocity ~ or ~ is independent of summation. 


dx* dx 9 

Similarly Zmy jj~~y 2 ,n =0; a * so f° r corresponding 

terms in y. 

Hence from (1), the moment of momentum about O can be 
expressed as 

-(■ %-> '>■«» («■ ¥-» if) 

-«(■S->'©«”('• 

Clearly M — ? ^ ) is equal to the moment of momen¬ 

tum about O of a particle of mass M placed at G, 

= Mvp, ...(2) 

where v is the velocity of the centre of mass placed at G and p is 
the perpendicular from O upon the direction of the velocity v of 
the cer tre of inertia. 
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Also Em (*' £ -y' * ) 

= moment of momentum of the body about G 




t 


a 


because r ~ is the velocity of the element m relative to the 
dt 

centre of inertia, and from § 4 1 J 


Hence 



k being the radius of gyration of the body about a 
perpendicular to the plane of rotation. 


...(3) 

line through G 


Hence the total moment of momentum 

= M vp -|- Mk*$. • • • ( 4 ^ 

Note. Let the coordinates of G referred to the fixed point O 
as origin be (/?, 0), then in this case total moment of momentum 

= MR'^,+ Mk*e. 
at 


4*4. To find the Energy Equation for a Rigid body. 

Let the impressed forces which act on the rigid body be 
replaced by a force with components EX and EY acting at the 
centre of the mass, together with a couple L\ then the work which 
is done in any displacement of the body is expressed as 

JtQaVx+J L dO, ...(1) 

(x, y) being the coordinates of the centre of inertia, and 0 the 
angle which a plane in the body perpendicular to the plane of 
motion males with another plane fixed in space also perpendicular 
to the plane of the motion. 

The work which is being done by the external forces is 
obviously the sum of the uorks done on the separate elements of 
the rigid bodv [since the work done by the reactions between the 
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elements will be zero, if we sum up for all the particles, just as 
the reactions do not appear in the equations of motion.] 

We know that the increase in the kinetic energy of every 
particle in any interval is equal to the work done on it in the same 
interval Hence the increase in the kinetic energy of the rigid 
body in any interval is equal to the work done by the external 
forces, 

i.e. *AfP*+JA/A:*$*=2 J X dx+2 J Y dy+\ Ld)+C. ...(2) 

where C is the initial value of the kinetic energy. 

The generalised result can be stated as given belo.v : — 

If several rigid bodies are attached together, such that the 

reactions between them do no work, then the sum of tlteir kinetic 

energies is equal to the work done on them by the external forces 
in any interval of time, together with tlteir initial ktn.ttc energies 
(i. e. when the displacement was considered). 

4 5. Alternative Method for energy equation. 

The equation (2) of article (4 4) can also be obtained directly 
by integrating the equations of motion of the rigid body. These 

equations are 

Ms — M 
A/y= M 


...( 2 ) 


Mh*y=Mk* = 


...(3) 


u , v being the components of the velocities of the centre of 
mass in the respective directions. Now 

du du 


Similarly 


dt 

dv 

dt 


dx 

dv 


dx du 
dt dx 
dy dv 
dt~ V dy' 


...(4) 


dy 

dt) _d() 
dt dO 

Hence the equations of motion can be written as 

du =zx. 


dd . do 

dt dO 


...(5) 


Mu 


dx 


Mv ~=ZY, 
dy 

•.7 o • do , 

Mk '“ a° L ' 


■. .( 6 ) 


t 
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Now integrating these equations with respect to x, y, 0 
respectively, we have 


l M («»+ v 2 ) 4 - \ Mk*tf=Z 
which can be written as 


| Xdx+2 J Ydy+ J 


Ldd+C, 


Y dy+ J Ldd + C 

which is the same as (2) of § 4*4, (V being the resultant velocity). 

Corollary. Energy equation is written in the following form 
if the external forces have got a potential U / then work done in a 
small displacement is —dU. 


iMV'+lMVo^Z jxdx+Z j 


Hence 


iAfV*+lMk 9 e*= 


J dU+C 


= -U+C. 

or hMV' + iMk^+U^C. 

*4*6. General Method of Solution : 

As in $ 4*4, we get three equations of motion :— 

Mx = F cos <f> 4- R cos «//+... ) 

Afy=F sin 0 +R sin 0 + ... [ ...( 1 ) 

M k - 7 / = Fp + Rq+... ) 

F being one of the external foces acting on the body, having 
its components Fcos <f>, F sin </» parallel to the axes. The moment 
of F about C. G. is Fp, R is any one of the reactions. These 
equations are called the equations of motion. 

In general in addition to the equations of motion there will 
be geometric equations expressing the connection of the system. 
Also there will be as many number of geometrical equations as 
there are number of reactions in the system. 

Now with these equations we give two general methods for 
solution. 


First method of Solution. After differentiating the geometri¬ 
cal equations twice with respect to t, we substitute the values of 
,V obtained from the Dynamical Equations. Then we will obtain 
sufficient equation to determine the reactions. If the equations 
are linear in (.v. v, 9) having the form 

ax -f- by -\-c9~d, 

then this method is applic ihle and is of ere.it v ue. 
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Geometrical Equations. Let the two bodies be pressing each 
other with a reaction R. 

To obtain the Geometrical Equations , we have to express the 
fact that the velocities of the point 
of contact of the two bodies 
iesolved along the direction of R 
are equal. 

UtG(x,y.e),G'(x' t y\ d') 
be the coordinates of the centre 
of mass of the two bodies separa¬ 
bly, P,p’ be perp. distances from 
G and G' on the directions of R Also let a be the angle which 
the direction of R makes with the axis of x, then the geometrical 
equation is represented by 



cos ct+y sin *4-pd=x' cos cc+y’ sina-fp'g'. .. .(I) 

*4*7. Second Method of Solution. If the two bodies of masses 

^ M are pressing each other having R as a reaction between 

them form a dynamical system, then the equations of motion are 
as in § 4 6, 


Afx = F cos <t> + R cos a-f... 
My = F sin </» + ./? sin a-f... 
Mk*y-Fp4.Rq+.. m 

M"x = F ' cos R cos a-f ... 
M'y=F' sin <b — R sin a-f... 

M'k'*y=F'p'-R q '+... 


...( 1 ) 

...( 2 ) 


Multiplying the equations (1), by 2x, 2y, 2 q and (2), by 2 .v\ 2y' 
2d' respectively, and adding, we obtain 

2 M OMf yy+k 2 oij)+ 2 M' (*'5i’+yy'+k' s 6'(j') 

= 2 F(* cos ^-fy sin ^-f/^)-f 2R [x cos a-f y sin a +po 

cos a y' sin a -p'd"]4- .(3) 

The coefficient of R vanishes by virtue of geometrical equation 
(I) oft? 46. The same reason is to apply for other reactions 
between each of the two bodies. 


Let the body M be pressed against some external fixed obstacle, 
then R acts only on M. 

Now in this case the coefficient of 2 R, is cos a-f y sin a-f pft, 
and it vanishes again, because of the fact that the velocity of the 
point cf contact resolved in the direction of R is zero. 
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Suppose P is the point of application of the external force F; 
and let the velocity of P resolved along the direction of the action 
of F be /, in which case the coefficient of 2F is /. Thus the equa¬ 
tion (3) can be written as 

2 m (*H+yy+k*eo)+2M' V'x'+yY+k'-'e'y' 

—2Ffj r 2F'f ...( 4 ) 

which on integration yields to 

M (Ji' 2 +y 2 +A:'-a ,t )=C+2| j>rf/+ JV 

C being the constant of integration which is the initial kinetic 
energy. 

Thus we obtain a general result free from the unknown reac¬ 
tions of perfectly smooth or rough bodies which is expressed in the 
following manner : 

M (* 2 +j> 2 f k 2 o 2 ) -f... = C+ 2 J F df+ . 

or E {M (* 2 +y 2 ) + Mk 2 e*\ = C+2U .. .(5) 

where U is the integral of the virtual moment of forces. 

This is the equation for Vis-Viva. 

4*8. Vis-Viva of a Body. The left hand side of the equation 
(5) of the last article is called the vis-viva of the whole system. If 
we take only one body A/, we may say that 

Vis-Viva of M=M {(^) 2 + (£)’ + k 2 (£)*}. ...0) 

If the whole mass M were placed at the centre of inertia and 
moving with the velocity of the centre of inertia, then k would be 
zero; hence the last term in (1), would be zero. These terms 
together are called the Vis-Viva of translation; while the last 
term is called the vis-viva of rotation. Hence we can write this 
equation in the following form : 

Vis-Viva of M = Mv*+Mk 2 (i 2 .. .(2) 

\Nhere v is the velocity of the centre of inertia. 

The equation (2) can be expressed in polar coordinates as 
given below. 

Vis-viva of M=M jn+r^+k 2 } • • «( 3 > 

where ( r, <f>) are the coordinates of centre of gravity. 

Also let p be the distance of the centre of mass from the 
instantaneous centre of rotation of the body; then obviously 
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P — is the velocity of the centre of inertia. Hence we can write 
dt 

(1) in the following form. 

Vis-Viva of M = M (p 2 +k 2 ) fl 2 . 

4-9. Force Function and Work. The function U which 
we have obtained in the equation (5) of § 4-7 is called the force 

function of the forces. 

Let us consider a system of bodies under any constraints 
which are falling due to gravity alone. Let (x, y) be the coor i- 
nates of any element of the system, where y is measured down- 

wards. * . ■ 

Hence we express the force function for m = (F df=f nig ty 

= mg y +const. 

So for the whole system, the force function would be 

U = £mgy + const. 

= g£my+ const. 

= Mgy- f-const. V Zmy = My> 

y being the depth of the centre of inertia of the whole system 

and M the total mass. . 

C the constant of integration may be avoided, it the integral 

is taken between limits. Then we call’the force function U as the 
work of the forces when the whole system passes from the posi¬ 
tion called the lower limit; to the position called the upper limit. 
Thus we say that, 

The change in vis-viva = twice the work done by the forces. 

We may state the result just obtained in the following form. 
If, as a system moves from one position to another, its centre 
of gravity descends a vertical distance say h, the work done by the 
gravity is Mgh, M being the whole mass of the system. 

We also find that the result obtained is independent of any 
changes in the arrangement of the bodies and depends only on the 
space described by the centre of mass. 

Imp. Note. The great importance of the equation we have 
found is that we have a result free from all the reactions or 
constraints of the system. 

4*10. Components of Reaction. Let a body roll on any 
other body due to certain pressure, the two bodies yield slightly, 
and hence are in contact along a certain small area. There is a 
mutual action between two bodies at every point ol this area. 
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The whole of the actions across the elements are equivalent to 

(1) A component R , which is normal to the common 
tangent plane and usually called the reaction. 

(2) A component F lying in the tangent plane which is 
usually called the friction. 

(3) A couple L about an axis lying in the tangent plane 
which is called the couple of rolling friction. 

(4) If the bodies have got any relative angular velocity 
about their common normal, a couple N about this normal as 
axis which may be called the couple of twisting friction. 

But generally the two couples found in most of the cases are 
negligibly small. 

4*11. Laws of friction. Let a body be placed on a rough 
horizontal table and being acted on by a force so placed that 
every point of the body is forced to move or does move parallel 
to its direction. We find that if the force be less than a certain 
amount, the body does not move Hence we have the following 
three laws. 

First Law. The first law of friction is therefore that the fric¬ 
tion acts in such a direction and has such a magnitude as to be 
just sufficient to prevent sliding. 

Now if the force be gradually increased, by experiment it 
has been found that no more than a certain amount of friction 
can be called into play, and if more is required to keep the body 
from sliding, sliding begins. Hence the second law. 

Second Law. The second law states that there is a limit to the 

amount oj friction which can be called into play, and is called the 
limiting friction. 

I hire! Law. The magnitude of the limiting friction has got a 
ratio to the normal pressure , which is nearly a constant for the 
same two bodies in contact. but it is changed if any of the bodies 
is replaced by a different one of different material. 

We call this ratio the coefficient of friction, which is nearly 
independent of the relative velocity and as well as the extent of 
the area in contact. 

4 12. Suppose the two bodies are in contact; determine the 
nature of the relative motion of the point of contact. (Imp.) 

Suppose a moving body is placed over any other fixed body 
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and let P be the point of contact. The initial velocity of the 

point of contact is zero. There are then two alternatives, either 

P “ay begin to slide or the body may only roll. We find that 

which of these motions occurs. We adopt the following two 
methods. 

First Method : We assume that the body rolls, and that F the 

force of friction is sufficient to keep P the point of contact at rest. 
The friction F is unknown. 


We find the value of ^ by solving the equations of motion, 

together with the geometrical equation to express the condition 
that the tangential velocity of the point of contact is zero. 

f 

If the ratio - is less than **, then the sufficient friction can 

be called into play to keep the point P at rest. Therefore the 
body will begin to roll and will continue rolling as long as the 


ratio remains less than or equal to /x. But if P 


then P 


R ” L)Ul II ~ fX 

the point of contact slides (/ e. the same point remains in contact) 
In this case the equations of motion as written before do not hold 
good, and we adopt the second method. 

Second Method : On the assumption that P the point 
of contact slides, the equations of motion are written 
afresh; and in this case the friction is ,xR instead of F 

while the geometrical equation which establishes the fact that 

there is no slipping at P does not exist any more. By solving 
these equations the tangential velocity of the point of contact 
is found. If this velocity is not zero, and is opposite to the 
direction in which the friction /xR acts when ,x has a proper sign 
given to it, we find the true motion. 

The bod y wi!l slide at P and continues sliding so long as the 
velocity at P does not vanish. If the velocity at P vanishes we 
again make use of the first method. 


This discontinuity of friction may also arise in other ways If 
during sliding the direction of the normal reaction should change 
sign, while the direction of motion remains unaltered, or if the direc¬ 
tion of motion should change sign while the norma! reaction remains 
unaltered, the sign of the coefficient of friction must be changed, and 
hence the equations of motion must be modified. 
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Now the results investigated in this article may be summarised 
below. 

The following results should be committed to memory . 

(i) For perfectly smooth bodies purely sliding occurs in 
which case there is no friction, 

(ii) for perfectly rough surfaces purely rolling occurs where 
friction is F, 

(iii) while for imperfectly rough surfaces rolling and sliding 
both combined together, and in this case the friction is a*R. 

(iv) There will be a case of pure rolling when the velocity of 
the point of contact is zero at every instant. 

Ex. 1. A uniform sphere rolls down an inclined plane , rough 

enough to prevent any slidingto find the motion . 

(Punjab 1954, Nagpur 1955) 

Suppose a is the angle of inclination 
of the plane. Let C be the centre cf 
the sphere and O be the point of contact 
initially when the sphere was at rest. 

At any time r, let A be the position 
of the point of the sphere which was 
originally in contact with the plane at O; 
and let C the centre of the sphere have described a distance*. 
The line CA fixed in the body makes an angle 0 with PC a line 
fixed in space, /. e. /_PCA is 0. 

Let R and F be the reaction and friction at P, the point of 
contact. 

Now the governing equations of motion of the centre of 
inertia of the body are given below. 

* — Mg sin a— F. ..*(!) 



and 


Since there is no motion perp. to the plane, hence 

A/^£=0=A/g cos a— R, 

Mk'~ = F.a. 
at- 


...( 2 ) 

...(3) 


Arc PA = line PO, since there is no sliding, /. e. through¬ 
out the ensuing motion, 

x=aO, •••(4) 







Motion in two Dimensions 


191 


The velocity of C the centre of the sphere is .v down the 
plane while the relative velocity of P is oq up the plane. Now 
for purely rolling the condition that the velocity of the point of 
contact should be zero, 

e. x—aQ= 0, ...(5) 

which is clearly satisfied by (4). 

Differentiating (5) again w. r. t. *t\ we have 

x=a‘(j. ...( 6 ) 

Now from equations (3) and ( 6 ), we have 


M — x=F.a . 
a 

Substituting the value of F in (1), we have 

b 2 

M'x-\-M - 2 x — Mg sin a, 


...(7) 


..-( 8 ) 


i. e. the sphere rolls down with a constant acceleration given 

by ( 8 ). 

Now integrating ( 8 ), we get 

a~g sin a 


ic* + a* , + C ’ 

and C=0, because >5 = 0, at r = 0, 

/ e ' a 2 ^si n a 

x- Qt+kt 

Integrating it again w. r. t. *t* 9 we get 


...(9) 


x= 


sin a 


z 


a*+k £ *2* 

because constant of integration again vanishes when both x and t 
vanish simultaneously. 

Now we discuss the various cases : 

2a- 

(i) For the case of a sphere k z =—, then from (8), accelera¬ 
tion is =$g sin a. 

2 a 2 

(ii) If the body were a thin spherical shell , k 2 =- -- and the 

•/ 

acceleration will be lg sin a. 

(J* 

(iii) If it were a solid disc, & 2 =j-, acceleration will be 
lg sin a. 

(iv) If it be a circular ring k 2 =a 2 t acceleration = £g sin a. 

Pure rolling. 

(1^ X 

Eliminating ^ z - between (1) and (8), we have 
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a 


F—Mg sin <X ~ CJ 2 ^/ C i Mg sin a 


k- 

= , - .Mg sin a, 
a 2 +k £ 

and from (2), R=Mg cos a. 

• 1 = k * 

* * R ar+k* 

Now, for pure rolling. 


tan a. 


or 
i. e. 


-= < the coefficient of friction, 
J\ 

F k* , 

* > R a-+k* tan a * 
the coeflicient of friction 

k 9 

** > 


i. e. /x 


(i) a 1 > ? tan a 


, . 1 2 tan a * 
a--\-k 2 

for sphere when k-= $ , 


2a 9 


2 a 2 


(ii) A 1 > 1 tan a » for spherical shell when /c 2 = y , 


(iii) n > J tan a 

(iv) n > a tan a 


for a circular disc when 
for a rins when k 2 =a~. 




Equation of EnergyMultiplying the equation (8) by and 
integrating, we get 


.v 


.2 


a-g 

\ — X , 7 , s,n a * 

2 k-+a 2 


The constant of integration vanishes with x and / as both 
vanish simultaneously. Hence 

K. E. at time t = hAf.x 9 +lAfk 9 Q 9 

= },Mx- + \Mk-x*ia 2 

= Wa' 2 (l+A a /a 2 ) 

= A Igx sin a from above 
= the work done by gravity. 


Ex. 2. A uniform cylinder is placed with its axis horizontal 
on a plane whose inclination to the horizon is a. Show that the 
least coefficient of friction between it and the plane, so that it may 
roll and not slide is £ tan a. 

If the cylinder be hollow, and of small thickness , the least 
value is £ tan a. 
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[See the results (iii) and (iv) found in the end in the previous 
question, or proceed exactly in the same way as in the previous 
question, omitting the part of the equation of energy.] 

Ex. 3. A cylinder rolls down a smooth plane whose inclination 
to the horizontal is a, unwrapping, as it goes, a fine string fixed to 
the highest point of the plane ; find its acceleration and the tension 
of the string. (Punjab 1959) 

Let T be the tension of 
the string. 

At time t let P be the 
point of the cylinder which 
was originally at O, when the 
centre has described the dis¬ 
tance x along the plane. Also ^ 
let i'_PCQ = e , which the line "3 d 

CP fixed in the body makes 
with QC fixed in space. 

As the string is tight, the 

motion is purely that of rolling; hence arc £P=line QO, 

ie ’ x = a9. ...( 1 ) 

Equations of motion are 



or 

or 


M =Mg sin a— T. 

Because there is no motion perp. to the plane, hence 

,,d 2 y 

M =Q=Afg cos cr.—R. 

Now taking moments about the axis of cylinder, 

Mk*jj = T.a , 

M~y=T.a t v 

Differentiating (1) twice with respect to t, we have 

• • • • 

x=ay. 

Hence (4) becomes 

\MX=T. 

Eliminating T between (2) and (6), we have 

Md+\Mx = Mg sin a 
i'd=g sin a 
*' = !g sin a. 


...( 2 ) 

...(3) 

...(4) 

...(5) 

. •.( 6 ) 
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Hence from (6), 

T=lM.$g sin a= \Mg sin a. 

Note. Here T plays the same part as F in the case of a 
rough plane. 

Ex. 4 . One end of a thread , which is wound on a reel is 
fixed and the reel falls in a vertical line, its axis being horizontal 
and the unwound part of the thread being vertical. If the reel be a 
solid cylinder of radius a and weight W , 
show that the acceleration of the centre of 
the disc is lg and the tension oj the thread 
is i W. 

[Put <x —90 in the results of the 
previous exercise or proceed on in the 
same manner. The figure is given in the 
annexed diagram]. 

Ex. 5. Two equal cylinders, each of mass m, are bound 
together by an elastic string, whose tension is T / and roll with 
their axes horizontal down a rough plane of inclination a. Show 

that their acceleration is f g sin a f 1 -"] where u is the 

L mg sin otj’ n 

coefficient of friction between the cylinders. (Punjab 1952, 55) 

Let R x , F 1 be the normal 
reaction and friction on the 
upper cylinder and 7?„, F 2 that 
on the lower cylinder due to the 
plane. 

Let S be the normal reaction 
between the two cylinders at 
P the point of contact, and /iS 
the force of friction acting away 
from the plane for the upper 
cylinder and towards the plane 
for the lower cylinder. 

Let A be the point of the upper cylinder which was at O , 
when the system was at rest. At any time /, suppose the C. G.’s 
of the cylinders move through a distance .v along the plane. 

Now as before V is the angle which the line Ca fixed in the 
body makes with BC fixed in space. Hence 

arc BA =distance OB (since there is no slipping) 






Motion in Two Dimensions 


195 


i. e . 

x=ad. 



Differentiating it twice with regard to t, we have 



• • • • 
x = atj. 

.. .(A) 


Equations of motion for the upper cylinder are given 

by 


mX = mg sin a4-2T— Fj — S, 

...( 1 ) 


0 = R l — mg cos a + pS 

.. .(2) 


(since there is no motion perp. to the plane) 

and 

mk 2 y=(F x — pS) a 


i. e. 

\ma\j=F x —pS V ^ 2== 2 * 

...(3) 


Similarly for the lower cylinder, 



mX—mg sin a — 2T+S—F t> 

...(4) 


0 =R — mg cos a —pS 

...(5) 


(since there is no motion perp. to the plane) 

and 

mk 2 (j = F z a—pS.a 


i. e. 

rra 

~2 U=F z —pS. 

...(6) 


From (3) and ( 6 ), we find that 



Fi=F t . 

...(7) 


By subtracting (4) from (1), we have 



S=2T. 

...(8) 


Hence from (1) and ( 8 ), 


i.e. 

or 

or 


F x —mg sin a —mX 
From (3) and ( 8 ), 

F l = hmao+2fxT 

*=\mX-\-2pT [in virtue of relation (4)1. 
Subtracting these above equations, we get 

0 =mg sin a— mX— Jm.v -2pT,, .. .(9) 

*mX—mg sin x — 2 Tp 


mX 


= f mg sin a f i-'N 

\ mg sin a/ 

a (l- 2T ±- ~). 

\ mg sin a.) 


sin 


Ex. 6 . A circular cylinder whose centre of gravity is at a 
distance c from the axis, rolls on a horizontal plane. If it be 
just started from a position of unstable equilibrium, show that the 
normal reaction of the plane when the centre of mass is in its lowest 
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r 


4c 2 


f R 




position is j~/+ times its weight, where k is the radius 

of gyration about an axis through the centre of mass / and also 
show that its angular velocity is 

4gc 

{(a-cf+k 2 )' 

Initially the point P of the cylinder was 
at O when its centre of gravity was vertically 
above C the centre of the circle. 

Let the radius through G have turned 
through an angle 0 after a time t say. 

Initially the co-ordinates of the centre 
of gravity referred to O as origin and 0 A 
horizontal and vertical axis through O were (0, a + c), 
after a time t the co-ordinates are expressed as 

x = aO+c sin 9, y=a+c cos 9 , 

where CG = c. 

Equation of energy gives 

*A/A-*0 2 -f *A/i ,2 =work done 
IM (at -f-y a j = work done. 

From (1), x = ao+c cos 9 d; ?= — c sin Of 
Putting the values of x, V in (2), we have 
^Mk 2 o~+\M (c 2 a~2ac cos 9) q 2 
= work done = A/gc (1 —cos 9) 

[because initially G was at (a+c) from O ; now 
moved through a distance a-f-c cos 9 , therefore the 
difference is c (1—cos 0)]. 

Hence (3) becomes 

[k-+ c 2 + a 2 +2ac cos 9] 0 2 =2, gc (1—cos 9), 

2gc (1 —cos 9) 


...(I) 


or 


...( 2 ) 


...(3) 

it has 


i c. 


' 2 

k 2 y c 2 -\-a 2 -\-2ac cos 9 * 

When 9 = tt, u = uj (the angular velocity). 

Hence from (4), 

2_ 4gc 

Also the equations of motion are, 

d-x d- , n „ 

m =m j [2 (a9+c sin 9) = F, 

d-v d 2 

m . 2 -=m j- 2 (a+c cos 9) = R — mg . 


...(4) 


...(5) 

...( 6 ) 
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( 6 ) becomes 

R=mg—mc (sin 0 0 -fcos 0 0 2 ), 
in its lowest position. 0 =tt, Q=aj t hence 

R = mg-\-mcoj 2 

=mg+mc k*+t-c? 

4c 2 


=mg £ 


I -_"I 


' ^ w 

Ex. 7. /!/ a point P of a uniform circular hoop there is 
attached a particle of mass equal to that of the hoop. The ho jp 
foils, in a vertical plane , on a perfectly rough horizontal plane. 

rove that if the system starts from rest when P is at the highest 
point, the angular velocity oj, when the radius through P makes an 
angle 9 with the downward vertical , will be given by 

cu 2 _ ? (14-co s Of 
W a (2— cos 9) * 

Let the particle M be attached at P, and 
G be the common centre of gravity. Hence 

Ma a 


CG= c = 


PG= 


M+M~ 2* * 

Also 

(M+M) K*=Ma 2 +Mc 2 -\-M (a-c) 2 



= Ma*+ MaZ ,M°' 
4 ** 4 * 


i.e. 


K 2 


< 


3a 2 \ 

4 y 


centrVofgravity 6 ^ ° f the P°'»‘ ^ -"‘act when the 

hoop, i.l c WaS Ver, ' Ca ">' above ‘he centre of gravity of the 

thrown"wurth^downw^ver^ca 1 ; 0 h °° P ^ 

Initially the co-ordinates of the centre of gravity are 

(»• ID- 

Now 3fler time ' « he c ° or *"ates of the centre of gravity are 

St 


x~a (tt— 0 )-f-| sin 0 , 
y—a—~ cos 0 . 
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Equation of energy gives 

v*=work done by gravity 

= 2 Mg ^ (1-fcos 0) 

—Mga (1-fcos 0 ). 
Clearly, v 2 =.\’ 2 -f j> 2 . 

Where tf=—og-f | cos 9 $1 

.a . . 

sin 6 > 9 * 

hence * 2 -f^ 2 =a 2 0*-f ^-0 2 —a 2 cos 0 .# 2 

= o 2 (S—cos 0) 0 2 . 

Putting the value of v m (2), we have 

Af ^A: a -f ^-a 2 cos 9 ^ d 2 =Afga (1-fcos 9) 


# # • 





or 


0 2 


ga (1-fcos 0) 


k 2 -f 4O' — O 2 cos 0 


Hence the angular velocity w* = - 

a \2 — cos 0/ 


S O+cosJ?) 
a (2 —cos 0)* 

g /1 + cos 0 
cos 0 



Ex. 8. A reel of cotton of mass M is placed on a rough 
inclined plane with its axis horizontal. The cotton unwinds from 
the upper side of the reel and runs parallel to the plane to a small 
light pulley over which it passes. The free end is attached to a 
mass m / which falls vertically. To find the acceleration of the reel 
up the plane , assuming that it does not slip on the plane . 

Suppose O be the point of contact 
initially when the reel was at rest. 

Let a be the radius of the rims of the 
reel and b the radius of the reel from 
which the cotton unwinds, and k be 
its radius of gyration. 

At any time f, let the reel have 
moved through a distance x up the 
plane, and let the mass m have drop¬ 
ped through a corresponding distauce 
r. Let 0 be the angle which DG a 
line fixed in the body makes with 
CG a line fixed in the space. 
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Obviously the C. G. of the reel has moved vertically upwards 
through a distance x sin a. 

Hence the total wrok done on the system by the weights of 
the mass m and the reel is 

mgz — Mgx sin a. ...(I) 

Since there is no slipping, hence 

arc £C=line OC y 

e ‘ x=aQ. ...(2) 

Diff. w r. t. to r, we get x = oq. .. .(3) 

Now due to displacement of the centre of gravity of the reel 
the string has moved through a distance x and due to rotation 
the distance moved is bd; hence 


z=x+b0^x + -;k 

a 


[from (3)]. ...(4) 


...(5) 


Differentiating it w. r. t. t , we have 

K'+O 

Now the energy equation gives 

\Mv*+kMk t b t +\m* % =mgz—Mgx sin a. 

plane^ S ° * * ^ Ut as l ^ ere is no motion up the 

Hence 

(. +*)*-„ ( 1+ - 6 ) sin a .,. (6) 

, rw o [in virtue of (3), (4). (5)1 

* [Ma +Mk*+m (a+b) 2 ] x*=ag [m ( a+b)-Ma sin a].x. 

Differentiating (7) with respect to f, we have ^ ^ 


or 


i. e. 


If 


= i m (a+ b) — Ma sin a] 

M (a l +k 2 )+m (a+b^ x * 
( a+b)-Ma sin a) 

M (a z +k 2 )+ m (a + b) 2 ’ 


...( 8 ) 

^ * 

m (a+b) < Ma sin a, 
the acceleration * given by (8) will be negative, and the reel 
will roll down the plane and pull the mass m upwards. 

Ex. 9. A truck runs on six equal wheels each of mass m 
and radius a, M is the mass of the truck and wheels together, k 
the radius of gyration of a wheel about its axis. To find the accele¬ 
ration of the truck down an incline at an angle a to the horizontal 
neglecting the loss of energy by friction at the bearings . * 
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At any time, let A be the 
position of the point of the wheel, 
which was initially at O . Let the 
truck has moved through a 
distance x down the plane, and 
the wheel have turned through an 
angle 6, then 

arc PA =line OP, 
i. e. ■ x=ad, 

9i = O0, 



[because there is no slipping]. 
Let at any time /, v be the velocity of the truck and q the 
angular velocity of the wheel. Clearly v=.v because there is no 
motion perp. to the plane. 


or 

or 

or 


Hence the kinetic energy of each wheel is 

imv 2 + lmk 2 d 2 . 

The kinetic energy of the body of the truck is 

| (Af —6m) v*. 

The vertical distance moved is x sin a. 

Hence the energy equation gives 

2 (A/ —6m) v 2 -f 6 (£mv 2 -f- %mk 2 o i )=Mgx sin a 


s (Af — 6m) rf 2 +6 (^m&+lmk* *,) = Mgx sin a 




6m + 6m -f- m 


k 


r] -- 


Mgx sin a 


{ M+m f) **' 

Differentiating with respect to /, 


= Afgx sin a. 



• • • 






sin a. 


Hence the acceleration down theiplane 



C a~Afg sin a\ 

Md*+mk?) m ”- (5) 

Ex. 10. A uniform solid cylinder of mass A f and radius a , 
rolls on a rough inclined plane at an angle a with the horizontal 
with its axis perp. to the line of greatest slope . As it rolls , the 
cylinder winds up a light string which passes over a fixed light 
pulley and supports a freely hang '. ig mass , the part of the string 
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between the pulley and the cylinder being parallel to the lines of 

greates slope. Discuss the motion of the cylinder and prove that 
the tension of the string is 

(3-\-4 sin a ) Afrng 
( 3 At -f- 8m ) 


Let a be the radius of the 
cylinder. Clearly the radius of 
the pulley is the same as that of 
the cylinder, because the string 
is parallel to the plane. 

Let x be the distance which 
the cylinder has moved down the 
plane from rest, and 6 be 
the angle through which the 
cylinder has turned, F and T be 

the friction and tension respec¬ 
tively. 

Since there is no sliding, 
hence 



A — uu. 


i.e. 


x = a 0- ...( 1 ) 

The tn l bC f th , e dis,ance thro,J 6 h which the mass m rises up . 

d PlleemLfn ' e r Strm£ “ pa5Sin£ ° Ver ,he pulle y due «° 
displacement of G is * and aO due to rotation; hence 

z—x -\-ad=2x. ^ 2 ) 

Now the equations of motion for the cylinder are 

Mx~Mg sin a — F— T, ...(3) 

0=R—Mg cos a. 

[because there is no motion perp. to the plane] 


and 


Mjij = (F-T) a. 


...(4) 


For the mass m, 

mz = —mg+T t 

or in virtue of (2), 

—2mx—mg—T ... (5) 

[because the motion is upwards] 
rrom the geometrical equation (1), 


• • • • 


.(6) 
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Eliminating F from (3) and (4) and making use of (6), 
we have. 


7M 

~ 2 ~ x—Mg sin a —27’. 

Putting the value of .V in (7) from (5), we have 

?T 3M (— mg+T\ . 

2T+ 2 \ 2m 
T (8m-4-3A/) . , 3A/g 

- 4 m = A/ * s,na +- 4 


...(7) 


/. e. 


_ 4/g (4 sin a 4-3) 

4 

j.__ Mmg (34-4 sin a) 
(8m 4-3A/)" * 


Clearly after substituting the value of 7' in (5), the acceleration 

v= e ( 2 sin a ~ 4m \ 
s \ 8m-j-3M ) 

Fx. 11. To show that when a body, such as a railway carriage , 
enters upon a curved path after travelling in a straight line , its 

velocity decreases if no forces act on it except the pressure of the 
rails, assuming the body remains straight. 

Let us suppose that the curved path is a portion of a circle 
" ho-e ladius is r ; ard let the straight path a tangent to the 
circle Let v 0 be the velocity on the straight path, and v the 
velocity on the curved path. 

No work is being done by the reactions on the carriage. 
Hence the kinetic energy does not alter on entering the curved 
path. Let k be the radius of gyration of the carriage about the 
vertical axis through its centre of inertia; and a> be the angular 
velocity. Then by the conservation of energy. 

Hut as there is no sliding, 

.v = v=r# = rco 

Hence from (I) and (2), we have 

v--f- v*A*/r 2 = v 0 - ... (3) 




v--f- v*A*/r 2 = v 0 - ...(3) 

f - 

or v~= _-_ v 2 /i\ 

0 ’ • • •(4) 

Suppose the curved path is a general curve and not a circle ; 
then r is replaced by ladiusof the curve at the point where the 

carriage is at the instant considered. 
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Generally on any curve on a railway line the radius of 
curvature is large compared with k 2 ; hence the alteration in the 
velocity is not much; that is the velocity remains unchanged 
nearly. 


Ex. 12. A rough circular cylinder slides down an inclined 
plane with one end in contact with the plane. To determine the 
friction, the acceleration down the plane and the condition that 
this motion should he possible. 


Let P be the point where the 
vertical line through G the centre 
of gravity meets the plane; hence 
the normal reaction R between 
the c>linder and plane also must 
pass through P Let a be the 
angle of inclination of the plane 
with the horizontal, h the height 
of the cylinder, ar.d r its radius. Let the distance moved by 
</ the centre of inertia down the plane be x, and p be the coeffi¬ 
cient of friction. 



Then the equations of motion are 

d*x 

M ~dr i=Mg sin «-p R ‘ ...d) 

Since there is no motion perp. to the plane, 

0=-A/g cos a+ R ...(2) 

and as there is only sliding, hence no rotation exists ; then the 
moment of the forces about G is zero 


t.e. 0 J^R-bR, ...(3) 

b being the perp. distance from G, the centre of mass, to the line 
of action of R, taken positive when G is on the upper side of this 
line of action. 


Now the reaction R must act somewhere inside the base, 

such that b > r. Hence the condition for no rotation is 
from (3), 


ph=2b < 2 r. 


Multiplying (2) by p and adding to (1), we get 



cl 2 x 

(sin a—/x cos a) 
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,,e * (sin at —cos a). ...(5) 

Hence we see that the acceleration would be down the plane 
and equal to (g sin a—p cos a), if it is positive. If, however, this 
value is negative, the motion does not exist ; and the supposition, 
we have made that friction is a limiting friction is not justified. 
Clearly the acceleration is positive if 


sin a > p cos a, 

tan a > M . ...(6) 

Hence one of the conditions, that the motion we have 

considered is possible is given by (6), while the other condition is 
expressed by (4). 

Hence in case the motion takes place, 

pR=pMgcosx ...(7) 

If we are given the initial conditions, the displacement and the 
velocity can be found by integrating (5). 

Ex. 13. A and B are the points of contact of the front and back 

wheels of a bicycle with a level road , G is the centre of mass of rider 

ard bicycle. G is at a height c above the line AB , and the vertical 

through G divides AB into two parts of lengths a and b. If the 

rotation of the front wheel is stopped by the brakes , the back wheel 

not being braked , and if the coefficient of friction between the wheel 

and the ground is p. to find the pressures between the w heels and 

the ground ; and to compare them with pressures before the brake 
was applied 


Let R and S be the normal 
reactions of the front and rear 
wheels with the read. Clearly 
the motion of the C. G. of the 
rider and the bicycle is forward, 
hence the friction on the front 
wheel is in 



Since there is no acceleration perp to the road, hence 


o = Mg—R—S p ...(1) 

akn lS mass l * le s >' s * e ni. Since there is no rotation 
, w e moment °f the forces about the centre of mass is zero 

' € ' 0 = aR — bS — c^R. ••.(2) 

Multiplying (I) by b and subtracting from (2), we get 

aR - cp R= bAfg - bR, 
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R= ~ Mg 
a— cp-\-b 


...(3) 


and similarly, we get 


c a—Cfi 

S— ,, Mg. 
a+b—cp 


...(4) 


Let R 0 and S 0 be the pressures before we apply the brakes ; 
hence we have the following equations, 

R 0 +S 0 =Mg 1 


Ro+S 0 —Afg | 

R 0 a = S 0 . b | 

Solving the equation (5), we have 

*•“***■ aSn,-—. b dnr t - R 

a-j-b a + b 


...(5) 


(from (3)]. 


( 6 ) 


n _ a/ ^ O (Q "f ~ b ~~~ C U.) — 

0— g 'a-\- b~(a + b) (a — c^)' S ^rom (4)]. ...(7) 

Now if the expression for S in (4) is negative, the motion, we 
have supposed, is net tenable. In that case the bicyle will kick 
and the rider will be thrown away over the front wheel. Hence 
the condition that this may not happen is that S should be positive, 
f- e ' a > cp. 

The horizontal force is pR which causes the retardation in 
that direction. 

If the brakes were applied to the back wheel instead of the 
front wheel, the pressures are obtained by changing the sign of/a 
and writing R for S and 5 for R i. e. 


R= - b + ' lC Mg, 
a + b K/t K 



a + b+pc 


: Mg. 


• • • 



Ex. 14. A circular hoop of radius a and mass m per unit 
length rotates with angular velocity o» radians per second about its 
axis, which is vertical. To find the tension in the hoop. 


Let O be the centre of the hoop. 
Now we will consider the motion 
of half of the hoop whose centre 
of gravity is at G, 

i.e. OG =— ...(I) 

77 

The acceleration of G is OG.o > 2 
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towards O ; and the mass of half of the hoop is tt am, Resolving 
along GO for the motion of half of the hoop, we get 

nma.OG.cu-=2T, ...(2) 

as the only horizontal forces on the mass, we have considered, are 
the tensions of the other half at the plane of separation. 

From (2) with the help of (1), 

T=nia 2 io 2 = mv 2 poundals ,. .(3) 

v being the velocity of a point on the hoop. 


Let 5 be the area of any section of the hoop, and p the density 
of the material, then s being the volume per unit length, 

m = ps, ...(4) 


Hence 


s 


— pv 2 =~ - lbs. 
g 


...(5) 


F.x. 15. A carriage is placed on an inclined plane waking an 
angle « with the horizon and rolls down without any slipping 
between the wheels and the plane. The floor of the carriage is 
parallel to the plane and a perfectly rough ball is placed freely on 
it. Show that the acceleration of the carriage down the plane is 


l±M+4M’+14m 
l~4M+4M' + 2lm 8 Sln a * 

11 here M is the mass of the carriage excluding the wheels, m the sum 
oj the masses of the wheels which are uniform circular discs and M f 
that of the ball which is a homogenous solid sphere. The friction 
betw> en the wheels and the axes is neglected. 

Show that , for the motion to be possible the coefficient of 
friction between the wheels and the plane must exceed a certain 


constant . 

Let a be the inclination of 
the plane. Suppose the wheels 
whose mass is m has turned 
through an angle 0 while the 
carriage has moved through a 
distance x down the plane from 
its initial position Initially the 
point P of the upper wheel was at 
O Tnere is placed a spherical ball 


(I. A. S. 1947, 1960) 
Q 



of trass M' on the plane of the carriage of mass M and the ball 
is free to move. Let y be the distance moved by the ball down¬ 
wards in the floor of the carriage ; nud let the ball has turned 
through an angle <f> such that the point which was initially at O' 
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now has moved to Q. Hence the line C'Q fixed in the body 
makes an angle <t> with a line P'C' fixed in space. 

Since there is no slipping between the wheels and the plane, 
as well as the ball and the floor of the c.rriage, therefore we 
have y—£></>, x = aO 

a and b being the radii of the wheels and the ball. 

Let R t be the reaction of the floor on the ball, and R be the 
total reaction of the plane on the wheels. 

Now the equations of motion for the whole system are 

.V-f M’ (y-Kv)=(A/-|-rti4- A/') g sin v. — F ...(1) 
[where y+.v is the acceleration of the sphere down the floor of the 
carriage and x is the acceleration ot the carriage] 

0 =/?+/? 1 -(m+A/') g cos a, ...( 2 ) 

since there is no motion perp. to the plane of the floor of the 
carriage. 

Equations of motion for the spherical ball are 

M' (x+y)=Af'g sin x — F l , 

M'. lb t $=F l .b. 

and R x = Ai'g cos a. 



for the wheels, 



or 


a 


or 


“ • • p 

2 U = F ‘ 

Since there is no slipping, hence 

y*=■ b<‘£ and x—atf. 

Substituting for $ in (3) and eliminating F lt we have 

A/' (x+y)—M'g sin y.-l At’y 
M'y = \M'g sin x— 7 M x. 


...(5) 


X. 


Similarly, 

Substituting for y and F in (1), we have 


(M-\-m+- M') T? Af'g sin a =(/l/-f»i + A/') g sin x— 


m .. 
2 X 


or 

or 

or 


M § y* 

(14A/+2I/H + AM’) x 


x — 


/ 2 \ 

-^A /-\-m -f j M'J g sin a 

= (14A/+ 14/u 1-4.V/') g sin a. 

/ 14 A/ -f* 14m+4 W 
VI-1A/+2I//I + 4 


ill \ 

m ) g s,n * 



208 


Dynamics of a Rigid Body 


Hence the acceleration of the carriage down the plane is 


v _/14A/-H4/n+4A/'\ 

V14A/+2 im+4M') 8 s,n a * 


From (2) and (4), we have 

R=mg cos a 


and from (5), 


r _ ™ •_ m f \4M -f- \4m +4Af\ 

2 * 2\\4M-\-2\m + 4M , J 8 Sm a> 


i. e. 


/. e. 


i. e. 


For the motion to be possible, the ratio -fi < u, 

_ F__ 1 / 14/V/-f-14w-f-4;V/ / \ 

,L > R 2\i4M+2lm+4M') tan a 


r ?( 

L 14. 


\t + 2\m~+4M' 

/j. > certain constant. 


,J tan a = c. 


Hence the two results. 


• • • • 

x = a& 




Examples 4 (a) 

A reel of radius a and mass M rests on the smooth plane in¬ 
clined at an angle a to the horizontal. A thread fixed to the 
reel passes round and under it and then upwards parallel 
to the plane, and over a smooth pulley, a mass m hanging 
freely from this end. The thread lies in the vertical plane 
of symmetry of the reel, which is also perpendicular to the 
plane. Prove that T the tension of the thread is 

g H-f sin a) 

P 1 a * 1 

L M +A /&J 

T 

and the acceleration of m is g—~ 

m 

TProceed as in solved example no. 10.] 

A locomotive engine of mass M has two pairs of equal 
wheels, a forward pair each of radius u, and a rear pair each 
of radius b. The moments of inertia of the pairs with their 
axles about the axes of these axels are A for the forward 
pair and B lor the rear pair. The engine is set in motion by 
a couple G applied to the forward axle. Prove that, if none 
ol the wheels slip, the friction that can be called into play 
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between either of the forward wheels and the rails must 
exceed 

M + f« G 


A B • 2a 


a 


the rails being horizontal. 

f" Hint. Let /be the linear acceleration of the engine ; then*^ 


L 


f. 


ard ^ will be angular accelerations of the two pairs of 
wheels. Hence 

Mx=M.f=F+F\ 

where Fand F' are the frictions of the forward and rear wheels 


and A.~ = G—F .a, 

a 

f{=-F'x6 

b 

3. Two rough solid cylindrical rollers of radius a and mass A/ 
are placed with their axes parallel and horizontal on a fixed 
plane inclined at an angle a to the horizontal. A log of 
mass 2M is laid across the rollers. If there be no slipping 
between either the log or plane and the rollers, find the acce¬ 
leration with which the log moves. [{$g sin a]. 

413. Slipping of rods. 

A uniform rod is held in a vertical position with one end resting 
upon a perfectly rough table, and when released rotates about the 
end in contact with the table. Discuss the motion. (Agra 1958) 



Let the rod which is rotating 
about A makes an agle 0 with the 
vertical through A after a time t 
say. 

Clearly (x, y) the coordi¬ 
nates of the centre of mass of the 

rod with A as origin are given by 
x=a sin 0, y-a cos t). 


y 



A 


such that aS=«cos 0 0 , y = — a sin 0 d; 

and x — — a sin 6 cos 0 y, y=—a cos 6 y 2 —a sin 9 y. 


Let R and F be the normal reaction and friction at A. 
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Now the equations of motion of the C. G are 
§ * 

M j [2 =M (a cos 8 y'—a sin 6 q-) = F, 

d 2 y 




M = (“ a sin 6 O—a cos 8 o 2 )=R — Mg, .. .(2) 


and 


M y tf=(Ra sin 8—Fa cos 6) 


...(3) 
because k z =y. 

Substituting the values of R and F from (1) and (2) in (3), 
we have 

M 2 V = a sin 8 {Mg—Ma sin 8 tf—Afa cos 0 0 2 } 

— a cos 8 {Ala cos 8 y'—aM sin 8 q-} 
— Ala.g sin 8 — Ma 2 tf 


or 


y Aftf = Afg sin 8. 

Multiplying (4) by o and integrating, we have 

y 0 *=—g cos 8+C , 


...(4) 


...(5) 


when 0 = 0, 0 = 0 ; C=g. 


Hence 


3 * 


0~~ 2a ( I—cos #)• 


...( 6 ) 


Substituting the values of o and & in equations (1) and (2), 
we have 

Mg sin 8 (3 cos 0 — 2); (1—3 cos 0) 2 . 

Tt is quite obvious and W'orth noticing that R vanishes when 
cos 8=\ % but does not change its sign being a peifect square, that 
is always -f-ive. Hence the end A does not leave the plane 

Also from the value of F, we see that F the friction 
changes its sign as 0 passes through the value cos -1 jj; thus we 
find that its diiection is reversed and R vanishes when cos 0 = $; 

1 encc the ratio FjR becomes infinite when cos 0 — hence unless 
the plane be infinitely rough, there should be sliding at this 
value of 0 . 


For some value of 0 less than cos " 1 $, the end A of the rod 
begins to slip for any practical problem, and it will slip backwards 
or forwards according as the slipping occurs before or after the 
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inclination of the rod. 

The equation (4) can be obtained from the energy equation 
i.e. ^A/v 2 -|-A Mk 2 y- = \xork done. 

Here before the motion started the C. G. was at a distance 
‘a' from A and now it is at a distance y=a cos 6. 

Hence the work done by gravity =\fgi (1 -cos d). 

But v 2 =s i +y 2 =u i d~ and k 2 = a 2 l3. 

\M (a 2 o- + ~ (p) = A /ga (1-cos 6) 

or r=|f( 1-cose). 

Differentiating it with respect to /, \vs have 

S ' n d ■ 

Hence further the same results. 

Ex. 1. A uniform roil is placed in a vertical position with 
one end on a smooth horizontal floor. It is then let .go, and it 
falls to the floor from rest in a vertical position. To find its 
angular velocity in any position and the pressure on the floor. 

As there is no horizontal 
force, the centre of mass of the 
rod moves in a vertical line. 

Obviously the rod would be in 
the position of equilibrium, when 
it is vertical. It will only begin 



B 


its vertical position. Hence it cannot fall exactly from its vertical 
position. 

Now after time t the co-ordinates of the centre of gravity are 

x=a sin 0, y=a cos 0, 
and —a sin 0 y. 

Hence the energy equation gives, 


a 


- o 2 = work done 


Now 


Hence from (1), 

1 
2 


= Mga (I — cos 0). 
v 2 =.\ ,2 -f^ 2 = r/ 2 sin* 0 y 1 . 


( a 2 sin 2 0 + ^ ^ e 2 ~ a S (1—cos 0) 
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or 

or 


or 


( 1+3 sin* d) ae 2 = 6g ( 1 —cos d) 

aA 2 = 6g cos 6 > 

0 (1+3 sin* 0) 

Now the equations of motion are 

> Cl 2 

M j- y=Ra sin 9; 


...(2) 


...(3) 

My=M (—a cos 0 0 a — a sin 9 o)—R. .. .( 4 ) 
Differentiating ( 2 ) with respect to t , we have 

2ffg=~r _5L n ._?_ 6 sin 9 cos d (1 — cos 9) 


a [_(l+3 sin 2 9) 


__ 3? r4 — 6 co s 0 + 3 
<y « I (1 + 3 sin 


(1+3 sin 


(1 —cos 0)1 . 

in* 0 )* J 0 


• • 


+ 3 cos 2 01 „ 

in* 0)* J s,n 


...(5) 


Hence from (3) and (5), we have 

R = \lo r 4 ~ 6 cos ^ + ^ cos2 ^ 

* L (1 + 3 sin* 0)'— 


i 


= A/ ? [1+ 3 (1—cos 0) 2 J 
5 (1 4 - 3 sin 2 0)* • 


...( 6 ) 


It has been assumed that throughout the motion the 
end will always remain in contact with the floor. It can be tested 

that the assumption is right or not. If the expression for R in 
(6) becomes negative before 0 = " then the end will rise ofT the 

floor because the floor cannot exert a pull; which is what is meant 

by a negative value of R. But R is always positive for any 
value of 0 . 


When 




that is just before the rod strikes the 


floor. 


Ex. 2. A uniform rod. of mass m, is placed at right angles 
to a smooth plane of inclination a with one end in contact with it. 
The rod is then released. Show that when the inclination to the 
plane is <f>, the reaction of the plane will be 


Afp 3(1 J sin 

(1 + J cos 


cos a. 


(Agra 57; Lucknow 54) 
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As there is no force along the plane and there was no initial 
motion in that direction, hence the 

centre of mass G moves perp. to the 
plane / 

Let after time / the rod makes an 
angle 0 with the plane, hence the 
coordinates of the centre of gravity of 
the rod with A as origin, the plane as x- 



are 


rod are 


r »-o ^ J v -a 

x=a cos <f>, y=a sin <f>. 

Now the equations of motion of the centre of gravity of the 

My=M (a cos 0 f—a sin 0 <f>*) = R — Mg cos x . (I) 
Ma 2 .. 

—— 0 = — R.a cos 0 , 


— ( 2 ) 


or 


The energy equation gives 

\Ma l cos 2 0 0 2 4-A -y— </, 2 = work done by gravity 

= Mga cos a (1 —sin 0) 
j 7 _ ( S 1 —sin 0 

* a (1 + 3 cos 2 0) cos a * 
Differentiating (3) with respect to t, we have 

_ _ mmm 


...(3) 


#*« 3 * cos a 




[d+: 


-cos 0 ^6 cos 0 sin 0 f 1 — sin 0) 


a 


cos 


1+3 cos 2 0)^ (1 + 3 cos 2 0) 2 

[~ 3 (1-sin 0)2+1 “] 

L 0 + 3 cos* 0) 2 J cos ^ 




or 


y_3g fl+3( 1 — sin 0) 2 ~| 

a Lir+3cos 2 0) 2 J cos * cos a * .. .(4) 

Substituting this value of 0 in (2), we get 

3 M—sin 0) 2 +l 
5 (i+3 cos 2 0) 2 cos a * 

Note. The results of the first question can be obtained bv 
putting a = 0 , (tt/2 —0) for 0. * 

Ex. 3. >4 uniform rod is held in a vertical position with one 

end resting upon a rough plane. It is released from rest and falls 

forwards. If d be the inclination to the vertical at any instant 
show that * 

G) If the coefficient of friction is less than a certain finite 
amount, the lower end of the rod will slip backwards before 

(Agra 1958) 


sin*? = h 
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(ii) However great the coefficient of Jricrion may be, the lower 
end will begin to slip forwards at a value of sin 2 $0 between £ and 

(Agra 1943) 

(i) Proceeding in the same way as in § 4*13, we get 
F—\Mg sin 0 (3 cos 0 — 2) and R=\Mg (1 — 3 cos 0)*. 

Clearly F= 0 if sin 0 = 0 or 3 cos 0—2 = 0, 
i. e. if 0 = 0 or cos 0 = § 


i. e. if 


0=0 


or 


1-2 sin* 



or 


sin 2 



When 0 takes all intermediary values between 0 = 0 and 
0 = cos _1 f, F is positive and being a continuous function some 
maximum value of F say, F x must be attained at any value of 0 
between these values of 0 where it vanishes. 


Clearly R < Mg in the range 0 < 0 < cos -1 3 . 

Thus we see that there is a finite value of p for which F x > p Mg, 
and hence lor this value of p, sliding will commence before 0 

Q 

takes the value cos -1 1 1 . e. before sin* ^ = £. Hence the slipp¬ 

ing will start in the backward direction, because F is positive (in 
the forward direction). 


(ii) We see from the values of F that if cos 0 > then F' 
changes its sign, 1 . e. the direction of F is reversed 
i, e. F'= — F=$mg (2 — 3 cos 0) sin 0. 

Now the slipping will begin provided F f > pR 
i. e. if 3 sin 0 (2 — 3 cos 0) > p (1 — 3 cos 0)*. ...(1) 

Tf 0 increases from cos -1 5 to cos -1 the term on the left 
hand side increases from 0 to \/ 8 , while the expression within 
bracket on the right decreases continuously from 1 to 0. Hence 
for some value of 0 lying between cos -1 3 and cos -1 1 e. 

when sin 2 ~ Ires between J and h the condition ( 1 ) is satisfied. 


however great value p may have, but it is finite. 

Ex. 4. A rough uniform rod , of length 2a, is placed on a 
rough table at right angles to its edge ; if its centre of gravity' be 
initially at a distance b beyond the edge, show that the rod will 

begin to slide when it has turned through an angle 

where p is the coefficient of friction. 

(Punjab 1956, 1959; Nagpur 1957) 
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Let the rod AB be equal to 2a. 
Initially the rod was at right angles 
to the edge of the rcugh table. Now 
it has turned througn an angle 9; 
let R and F be the normal reaction 
and the force of friction. 

The accelerations of G the centre 
of mass are be 2 along GO and b$ 
perp. to GO through G. 



Assuming that there is no sliding. 

The equations of the centre of gravity are 

mb(j = — R+ m g cos 0, ...(1 ) 

mbe 2 =F—mg sin 9. nj 

Taking moments about O, which is the point of contact of 
the rod and the table. 


mk z y=mgb cos 9, i. e. m (W^) o=mgb cos 9 


3 gb 

u= ^Tb* cos °- 


...(3) 


Multiplying (3) by 2 o and integrating, we get 

° 2 = a* + 3b‘ sin 6 • 

as the const, of integration vanishes because 0 = 0 , when 0 = 0 
initially. 

Putting the value of u in (1), we get for R, 


' T,ah 

R =-mb mg cos 9 

mgar 

= ^T36- COS ° * 

Similarly substituting for e 2 in (2), we get 

F=mg sin 9 +mb. sin 9 

a i -\-3b i 

a*+9b- . „ 

S,n ** 


...(4) 


Sliding will begin when F < /*/?, i. e. ^ < /*, 
Hence sliding commences if 
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Ex. 5. A uniform beam lies on a rough horizontal table at 
right angles to the edge, and is held so that ^ of its length is in 
contact with the table. Prove that after it is released , it will begin 
to slide over the edge of the table when it has turned through an 
angle tan~ x (pJ2) t p being the coefficient of friction between the 
table and the beam . (Nagpur 1953) 

^Proceeding as in Ex. 5 by putting 6 = ^, we get the resultj. 

Ex. 6. If initially a particle of equal mass is placed on the 
beam at distance $ of its length from the projecting end , prove that 
the particle begins to slide on the beam before the beam begins to 
slide at the edge of the table , and find the position of the beam 
when the particle begins to slide , p being the coefficient of friction 
between the beam and the particle. 


/. 


P °rt£c(* 


Let a mass equal to 4 . 
that of the rod be placed ^ 

at P , the length of the _/ 

rod being 2a. Let C be * 

the point of contact of 
the table and the rod. 

Let F' and R' be the p 

friction and normal reac- iita. 

fr-otO 

tion on the particle and 
rod at P as shown in the figure. 

Hence the equations of motion for the beam only are 

m ^ ^)- = F—mg sin 6 — F\ 


I t 






...( 1 ) 


m * 0 = — R-\-mg cos 9+R’. 


...( 2 ) 


Taking moments about the centre of gravity of the whole system 
which is at a distance ^ from C (since the C. G. of the system is 
half way between G and P ), we have 


*-i~{r+(5) t <<ay 


...(3) 


Equations of motion for the particle only are 

p t • 0 2a . — 

F —mg sin 0e=w. 0 2 . 


...(4) 
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2j 

mg cos 0—R'=m.-j (j , 

since the particle describes a circle of radius ~ about C. 

Eliminating /?', R between (2), (3) and (5), we have 

a •• n 2*7 .. la 

m 3 U ~ m S cos //i — o+mg cos 0 — — /;/y 

or ~ay=g cos 9. 

Integrating (6), we have 

9 . . 

a &~=4 g sin 0, 

since 0=0, when 9 = 0, hence constant of integration vanishes. 
Substitution for y 8 in (1), (4) gives 

F—mg sin 0+}m sin 9+mg sin 9 + ^ g sin 9 

= mg sin 0 [1 + 5 +1 + 5] 

= \ z mg sin 9. 

F'~mg sin 0+ 3 «£i!!L? 

= \mg sin 9. 

Similarly by substituting for \j in (2) and (5), wc get 


• • .(5; 


.( 6 ) 


Hence 


R — \ m g cos 0, R'=~ cos 9. 

5 4 

F 34 F' 

tan 0, and ^,= 10 tan 0 


i. e 


<7r 


Hence the limiting frictoin sets in between the particle and 
the beam and the particle begins to slide, when 

F’IR' = n 

i . e. 10 tan 9=fj 

or tan 0=- 1 1 o u 


Hence the result. 


ff=tan ' 1 do)- 


Ex. 7. A uniform rod is held at an inclination a to the 
horizon with one end in contact with a horizontal table whose coeffi- 
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dent of friction is ft. If it be then released , show that it will 
commence to slide if 

3 sin a cos a 
** 1+3 sin 2 a* 

(Raj. 1953, Luck. 54, 57, Nagpur 55) 

Let AB be the rod of mass m 
and length 2a. The lower end of the rod 
is at rest. Let R and F be normal 
reaction and friction. 

The coordinates of the C. G. 
referred to A as origin before the 
motion begins are, 

x=a cos a, y = a sin a. 

Let the rod make an angle 6 after a time t with the horizon ; 
hence the coordinates of its C. G. referred to A as origin are, 

x=a cos 0, y=a sin 6, 

that is, the vertical distance moved by the C. G. is 

a (sin a—sin 0). 

The equation of energy gives 

o : + lm (.v 2 -f-y 2 ) = work done by gravity 

=mga (sin a —sin 9) 

\m (^()-+a 2 Q*^=mga (sin a —sin 9) 


or 


or 


0 2 =V" ( s > n « —sin 0). 

1(2 

Differentiating the equation (1) w. r. t. f, we have 

»=-£ cos •• 

Also the equations of motion of the C. G. are 

J.1 I Q 

ni * (a cos 9)=m ( — a cos9 f'-—a sin 0 o)=F, 


...( 1 ) 


m 


di 
d ? y 


di 

d~ 


...O) 


=m j lt (a sin 0)=^m (a cos 9 Q—a sin 0 Q-) = R—mg. .. .(4) 


Putting the values of and # from (J) and (2) in the equation 
(3) and (4), we find that 

3g 


—m a 


cos 9. 


la 


(sin a —sin 9)—a sin 9 (-I) 0059 ] 


— {mg cos 9 (3 sin 9 — 2 sin a) 

— img cos a sin a if 0= a 
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and R=mg+m |~—a sin 0.^ (sin a—sin 9) 

+a cos 6 

—\mg (4—6 sin 9 sin x + 6 sin 2 9—3 cos 2 0) 


(- 


3.? 

4 a 


cos 9 


)] 


mg 


==l_ 4 _ (4—3 cos 2 a) if 9—% 


mg 


= -f [1+3 (1-cos 2 a)] 


Mg /111 *2 \ 

=-4- (1+3 sin 2 a). 

It will commence to slide if 

F 


R 


> n, when 0=a, 


^ F (3 sin a cos a) 

,Z R~ 11 + 3 sin 2 a) * 


Ex. 8. A uniform rod is held at an inclination 43 s to the 
vertical with one end in contact with a horizontal table whose 
coefficient of friction is /z. If it is then released , show that it will 
commence to slip if p < §. (Punjab 1954) 

fHint. Proceeding in the same way as in Ex. 7 by putting 


<x=45°, we get /x < ( -j-L 

Ex. 9. The lower end of a uniform rod , inclined initially at an 
angle a to the horizon, is placed on a smooth horizontal table. A 
horizontal force is applied to its lower end of such a magnitude that 
the rod rotates in a vertical plane with constant angular velocity 
Show that when the rod is inclined at an angle 9 to the horizon the 
magnitude of the force is 

mg cot 9—mato 1 cos 9, 

where m is the mass of the rod. (Agra 1942, Luck. 55, Raj. 61) 


As the rod is being placed on the 
smooth table, there is no friction. 
Suppose the horizontal force applied 
to the lower end A is F. 

Let 9 be the angle the rod makes 
with the horizontal say after a time t. 
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Since the rod is rotating with a constant angular velocity in a 
vertical plane, 

i. e. 0 = const.=ci>. ...( 1 ) 

0 = 0 . ...( 2 ) 

The equation in the horizontal direction is not written as 
tie end A is not fixed, 

The equation of motion of G in the vertical direction is 

R—mg=m j-, ( a sin d)=-ma (—sin Of) 2 - f-cos 9 tf). .,.( 3 ) 

R — mg — — ma fin O.o.r from (1) and (2). ...(4) 

Taking moments about G, we have 

(F sin 0—R cos 9) a—mk 2 y 

= 0 in virtue of equation ( 2 ), 
i. e. F=R cot 0 

— (nig — ma sin 0 .a> 2 ) cot 0 
=/w (g cot 0 — a cos 0 .<*r). 

Ex. 10 A uniform rod is placed with one end in contact 
with a horizontal table ; and is then at an inclination a to the horizon 
and is allowed to fall . When its becomes horizontal, show that its 

angular velocity is V (t sin whether the plane be perfectly 

rough or smooth. Show also that the end of the rod will not leave 
the curve in cither case. 

Let R and F be the normal 
reaction and friction when the rod is 
inclined at an angle 6 to the horizon¬ 
tal; also the coordinates of C. G. 
w'ith A as origin are 

x—a cos 0 , y=a sin 0 . 

Case I. When the plane is perfectly rough. 

The equation of energy gives 
{m (.v 2 -f y 2 J-f ?wA 2 0 - = work done by gravity 



or bna 3 0 2 + \ni ~ b' i = mga (sin a — sin 0 ) 


a- 


initially y—a sin a 


or 


f — (sin a —sin 0). 


...(1) 


i. e. 


The rod becomes horizontal when 0 = 0, q=lo say 

or o,= (yf Sm a )* 


= ~ - SIO a 
2 a 
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Differentiating (1) with respect to t, we get 

...( 2 ) 

The equation of motion of the C. G. in the vertical direction 


0 = —'J cos 0 
la 


is 


m 


d 2 
dt 2 


(a sin 9)=ma ( — sin 0 0 2 +cos e tf) = R- mg ....( 3) 


Substituting the values of o 2 and jj from (1) and (2) into the 
equation (3), we obtain 

R=tng+ma ^—sin 0 (sin a—sin 0)+cos d cos O^J 


mg 


= -^- [4—6 sin a sin 0-f-6 sin 2 0 — 3 cos 2 6] 


mg 

=-^ [1 — 6 sin a sin 6- f-9 sin 2 6 sin 2 a + 6 sin 2 d 

— 9 sin 2 0 sin 2 a-f 3 (1—cos 2 Of] 
= m Z [(1—3 sin a sin 0) 2 + 9 sin 2 0 (1 —sir. 2 a)] 


— [(1—3 sin a sin Of + 9 sin 2 0 cos 2 a]. ... (4) 

The expression on the right of (4) is obviously positive for 
every value of 0 and a; hence R is always positive, therefore the end 
A of the rod never leaves the plane. 

Case II. When the plane is perfectly smooth. 

The plane being smooth, there is no horizontal force; hence 
the C. G. moves in a vertical st. line, i. e. the velocity of the 
rod is only in the vertical direction. 

But y=a sin 0, y=a cos 0 (f 2 . 

Now the energy equation gives 

Of" 

^ () 2 +£m (& i +y 2 )=mga (sin a—sin 0 ) 
or - o 2 +\ma 2 cos 2 0.{j 2 =niga (sin a—sin 0) 


or 


0 2 ($4-cos 2 0) = ~ (sin 


a— sin 0). 


The rod will be horizontal when 0=0 and 
velocity 0=a> say; then 

u > 2 (a -f I ) = ~ s ' n x 



3g • 
x- sin x. 
2 a 



the angular 


or 


..-( 2 ) 
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Hence the velocity remains the same in this case also. 
(1) can also be written as 

f s * n a—s * n ^ 


i 0 I 

*0)J 


a {_(1 + 3 cos _ 

Differentiating the above w. r. t. */*, we have 

r cos ^ . (sin a —sin 0) 6 cos 0 sin 

0U ~ a [””0 + J cos 2 0;"*"- 


...(3) 


0 = \f cos 0 f— - 


(1+3 cos 2 0) 

+ 3 cos 2 0 + 6 sin 2 0 — 6 sin 0 sin a 


° L (1 + 3 cos* 0) 2 

3g T4 + 3 sin 2 0 — 6 sin 0 sin a 
~ ~ a L (1 + 3 cos 2 Of 
Take moments about <7, 




in 0"| . 

-J. 

■] 


cos 0. 


...(4) 


<7 2 


m ^ ti= — /to cos 0. 


Hence R=~ ' g f~ 4 ~*~ 3 sin 8 A —6 sin 0 s in al 

3 * a (_ (1 + 3 cos 2 0) 2 J 

n±3 (I—si n 2 a) + 3^(sin a —sin 0)*"1 
' L (1 + 3 cos 2 0) 2 J 


— m iT £ 


(1 + 3 cos 2 0j= 

1 + 3 cos 2 a+ 3 (sin a —sin 0) 2 
(1+3 cos 2 0) 2 


] 


...(5) 


From (5), R is obviously positive for every value of a and 0. 
Hcr.ce the end A does not leave the plane in this case also. 
Whence the result. 


Ev. 11. A uniform straight rod slides down in a vertical plane, 
its ends being in contact with two smooth planes , one horizontal 
and the other vertical. If it started from rest at an angle a. with 
the horizontal , to discuss the motion. 


Let 0 be the angle the rod makes 
with the horizontal after a time / (say), 
and R. S be the reactions of the planes 
at the ends A and B. 

With reference to O as origin, the 
co-ordinates of the centre of gravity 
are 

x = a cos 0, y=a sin 0 




[V OG = GA=a] 


— a sin 0 o S—a cos 0 t), 

— a cos ti ()■ — a sin 

— a sin 0 a cos U y. 



i e. 


...(1) 
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i. e. 


or 


The equation of energy gives 

i M (.v 2 + y 2 )-f \Mk 2 (j 2 = work done by the gravity 

\Ma 2 () i +\M Q* = Mga ( S i n a —sin 9) 

3 g 


0 a = 2 ~ ( s ' n a —sin 0). 


.( 2 ) 


Differentiating it w. r. t. t, we have 


6 = —\- cos 0 . 
4 a 


...(3) 


The equations of motion of the centre of mass are 
expressed as 

A/.V =M (—a cos 9 O'—a sin 9 (j) = S, .. .(4) 

My = M (—a sin 9 o 2 +a cos 9 y) = R~Mg. . ..( 5 ) 

To find the reactions, substitute the values of e’ and jj 
from (2) and (3) in (4) and (5); and we have 

S=M cos 9 || (sin a-sin 9)-a sin 0.^-^cos &)j 

— *Mg [3 sin 9—2 sin a] cos 9. .. .( 6 ) 


R—Mg -f -M £—a sin 0.^ (sin a —sin 9) 


+ 


Mg 


a cos « ( - If °os «)] 


[4 — 6 sin a sin 0 + 6 sin 2 0—3 cos* 9] 


Mg 

~ - 4 - [1 — 6 sin a sin 9 + 9 sin* 0] 

Mg 

— 4 [I— sin* a-f sin 2 a —6 sin x sin 0-f-9 sin 2 0J 
M 2 

~ [(3 sin 0 —sin a ) 2 + 1 —sin* a] 

— [(3 sin 0—sin a) 2 -f cos* a]. 


...(7) 


It is evident from ( 6 ) that S vanishes when sin 0=J sin a 
and S will be negative for a smaller value of 0 . Hence the end 
B will leave the wall when sin 0 = 5 sin *. Putting this value of 
sin 0 in ( 2 ), we get the angular velocity 

2 1? 

CU Z = sin a. 

2 a 



224 


Dynamics of a Rigid Body 


also the horizontal velocity at the instant is 

dx • n . 

-j f = — a sin 9 o 

=o.l sin a sin 

= 3 V( 2 ag sin 3 a), 

/. e. moving with a uniform velocity; hence 

.V = 0. 


V 0=co, 


Tt is obvious that R is positive for sin 9 =f sin a and for any 
value of ft, hence the end A never leaves the plane. 

Second part of the motion. 

When the end B leaves the wall, 
the equations of motion will take a 
different form. 

Now let us suppose that the reac¬ 
tion of the plane is R t and the rod 
has turned through an angle 0 from 
the horizontal. 

Now as there are no horizontal forces on the rod, and there 
was no initial acceleration in the horizontal direction, hence 


MX =0 

...( 1 ) 

A, w~ R '- Mg - 

...( 2 ) 

M ^ cj> 2 = — R l a cos 0. 

...(3) 

Also y — a sin 0, hence y — a cos 0 


y=—a sin </. tjr + a cos «/> 0 . 

...(A) 

Ilcnce from (2) and (3) (A), we get 


/i i - ,« d 2 ‘h . / dh\" g 

(a -f cos- </•) d[ ., —sin </. cos 0 J =_* cos >f>. 

...(4) 

Multiplying (4) by 2 0 and integrating, we have 


(' ~hcos 2 ./•) (^ ;, y= sin 0-f C. 

...(5) 

NN hen ,1 sin a); (^)= (" ~ ^ 

); hence sub 
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tituting this value in (5), we hive 


i. e. 


«4" “ U+l-J sin 2 a]=——.| sin a + C, 
la a 

C= 7g f a (l 


Hence (5) becomes 

o .. 2g sin a 


»+“•'« O'- 2 ' f" ,in *• •••<» 

Let Q be the angular velocity when rod becomes horizontal 
i. e. $= 0; hence, we have 




sin 2 a 


or = — sin 9 sin a. ...(') 

Ex. 12. /4 heavy rod , o/ /eng/// 2n /j placed in a vertical 

plane with its ends in contact with a rough vertical wall and an 
equally rough horizontal plane’, the angle oj friction being A. 
Shew that it will begin to slip down if its initial inclination to the 
vertical is greater than 2X. Prove also that the inclination 0 oj the 
rod to the vertical at any time t is given by 

y (k*+a 2 cos 2X)-a 2 i> 2 sin 2\ = ag sin (d—2\). 

Here /x=tan A. 

Let OA be the wall, OB the horizon¬ 
tal plane; A B the rod and 

/_OAG = /_GOA = 0 

[V OG=GA = GB] 
where G is the centre of the rod. Duiing 
the motion the resultant reactions of the 
wall and plane are R and S at an angle A 
with the horizontal and vertical. 

The accelerations of G arc a(f along 
GO, and ay perp. to GO; because the 
centre of the rod describes a circle about O as the centre. The 
weight mg will make an angle A with S which is perpendicular 
to R. 



Resolving in the directions of R and S, we get 

R—mg sin A— ma \p cos (0 4-AH-/T cos {9O-f-0-f-A)] 

= ma [o’ cos (0 A) -( ) 2 sin (9 +A)]. 


...d) 
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S-nig cos X=-ma [y cos (90—0—A) + 0 2 .cos (0 + A)] 

= -wj [0 sin (0 + A)-f 0 2 . C os (<9-f-A)J. ...(2) 

Also taking moments about G, 

mk*o=a [S sin (0-A ) — R cos (0—A)]. .. .(3) 

Substituting from (lj and (2) in (3) for R and S, we get 


or 


or 


k*ij=ga £ sin (0 — A) jcos A-| y sin (0-f A)—^ cos (0+A)j 


— cos (9 


-A) /si 


ob 


sin A+^ cos (9+ A)-^- sin (0 + A) 

y [A : 2 + <j 2 {cos (0-A) cos (0+A) f sin (0+A) sin (0 —A)}] 

= °b* {sin (0-f A) cos (0 —A)—cos (0-}-A) sin (0-A)} 

+ga [sin (0—A) cos A—cos (0—A) sin A] 
0 [k--\-a 2 cos 2AJ — a ? y 2 sin 2X=ag sin (0-2A) 


■a 


which gives 0 


If 0 > 2A it is obvious that y is positive and hence the rod 
starts slipping if 0 > 2A. 

Aliter. Equations of motion are 


in 

J t 2 ( a sin 0) = ma [cos 0 y -sin 0 0 a J 

= — 5’ sin A + /? cos A, ...(1) 

d 2 

003 Q)=— f nu I sin 0 y + cos 0 #*] 


= R sin A-{-S' cos A — mg. 


anj as before, 

mk*y=a [S sin (9-X)-R cos (0-A)]. 
Solving (1) and (2), we get 


R = mg sin A-f -may cos (0 -f-A) — may 1 sin (0-{-A), 

S = mg cos A — ma [y sin (0 + A) + 0 * cos (0-f A)] 
and further the same as before. 


...( 2 ) 

...(3) 


Ex. 13. A uniform rod (urns without friction about horizontal 
axis through one end under no forces except the action at the hinge 
and its own weight. If its angular velocity in the highest position is 
°\> to find the angular velocity in any other posit 'on and the reactions 
of the axis. 


Let 0 be the angle that the rod makes with the vertical, 
say alter a time /. Let P and Q be the reactions of the 
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hinge perpendicular to AO and along 
AO- Suppose the length of the rod 
is 2a. 

Now the acceleration of G perpen¬ 
dicular to the rod; in the direction 
opposite to P is shown to be 

d 2 , m d-d 

dt* {a0)=a dt* ••■<'> 



Hence 


w d 2 d 

Ma ~ = Mg sin 6—P. 


...( 2 ) 


M fceirg the mass of the rod, 
and for rotation about the centre of inertia, 

Ma 1 d-d 
3 dt 2 ~ aP * 

Hence the elimination of P from (2) and (3) gives 


4a ^f=3 g sin 6. 

Multiplying (4) by d and integrating w. r. t. t, we have 

2ao 2 = — 3g cos 0 + C. 

Since o = cu 0 when 0 = 0; hence 

C=2acuq 2 +3g. 

Substituting for C in (5), we get 

2a (0 2 —cu 0 2 ) = 3 g (1—cos 0). 

From (3) and (4), we find 


...(4) 


...(5) 


P= 


Mg • a 
~ - sin 0. 
4 


...( 6 ) 


...(7) 


Resolve along GO for the motion of the centre of inertia. As 

we know that G describes a circle of radius a, its acceleration along 
GO is ad 2 . Hence, 

May 2 ^ QA Mg cos 0. ...(8) 

Substituting for d 1 from (6), we get 

Q = - Mg cos 0 + A/a . ^ (l _ cos 0) + cu 0 2 J 

= — Mg cos 0—?^ cos 0-f| Mg + oj 0 -a 
— \Mg (3-5 cos 0)-\-uj u 2 a. * 

Ex. 14. A rod OA can turn about a hinge at O , while the end A 
rests on a smooth wedge which can slide along a smooth horizon' al 
pla te through O. Find the motion. 
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Suppose the rod has turned 
through an angle 0 , let a be the 
angle of the wedge, the mass 
of the wedge = A/, the distance 
of the end C of the wedge from 
O, one of the ends of rod is 
OC—x. The length of the rod is /. 

The reaction of the wedge on the rod at A is R perp. to CA. 
Hence the dynamical equations are, 

Mx=R sin a, ...(1) 

and mk l \j=Rl cos (a— 9) —mg 2 cos 0, *-*(2) 

and the geometrical equation from the A OCA is 

l _ x 
sin (ISO— a) sin (a — 9) 

i e. / sin (a— 0 )=x sin a. ...(3) 

Multiplying (1) by 2x and (2) by 2{) and adding, we have 

2 Afxx + 2nik-eu=2R.i sin a + 2 Rl cos (a-0) q— mgl cos 9 o 

= —mgl cos 9 . 0 -\- 2 R 0 sin a-}- / cos (a— 9) o] 

...(4) 

Differentiating (3) with respect to t, we have 

— / cos (a — 0 ) 0 = sin a .v. ...(5) 

Clearly the coefficient of 2 R in (4) vanishes in virtue of 

the result given by (5); hence (4) becomes 

2 M.'i'x + 2 mk 2 o'(i = — nigI cos 6 q. ... (6) 

Integrating this equation, we have 

Mx 2 + nik- 0 1 = —mgl sin 0 + C. ...(7) 

The result (7) cau be written by the method of conservation 
of energy. The energy of the wedge is and that ot the rod 

is link 2 if*. Hence 

} A/a! 2 +£w& ? 0 2 =work done by gravity 

= C' — mgy 

or Mx 2 -f Mk 2 tf* = C —2/ngy 

— C—mgl sin 9, since y=) l sin 9. 

Same as before 

Putting the value of a! from (5) in (7). we have 

A/. J— cos' ir + mk 2 r = C-mgl sin 9 

sin- a 
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or 


\_ M Hi? a COs2 0 2 =C-mgI sin 9. . ..(8) 

If initially 0=0 when 9=f3, C=mgl sin ft, hence (8) becomes 

\_ M sTn^a C ° s2 ( a — 0 ) + m k 2 J O'=i Jigl (sin /? —sin 9) ...( 9 ) 

This equation is not integrable further; hence 9 cannot be 
found in terms of t ; but the angular velocity of the beam as well 
as the velocity of the wedge has been found by the equations (9) 
and (5). 

Ex. 15. A uniform rod of mass M and length 2a has fastened 
to it at one end, a small ring of mass m, which can slide on a 
fixed horizontal rod. Initially the rod is held in contact w ith the 
fixed rod and is let go. Show that its angular velocity when it 
makes an angle 9 with the fixed rod is given by 

a {dm+M (1 + 3 cos- 9)) o 2 =6 (M+m) g sin 0. 

Let AB be the rod of length 
2a, and a small ring be fastened 
to A which can slide on the fixed 
rod AC. Let G be the centre of 
gravity of the rod and G t that of 
the rod and the ring together. 

Refeircdto C as origin, Jet 
( x , >0 be the coordinates of the 

C. G. of of the rod, then A is (x+a cos 9, 0) where y=a sin 9. 

By simple geometry, 

a 

(M+m)' 

Now the dynamical equations of motion are, 

d- 



GG l =m 


•( 1 ) 


Md+m (x+a cos 0) = 0 , 

since there is no horizontal force. 

Integrating the equation (1) with respect to t and using the 
initial condition that x and o are zero when 9=0, x=0, we have 

Mx i nix —ma sin 9.0=0 

(M+m) >i=ma sin 9 q. ...(2) 

nia • « . 

* = (A/+,», S,n0 <'- 

S=a cos 9 0. 


i. e. 

From (2), 
and 


Now the velocity of the ring is ^ (x+a cos 9)= — from (2). 
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Hence the energy equation gives, 

( A/ \ 2 

-- jM =work done by gravity 

= + Mga sin 9+C. ... (3) 

Clearly the work done by gravity is Mag sin 0, because 
initially the rod was in contact with fixed horizontal rod, 
hence C=0. 


Substituting for a), y in (3), we have 


^ [(A/ 


2 nr 


a 2 


mM 2 a 2 


(M+m)* sin ' leill+a ‘ COs2ei >*] + ** 1 » a+ (A/+m) !Sin,fl ® 

= Mag sin 0 


or 


a t m(M+m) . 2 .. a 2 (1 +3 cos 2 9) . . 

or (A/4>» F~ ,ln +-3- 0 2 ~^ a S s.n 0 

a ‘0* si ° 2 # + (1 + 3 cos 2 9)J—6ag sin 9 

or a [3m sin 2 0 + 3m cos- 0+m + A/ (1+3 cos 2 0)]--=6 (A/+m) g sin 9 
or [4m + A/ (1 + 3 cos 2 0)] O 0 2 =6 (A/+m) g sin 9. ...(4) 

Hence the result. 

Alitcr. The equations of motion are 

M'x + m (x+o cos 0)=O. ...(1) 

My={M+m)g-R ...(2) 

and {M (k 2 + GG x 2 )+mAG 2 ) y 

— R.AG X cos 9 + MgGG x cos 9—mg.AG x cos 0, ...(3) 
where R is the normal reaction at the end A ; and k is the radius 
of gyration. 

f Aim - . An 2 Mirra* , m\I 2 a 2 Mm a 2 

But A/GG^+m^G, 2 — ,-ry:—c 2 + ,irin —:• 

1 1 (M+m) 2 ( M+m)* (M + m) 

Multiplying the equation (2) by AG X cos 9 and adding to (3) 

with the substitution for \—a cos 0 y—a sin 0 y, we have 

M (a cos 0 y — a sin 0 # 2 ) /iGi cos 0— (M+m) g.AG x cos 0 

+ Mk-y + w , ... 9 


M+m 


= Mg.GG x cos 9—mg. AG, cos 0 


or 


a 


,,, - o /i . Ma 3 .. Mm a 2 .. A/ 2 a 2 cos 0 sin 0 

jU A/ + m COi (,+ 3 9 + A/ + ,7, #-A7+7T— 9 

— Mg ( AG X +GG X ) cos 0 

oA/ ... a 2 
V <4G, = jj.T— and **=-= 
1 Af+m 3 


— A/go cos 0 
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fl (M cos 2 0 +m)l Ma cos 0 sin 0 .„ 

13 + M+m j 09 - M+Zr-°*~* case...(4) 

Multiplying equation (4) by 2 g and integrating w. r. t. /, and 
applying the condition that 0 = 0 , when 0 = 0 , we have 

[J (A/+w) + (w + A/ cos 2 0)] ae 2 = 2 (M+m) g sin 0 

or [4w-|-A/ (l-f3 cos 2 0)] 00 2 = 6 (M -\-m) g sin 0, ...(5) 

the same result as obtained before. 

Ex. 16. A uniform rod of length 2a is freely jointed at one 
end to a small ring whose mass is equal to that of the rod. The 
ring is free to slide on a smooth horizontal wire and initially it is 
at rest and the rod is vertical and below the ring and rotating with 

angular velocity in a vertical plane passing through the 

wire . When the rod is inclined at an angle 0 to the vertical , show 
that its angular velocity is 

/ (3g\ (1+ 4 cos 0 \* 

. . V \ aJ-\8—3co*0j 

and find the velocity of the ring. (Punjab 1952) 

Let AO be the fixed wire and ^ 

AD the rod making an angle with a ! __ x 0 

the horizon at time t. T c£> •" 


(Punjab 1952) 


Proceeding in the same manner 
as in equation no. (15), we have 

MH+M cos 0 )=o, 


,e ■ s ‘+} l i(x+acos*) = 0. ... ( |; 

Integrating ( 1 ), we have 

*+[sin <t> <f>)=VOag) 

V * = 0, <j>= — (^y when 

where A is (x-f-ocos <f» t 0) and G ( x , a sin <f>). 


Mg 


• (f) 


...( 2 ) 


The velocity of the ring is [*-a sin <f> <f>]=->!+V(3ag) from (2). 
We see that the vis-visa of the ring is M [—\/(3tf £)] 2 and 

that of the rod is M (* 2 +3> 2 )+A/ £ <?. But y=a sin <f> is the 

vertical distance of the centre of gravity of the rod below the 
fixed wire. Now twice the force function from article 4*9 i s 
C+2Mgy or C-f 2Mga sin <f>. 
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Hence by the principle of vis-visa or the energy equation, 

?+m cos' 0 *.)+** e 

=C'+2Mga sin 

where C'=C— 3( ^ M 

2 

or 3 Ma* sin* <f> <j>*+2Ma* (1 + 3 cos* *) ^*=6C'+12 Mga sin *...(3) 
or Ma* (5+3 cos* *) <p=6C’+\2Mga sin <f>. 

When *=?, hence C'=3 Mga. 

Hence substituting for C' in (3), we get 

a (5+3 cos 3 <f>) (j> 2 =3g (1+4 sin <f>) 
a [8 — 3 sin* <£] <f> 2 =3g (1 + 4 sin <f >). 

Now substituting —0, we have 

/r 3 g ^+ 4 c ° s ° m 

0 V V8-3 cos* 
and the velocity of the ring is 

V(3tfg)—o sin <£ </> 

2 . 

Substituting for ^ or we have 
Hence the result. 


or 


...(4) 


Examples 4 (b) 

1. AB is an inclined plane; DC is the horizontal plane through 
the lowest point B, and both planes are smooth. A uniform 
rod is placed on AB with one end at B, and is allowed to 
slide down. Find its angular velocity just before the upper 
end leaves the plane AB, assuming that this end remains in 
contact until it reaches B. 

£lf / is the length of the rod, a the inclination of the plane, 

2 ___ 3g sin a "1 

01 / (1+3 cot* a)J* 

2. A uniform rod AB, of wt. W, lies on a smooth horizontal 
plane, C is a fixed point vertically above B; a thread carries a 
weight P, and after passing over C is fastened to B, the end B 
can move freely in the vertical guide or groove coinciding with 
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the vertical line BC. Tr.e weight of P and the rod are equal. 
If P is allowed to fall, find (i' the angular velocity of the rod 
at an inclination 8 to the borizontd, (b) the directions of 
motion of the centre of gravity, (c) the reaction of the groove 
at the end B. 

Ans. (a) leu 2 =-; (b) perpendicular to line 

joining the centre of gravity to the initial position of B, 
9 W sin 2 6 (3-f-cos- 0)~] 

(Cj 8 ( 1 -f- 3 cos* tf) 2 J* 

3. The ends of a uniform rod are constrained by small rings to 
slide on a smooth fixed rigid circular wire whose plane is 
vertical. Find the motion and the reaction at the ends. 


4*14, When rolling and sliding are corabiaed. 

An imperfectly rough sphere moves from rest down a plane 
inclined at an angle a to the horizon , to determine the motion. 

Suppose in time t, the sphere 
has turned through an angle 0 and 
let x be the distance described by 
C the centre of the sphere. Let 

CA be a radius the line fixed in 
the body, makes an angle d with 
CB, a line fixed in space. 

Also let us suppose that the friction was not sufficient to 
produce pure rolling; hence the sphere slides as well as turns. 
For this case the maximum friction that can be exerted by the 
plane is ixR, y being the coefficient of friction. 

Since there is no motion perp. to the plane, hence 
C. G. of the sphere always moves parallel to the plane, i. e. 

0. Hence the equations of motion are 



M 


Mx—Mg sin a — yR, 
0 = R—Mg cos a. 


2a 2 

5 


(j=yRa. 


...( 1 ) 

...( 2 ) 

...(3) 


Eliminating R from (1) and (2), we have 

x=g (sin a —y cos a). ...(4) 

Integration w. r. t. t gives 

(sin o. — y cos a), ...(5) 

and integrating it again, we get (sin a —y cos a) gt 2 . .. .(6) 
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Constant of integration vanishes since rf=0 and x—0, 
when /=0. 


Also, from (2) and (3), we get 


<P0__5j»g 
dt 2 2d 


cos a. 



Integration gives. 



cos a. 


• • • 



as the const, of integration vanishes as before. 

Now the velocity of B the point of contact down the plane 
= velocity of C the centre of the sphere-4-the velocity of B relative 
to C=*-od 

= g (sin a— fx cos a) t — ^fxgt cos a= \g (2 sin a—7/x cos a) t. 
Now there are three alternatives. 


Firstly. (2 sin a - 7 p cos a) > 0 /. e. n < * tan a. 

In this case the velocity of the point of contact does not 
vanish and remains always positive for all values of t, /. e. the 
point B has a velocity of sliding for all times and the max. friction 
always acts. Hence the sphere never rolls. Hence the motion is 
governed entirely by the equations established above. 

Secondly. (2 sin a —7/x cos a) = 0 /. e. /z=£ tan a. 

In this case the velocity of contact is zero for all values of t. 

Therefore it is a case of pure rolling ; and the maximum 
friction is always exerted. 

Thirdly. When (2 sin a—7/x cos a) < 0, /. e. /j. > f tan a. 

Now here the velocity of the point B appears to be negative, 
i. e., if max friction is allowed to act the point of contact will 
slide up the plane which is impossible, because the friction acts 
only with a force just sufficient to keep the point at rest. 

Therefore in this case, pure rolling take3 place from the very 
start, and the max. friction is not always exerted. 

Hence the equations of motion take a different form. 


Mx=Mg sin a—F, 
0—R — Afg cos a 

and Af ~ & =F.a, 

where F is the frictional force. 


...(9) 

...( 10 ) 

...(H) 
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Also, because the point of contact is at rest, we have 

x — a$ = 0 or .v = ajj 
From (9), (11) and (12), we have 


7 .. 

-j x=g sin a. 

Integrating, we have 



x = 


x= 


5g 

•y t sin a, 
ad—~ '*-«IL« 



the constant of integration vanishes as .v = 0, x = 0 when /=0. 

Equation of Energy. When the centre has described a 
vertical distance = x sin a, the work done by the gravity is 
Mgx sin a. Hence the K. E. 


...(14) 


...(15) 


Now in the first case, by (5) and (8) 

K. E. = *A/g 2 / 2 f(sin a-^cos a)*+§p 8 cos 2 a] 
and the work done by gravity, by (6) 

=Mgx sin cc—lMg-t 2 (sin a — n cos a) sin a 
Clearly equation (14) is less than (15) if 
[(sin a— fx cos a) 2 -f ®/x 2 cos* aj < (sin 2 a — ft cos a sin a) 
f * e * 2 ^ 2 cosJ « —2/z cos a sin a < — ^ cos a sin a. 

aM cos a < sin a. 

*• /x < f tan a 

/. e. so long as there is any sliding. Hence in this case on 
account of friction there is a loss of work and the equation of 
energy and work docs not hold good. 

Now in the last case the kinetic energy by (13) 

“4 i) 2 =lM.Wd*=\MAg°- sin 2 «.r- 
and the work done by gravity 


= Mgx sin a =Mg sin a .$.g sin a. -■ 

= hM *g 2 sin 3 a./ 3 . 

In this case and similarly in the 2nd case we see that the 
equation of energy holds. 

Hence we have seen that if there is pure rolling or sliding 
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there is no Joss of kinetic energy while in sliding and rolling 
combined the energy is iGSt. 


Ex. 1. A sphere, of radius a , is projected up an incline J plane 
with velocity V and angular velocity fi in the sense which would 
cause it to roll up; if Vz>aQ and the coefficient of Jriction > f tan a, 
show that the sphere will cease to ascend at the end of a time 


5V+2a o 
5g sin a * 


where a is the inclination of the plane. 


(Agra 1931, 51, Luck. 1956 Raj. 1954, 1959) 
Let the sphere has turned 
through an angle 0, and after time t 
the line CN fixed in the body which 
was at zero time normal to the 
plane, makes an angle 6 with CB, 
the line fixed in space. 

The initial velocity of the 
point of contact is 

= velocity of C+velocity of B relative to C 

= V-aCl > 0. 



Hence the friction /iR acts down the plane and the 

sides as well as turns. 

Now the equations of motion are 

A/.v = — Mg sin cc—pR 
0 = R- Mg cos a 

[ v there being no motion perp. to the plane], 

,2a- .. 

A/ - 2 - o = pRa. 


sphere 


...( 1 ) 

...( 2 ) 

...(3) 


Eliminating R from (1) and (2), we have 

*=-g (sin a. + p cos <x) .. .(4) 

Integration gives, 

g (sin oc-f/x cos a) t+ V ...(5) 

because .v= V, when r = 0. 

Similarly o[i=^pg cos a. ...(*) 

Integration gives, 

a6=~t*gt cos a + tfQ, as d=D, when r = 0. .. .(7) 


Rolling commences say at r=/ x when the velocity of the point 
of contact is zero i e. x - ao = 0, 

ie V-g (sin a-f/x cos a) t x ^lpgt x cos a + 

in virtue of (5) and (7). 
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Hence t l =-Llflr a 2>_ 

g (2 sin a-f-7/1 cos a) 
Putting this value of in (5), we get 

}i== y _2 ( V—a&) (sin x-f - f i cos x) 

(2 sin a-f-7/z cos x) 

_ f' c os a -f- (sin a-f-^x cos a) 

7fj. cos a-f-2 sin a 


say. 


When rolling begins (i.e. the velocity of the point of contact 

is zero), suppose F be the friction which is sufficient for pure 
rolling. 


Hence the friction will act up the plane, because the point of 
contact has been brought to rest, and the friction will try to keep 
it at rest if possible. 

Hence the equations of motion 

ore MX=F— Mg sin a, ...(i) 

2a 2 .. 

— «/»=— Fa. ...(ii) 

R = Mg cos a ... (iii) 

Since throughout the motion 
the point B is at rest, hence 

X— a<j/= 0. ... (iv) 



With the help of equations (ii) and (iii), we eliminate X and 

(because X=aip) : hence 

F- Mg sin a=—£ F. 

*' e ' F=%Mg sin a. 

We see that 

fxR^ftMg cos a > f tan a Mg cos x=?Mg sin a. 

V ft > f tan a. 

i.e. the condition F < R is satisfied. 

Substituting the value of F in (1), we have 

• • 

X— — $g sin a. 

By integration with respect to t, we have 

X= — $gt sin a+K, (since X=V x when / = 0). 

Hence the sphere will cease to ascend if ^=0, 

i.e. t t =l —1~- 

6 g sin a* 

The total time is t x + t z . 
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__ 2 IV —aQ.) _ 1_ 5fxV cos a-f 2 aQ (sin a-f/z cos a) 

g (2 sin a-f-7/x cos a> + 5g' sin a (7/* cos a + 2~siiTa) 

10 ( V—aQ) si n a + 35pV cos a.+ \4aQ (sin a-f/* cos a) 

5g sin a (7/x cos a-f 2 sin a) 
iOV sin cc+35nV cos a-f -4 aQ sin a4-14 aQp. cos a 

5g sin a (7/x cos a-}-2 sin a) 

__5F (2 sin a-f 7 /x co s a) -f 2 a Q (2 sin a-f 7/* cos «) 

~ 5 g sin a (7/x cos a-f-2 sin a) 

__ 5V + 2aQ 
~ 5g Sin a * 

Ex. 2. A sphere is projected with underhand spin up a slope 
of angle a/ show that if the velocity V of projection be large, the 
sphere will turn back after a time 

5v—2aQ 
5g sin a 

[Hint. Proceeding in the same 
manner as in exercise (1) above, we get 
the result after changing the sign of Q t 
because now the motion of the sphere 
is changed Figure is given here]. 

Ex. 3. A sphere of mass m rolls down the rough face of an 
inclined plane of mass M and angle a, which is free to slide on a 
smooth horizontal plane in a direction perpendicular to its edge. 
Investigate the motion , and show that the pressure between the 
sphere and plane is 

m (2m -f 7M) g cos a 
(2+5 sin 2 <x)~m + 7M * 

Also find the acceleration of the plane. 

Let the sphere has turned 
through an angle 0 after time t, 
and the centre of sphere has 
described a distance ,x dovsn 
the plane. The fiiction will 
art upwards because the sphere 
rolls. Let the direction of 
motion of the plane be •*—. 

Referring to O' as origin, 
the co-ordinates of the C. G. of the sphere are 

y=x—(I —ah) cos a-f -a sin a. 



(Agra 1934) 



...d) 
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Y=(l—ad) sin a+a cos a, 
where 0'A=x, OA^-l, OB=ad. 



Differentiating (I) and ( 2 ) w. r. t. t, we have 

• • 

X=3i+a(j cos a, 

Y=— a sin x.y. 

Considering the motion of the plane, we have 

Mx = F cos a — R sin a. ...(4) 

Resolving the acceleration of the centre of gravity in the 
direction of R, we have 



R—mg cos a=m [X sin <x-\-Y cos a] 

—mx sin a fin virtue of (3)]. ...(5) 

Taking moments about G, 

2a 2 

»i -j* ii—Fa. .. .( 6 ) 

Also considering the motion of the sphere in the horizontal 
direction, we have 



or 



• • 

mX—m (x-fa cosa ij) — R sin a — F cos a 

From (4) and (7), we get 

Mx+m (x + a cos a //) = 0 , 

(A/-fw) x = —ma cos a 0 .' 

Eliminating F between (4) and ( 6 ), 

2ma .. . 

Af.v = - cos a(/-/?sina 


= — $ (Af+m) ii — R sin a from ( 8 ) 
(7 M 4-2 m) x=—5R sin a. 

Eliminating hi from (5) and (9), we have 

0={R—mg cos *) (74/+2m)-f 5/nR sin 2 a, 

^_ nig cos a (IMA - 2m) 

(7A/-f2m + 5m sin* a)* 


...(7) 

...(3) 



Substitituting for R in (5>, we have 

5 mg sin a cos a 
* ~ 7A/+2m + 5/« sin 2 a ’ 

the acceleration of the plane. 

Ex. 4. If a sphere be projected up the inclined plane, for 
which n = } tan a, with the velocity V and initial angular velocity Q 
(in the direction in which it would roll up) anJ if V > a Cl, show 
that the friction acts downward at first and upwards afterwards. 



240 


Dynamics of a Rigid Body 



and prove that the whole time during which the sphere rises is 

17V+4aCl 
18g sin a * 

(Raj. 1950, Agra 38, Nagpur 58) 
Let the sphere has turned 

through an angle 6, and after 

time / the line CB fixed in the body 

which was at zero time normal 

to the plane, makes an angle d 

with CB, the line fixed in space. 

Now the initial velocity of the 
point of contact is 

=velocity of C+velocity of A relative to C 
= V— aQ > 0. 

Hence the velocity of the point A is up the plane; hence the 
friction ^R acts down the plane. 

Equations of motion are 

AfX=—Afg sin a - t iR, ,..(i) 

0= R Mg cos a, .. .(if) 

2 a 2 

M 5 H=,cRa. _(iii) 

Eliminating R from (ii) and (iii), we have 

Mx = — M g sin a — f tan a.A/gcos a= — }Mg sin a ...(iv) 

(n being f tan a) 

or .V= —?g sin a 

an d tan a cos a, 

a'li=-Ag sin a. 

Integrating (iv) and (v) and using the 
and (j = Q when / = 0, we get 

•v*= V— Itg sin a 

ar, d o(t=aCl+-fagt sin a. 

When rolling commences the sliding velocity of the point of 
contact i e. A—aff=0, 

I e ■ V—? gt sin a= aQ -}- -, 8 4 -g/ sin a 

i.e. if tl = 2 (V - aL >> 

3g sin a * 

Substituting for t in (vi), we have 

*=v-*.l(v-oa) 

_5V+I6 a.Q , 

- 2 ]~ say. 


...(v) 

condition that 

... (vi) 
... (vii) 
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Now as the rolling begins, then = * tan a > /x . 
As tan a, there cannot be pure rolling, ic. x-aj does 

not remain zero, but changes its sign. So the point of contact 
begins to move downwards and the friction F changes its direction 
and acts up the plane, so that the second set of equations is 


• • t 



MX—F—Mg sin a, 
R—Mg cos a, 

„. 2a 2 .. 

M — = — Fa. 


Also X—a<t>= 0. 

Solving these equations, wefiii 

F=$Mg sin a. 

While nR=\ tan a .Mg cos <x = \Mg sin a. 

Hence we see that F > fiR, 

ie. friction which we require for pure rolling is more than the 

maximum friction that can be exerted by the plane, so the pure 
rolling is impossible. 

The friction cannot keep the point of contact at rest 

inspite of the fact that the maximum friction ^R being exerted 

in the upward direction. Hence the sphere slides as well as 
turns. 

The equations of motion are 


and 


i.e. 


MX=fjR—Mg sin a, 

0=R — Mg cos a 
,, 2 a 2 y 

M -j- <f>= — fxRa, 

• • 

MX— — Mg sin a4 f tan <x..Mg cos a 
= — ?A/g sin a. 

Integration of (3) gives 


...( 2 ) 


...(3) 


i.e. 


X= — ?gt sin a+F, 

It will cease to rise if X=0 

/= __ZZ._ 

/ 6 g sin a 

Hence the total time^/j-f t 2 

= 2 V~aQ + (5V+\6aQ) 
3g sin a IHg sin a 
= UV ~ 12^4 5K+ 16 aQ 
18/? sin a 


[V X=V x when f=0] 


17 V+4aQ 
18 # ?in a 
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Ex. 5. A sphere is projected with an underhand twist down 
a rough inclined plane / show that it will turn back in the course of 
its motion if 2aut (p—tan <x) > 5pu, when u, w are the initial linear 
and angular velocities of the sphere, p is the coefficient of friction , 
and a is the inclination of the plane. 

Solution. The sphere moves 
down the plane and is projected 
with an underhand twist hence the 
direction of the velocity u is •+- and 
w is in the sense,/. 

Hence the initial velocity of the 
point of contact 

=velocity of C the centre 

-f velocity of B relative to C 
= u+ao> > 0 i.e. down the plane 

Hence pR acts up the plane. 

The dynamical equations of motion are 

M'x=Mg sin a— pR, ...(1) 

R — Mg cos a=0 ...(2) 

fsince there is no motion perp. to the plane] 
Mk 2 y'= — pRa ...(3) 

Eliminating R from (1) and (3) with the help of (2), we have 

X—g (sin a — p cos a) ...(4) 

and a[i= — lpg cos a. ...(5) 

Integrating (4) and (5) with respect to t, we have 

X=g (sin a —p cos a) / + 
a() = — %pgt cos a-f out 
because at /=0, .\' = u, q = uj. 

The sphere will cease to descend if ^=0, 
i.e. g (sin a — p cos a) t= — u 

u 


W W 

“•} 


...( 6 ) 


or 


f= 


g (p cos a —sin a)' 


...(7) 


At this time 


ae = 


Now ay > 0 if au> 


— 5 pu cos a 
2 (p cos a —sin a) 
5 pu cos a 


— v -f flcu. 


i.e. 

i.e. 


if 

if 


2 {p cos a —sin a) 

2 aoj (p cos a—sin a) > 5 pu cos a 
2aa> (p —tan a) > 5 pu. 


P being the coefficient of friction. 
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Ex. 6. An inclined plane of mass M is capable of moving 
freely on a smooth horizontal plane. A perfectly rough sphere of 
mass m is placed on its face and rolls down under the action of 
gravity. If y be the horizontal distance advanced by the inclined 
plane and x the part of the plane rolled over by the sphere, prove 
that (M+m) y=mx cos */ and lx—y cos a = $gt 2 sin a, 

where a is the inclination of the plane to the horizon. 

(Raj. 1951, Agra 1952) 

Let the sphere has turned 
through an angle 6. and moved 
through a distance x down the 
plane, whereas the plane has 
moved through a distance y on 
the horizontal plane,, 



Now there are two accelerations of the centre x down the 
plane and y parallel to the horizontal plane in the sense -► and 
that of the wedge y . 

Since there is no horizontal force on the system, hence 

My+m (y-x cos <x)=0 ...(1) 

[M and m being the masses of the wedge 

and sphere respectively]. 
The acceleration of C parallel to the plane is 

x—y cos a. 

The equations of motion for the sphere are 


and 


m ( x—y cos u) = mg sin a — F 

my sin >x = mg cos a — /?, 

2« 2 .. - 
m — 0 = fa. 


...( 2 ) 

...(3) 

..•(4) 


Since it is a case of pure rolling, hence x---aO 
and x=au. 

Eliminating F between (2) and (4), we have 

x—y cos a=g sin a— %'x 
e • {X—y cos a=g sin a. 


.V = 


...(5) 

ay from (5)] 
...( 6 ) 


Integrating the equation (6) twice with respect to and 
applying the initial conditions that at /=0, x=y~ 0, *i=y = 0, 
we pet. 
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ix—y cos a.=lgt : sin a. ..-(7) 

Now the dynamical equation for the plane is. 

My=R sin a— F cos a. ...(B) 

Substituting for R and F in (8) from (2) and (3), we have 
My—{mg cos a.—my sin a) sin a —{mg sin <x—mii-\-my cos a) cos a 

= —my (sin 2 a-f-cos 2 a)-fm* cos a 
=—my+m'.i cos a 


or y=m'M cos a. 

Integrating this equation twice and applying the 
conditions as before, 

(M+m) y—mx cos a. 

Hence the two results. 


...(9) 

same initial 
...( 10 ) 


Ex, 7. A uniform sphere , of radius a, is rotating about a 
horizontal diameter with angular velocity ft and is gently placed 
on a rough plane which is inclined at an angle' a to the horizontal , 
the sense of rotation being such as to tend to cause the sphere to 
move up the plane along the line of greatest slope. Show that , if 
the coefficient of friction be tan a, the centre of the sphere will 

remain at rest for time . ~ and will then move downwards with 

5g sin a 

an acceleration *g sin a. 

If the body be a thin circular hoop instead of a sphere , show 

that the time is -°P— , and the acceleration is sin a. 

g sin a ° 

The sphere was rotating 
with an angular velocity ft about 
the horizontal diameter before 
plac ng it gently on the inclined 
plane. Hcn:e initially the velo¬ 
city of the centre is zero.. 

The sense of rotation is 
as marked in the figure, so 
that it may move up while the 
point of contact moves down the plane. 

Since the initial velocity of the point of contact 

= velocity of C4-velocity of A relative to C 
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= 0+aD 

= fiQ a positive quantity. 

in the direction down the plane hence h R acts up the plane. 
The equations of motion are 

Mx = Mg sin a —/xR .. 

0=R—Mg cos a, \\' (2) 

[since there is no motion perp. to the plane] 

—— if /?/] 1 


• • • (- 3 ) 


•..(4) 


and Mk 2 y= —fjRa 

where /*=tan a. 

Eliminating R between (1) and (2), we get 

Mx = Mg sin a—Mg cos a.tan a 

. = 0 ’ 

'• e - .V=0, 

^=0 because initially a;=0. 

Similarly from (2) and ( 3 ), 

k ‘0 = — ga sin a. 

Integration gives 

k*o = -gal sin a+A’n (initially when r = 0 n = 0) ret 

sphere d“f ^oTrr £ ? '^1 £ * 2 

rotating only. P the piane exce P £ that it is 

The sphere will cease to rotate when 

0 = 0 , 

Jc*n 


Ue. if 


/= 


ga sin a 


Hence the sphere will remain at rest for a time - 2 - aQ . 

ua ,. 2a* 5 £ sin a 

cause and for the hoop the time will be= 

xi »,2 a S sin a* 

Now after time t= g £ ^ both , and . become ^ 

zeTo? V* ‘ h J e or the poin* of contact also becomes 

sufficient for pure rolling; klThc"^* Pr ° V ' ded the fnclion is 
value. 

Hence the new set of equations is 
MX=Mg sin a—f m 

D A , •••u; 

X=Mg COS a. 
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Also X=a<j> (since there is no sliding). 

Solving (1) and (2) with the help of we have 

F Mg sin a 
1 +«•/**• 

which is evidently less than Mg sin a. 

Now fj.R=\i.Mg cos a=Mg sin a or F <. pR f 
Therefore rolling continues and the equations (1), (2), (3) 
hold good. 

From (2), we have 


agsmct 
K ^“l+a 2 /* 2 


or 


x = 


ga 2 sin a 


• • 


• • • • 
aj>=x 


{a*+k*) 

Hence we find, by substituting for k*= 2 ~ or a 2 tor the 


sphere or the hoop respectively, that the acceleration is sin a 

or ig sin a as the case may be. 

Ex. 8. A hoop is projected with velocity V down an inclined 
plane of inclination a, the coefficient of friction being p > tan a. 
It has initially such a backward spin that after a time t x , it starts 
nioxing uphill and continues to do so for a time t 2 . after which it 
once more descends. The motion being in a vertical plane at right 
angles to the given inclined plane, show that 

_(an-V) 

fi+h- - g sin a (Agra 1955, 58) 

Let C be the centre of the 
sphere and CN a line^xe^ in the 
body , makes angle 9 with CA, 
a line fixed in space after a 
time /. Initially CN was normal 
to the plane and coincided with 
CA. 


n 



Initially the velocity of A the point of contact is 

=velocity of C+velocity of A relative to C 

— V+aLI which is a positive quantity. 

Hence the point of contact moves in the direction in which 
the centre C moves i. e. down the plane. So the friction pR acts 
up the plane. 
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Dynamical equations of motion are 
nix~mg sin y.—^R; 

Q=A—mg cos a, •••(!) 

f • there is no motion perp. to the planej 


that 


ma 2 o = — ^R a . 

Elimination of R from (1) and (2) gives 
. - x —g (sin a— M cos a). 

we J" tegrat,ng < 4 > with the initial conditions 

. 8 . 91 —St (sin a —/* cos a)-j- V 

and similar y „ * 

y a t) =—ugc os a 

gives after integration 

<*9 = -,^ cos« + a fl, v = n when , =0 

he boo P ceases <0 move downwards if »' = 0 

V 


x 


...(3) 
•••(4) 

K o, 

•..(5) 


». e. 


- ______ 

g (ft cos a —sin a)‘ 


( 6 ) 


...(7) 


, , o \r~ v. — am a; • • . / 

Subset Ufng the value of /, from (7) in (6), we have 

QQ~aQ— _ _?_ fl cos « 

• • 'M COS a —sin a)‘ 

1'° : hence the hoop b£ S ins *° move uphill 

mo.io^;^r^ c r^ ^ the 

with the sense of the direction as s T ° ' S 

the frTc!ro n nwn, h0 a 0 ct S uXa'd^H ' " Up «■* P<ane, 

moving downwards; )]cnce (he equatjo e “ U “ ^ t P°mt r Of contact is 

my=-nig sin a-f l xR > 

0 =R—mg cos a, 
ma*$=- h R a 

Elimination of R gives 

and J =( " COS a ~ sin «> n 

a 9 - Pg cos a. J* 

Integrating the equations (4) with the initial conditions 

✓ > » 


fuither 

positive 


••(1) 

..( 2 ) 

..(3) 

..( 4 ) 


i. e. at t~0, y=0, a<L=(»n cos a \ 

\ /* cos a —sin ay* We lave 



248 


Dynamics of a Rigid Body 


and 

i.e. 
i. e. 


y=g (/z cos a—sin a) t 

i , /zF cos 

a<fi= — ngt cos a -{-ail --- 

r ro ^ cos a _ 

Rolling commences when the velocity of the point of contact 

0, i. e. y=acj> 



g (/x cos a—sin a) f'= —/i£/' cos a-f qQ— - 


fiV cos a 
cos a—sin a 


or 


t «\ f r\ /zFcos a \ 

t g (2 u cos a—sin a) = ( att ---=-1. 

v r \ n cos a—sin ay 

This gives t' when 

y=a<j>—gt' (/z cos a —sin <x)=V l (say). 
When rolling commences. Equations of motion are 


• • 



mX—F—mg sin a, 

...d) 


= — Fa, 

...(2) 

and 

X-a^0, 

...(3) 


We get after solving these equations, 

F—\mg sin a. 

As /z > tan a; fiR > tan a mg cos a =mg sin a. 

Hence we find that F < fxR; so the equations of motion hold 
good. 

Eliminating F, we have 


• • 

X= — $g sin a. 


Integrating the above equation, we get 

X= — $gt sin a-f V lt 

since at / = 0, X= V x . 

The hoop ceases to move up the hill if X=0 /. e. if 

2F, 2/' (/z cos a —sin a) 


i'= 


Now t 2 r=t' + r=t' + 


g sin a sin a 

2t' (/z cos a —sin a) 


sin a 


[ —sin a+2/z_cosjx~| , 
sin a J 

„ . . [aO » Vc( ** .1 

F 2fi co s a^-sin x\ [ _ (fx cos a —sin a:J 
~\ sin a J g (2/Z cos a— sin a) 

= * -"I. 

g sin a |_ fx cos a —sin a J 
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Hence the total time is 

_ V _ 1 / 

** g (/* COS a —sin *)"*"£ sin a \ 

_ V ( sin a — n cos a) aQ 

~~g sin a ( fj. cos a —sin sin * 

aQ-V 


fj. V cos 7 . 
p cos 


COS 7 \ 

7 —sin 7/ 



g sin a' 

Hence {t x -\-t z ) g sin <z=aQ— V. 

Ex. 9. A sphere of radius a t whose centre is at a distance c 
from its centre , rolls without sliding down an inclined plane , the 
motion being such that the centre of mass moves in one vertical 
plane. To find the angular velocity after the body has turned 
through an angle 0, assuming that it started from rest with centre of 
mass at its minimum distance from the plane. 

Initially the point B of the 
sphere was in contact with A. At 
any time t say the point of contact 
N is the instantaneous centre of 
rotation. If q is the angular velo¬ 
city of the sphere hence the linear 
velocity of G the centre of inertia is 

NG.q 

and arc BN=NA i. e, NA=aU, a being the radius of the sphere. 

But NG 2 =CN 2 +CG i —2CN. CG.cos 0 

= a 2 -j-c 2 ~2ac cos 0 where CG=c. ...(1) 

Hence the whole kinetic energy of the sphere is 
(n* + c 2 — lac cos 0) o z -\-hMk 2 () 2 
where k is the radius of gyration. 

The vertical distance of G above N in the position shown in 
the figure is, 

a cos a —c cos (0-f a). -..(3) 

Initially when B was in contact with A, the vertical distance 
of the centre of mass G t from N was 

NA sin a-f -(a — c) cos a, 

or G'0 sin a-f -(a — c) cos a. *..(4) 

Hence the work done by the gravity in falling to its present 
position alter time t is 

Mg L aO sin a-f -(a—c) cos a—a cos a+c cos (0-f a)] 
c=Mg l aU sin a-c cos a-f c cos (0-fa)J. •..(S) 


...( 2 ) 
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Hence the energy equation gives 
\M (a 2 -f c 2 — 2ac cos 6-j-k*) q* 

= Mg [ad sin a —c cos a+c cos (0+a)]. ...(6 ) 

The right hand side caD never be negative, as the kinetic 
energy can never be negative. Hence, in order that the body should 
make complete revolutions, the right hand side of (6) must be 
positive for all values of 6, i. e . the minimum value of the right 
hand side of v6) should be greater than zero /. e. positive. 

Examples 4 (c) 

1. A uniform sphere of radius a is placed at rest on a plane to 
the horizon at an angle a. Find the least coefficient of fric¬ 
tion necessary that it may roll without sliding. If ^ is too 
small for pure rolling, prove that the centre of the sphere 

will move through a distance yra f - tan a—lj in the course 

of its first revolution. (I. A. S. 1956) 

2. A homogeneous sphere is projected without rotation directly 

up an inclined rough plane having its inclination a to the 
horizon, and the coefficient of friction is /x. Show that the 
whole time during which the sphere ascends the plane is the 
same as if the plane were smooth and that the time 
during which the sphere slides is to the time during which 
it rolls as 2 tan a : 7 M . (Osmania 1952) 

3. A uniform circular disc projected up an imperfectly rough 
inclined plane with velocity V but without rotation; the plane 
of the disc being in the plane of greatest slope. Show that 
the disc begins to roll after a time 


V 

g 


(3/x cos ct-fsin 



where n is the coefficient of friction between the disc and the 
plane and a is the inclination of the plane. 

Show also that the total time elapsed until the disc comes 
to rest is the same as if the plane has been smooth. 


4'15. A uniform circular disc is projected with its plane 
vertical along a rough horizontal plane with a velocity V of trans¬ 
lation, and an angular veloctiy about the centre. Find the 
motion. 
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Case I. When V is in the direction Q ^ and V > aQ. 

The initial velocity of P the point of 
contact is given by V—aQ which is posi¬ 
tive because V > aQ Hence its direction 

* s so the friction /*/?=^Mg acts in the 
direction 

When the centre has moved through 
a distance x and the disc has turned 
through an angle 6 , the equations of motion are given by 

t e ‘ X — fig 



..( 1 ) 


and 


i. e. 


a 1 .. 

2 0 = 


...( 2 ) 


Integration of (I) and (2) gives, 

*=-f*gt+V ; ...( 3 ) 

ao=2^gt+aQ, ...(4) 

s,nce at *=0, *=K, 0 = 0 . 

The velocity of the point of contact is 

x—ag — V—aQ—3/xgr. ...( 5 ) 

Rolling begins when : i-ao =0, /. e. after time 

V-aQ 

c u • • 'W * 

Substituting the value of r, in (3), we get the velocity of 

centre, i. e. 


'i = 


.2 V+aQ. 
3 

Now the equations of motion are 

Mx=—F 


...( 6 ) 


...(7) 


where F is the friction in the direction 

The point of contact is now at rest; hence 

x=a$. 

Hence solving these equations, we have 

F= 0. 

Thus we find that no friction is required throughout the 
motion for pure rolline. So the equations become. 
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x=0, 1 
4=0, j 


...(B) 


Integrating these equations, we find 

2V+aQ 
s=c =—--. 


The disc therefore continues to roll with a constant velocity 
2F-f aH 
3 


which is clearly less than its initial velocity. 


Case II:—When V is from left to right i.e. ->•, and Q is clock¬ 
wise that is / and V < aQ. 

In this qase the initial velocity of the point of contact is 
V— aQ < 0. Hence its direction is from right to left i.e. 
Hence the friction pUfg is from left to right. 

Now the equations of motion are 

Afx = nMg i.e. x = ng t 


A fa 2 o . ay 

~2- = -nMga i.e. ~ = - fig. 

which on integration give, 

,v= ...<3) t ao=aCl—2 f igt. 

since .v l = \ \ (i = Q when f=0. 

Therefore pure rolling begins when 

aQ—V 


x=(i() i e. if ( = 


-Vs 


Putting this value of t in (3), we get 

. 2 V+aQ 

x =-=— . 


...d) 

...( 2 ) 

...(4) 


and as in case I the disc rolls on with a constant velocity, and 
which is obviously greater than its initial velocity of the centre. 

Case III When J' is from left to right i.e, -*■ and D is 
in anticlockwise direction i.e. in the direction 

Clearly the velocity of the point of contact is V+gQ and it 
being positive, its direction is from left to right i.e. -+. Hence 
the friction n Mg acts in the direction from right to left i e. 

Now the equations of motion are 

M'x = —fi Mg 

and M\a*ii= — iiMga 




...d) 
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Integrating the equations, we have 

x=V— pgr, ... (3) and O 0 = — 2pgt+aCl ...(4) 

since at r= 0 , x=V, o=Q. 


For pure rolling the velocity of the point of contact i.e. x-\-at) 
should vanish, i.e. * 


i.e. 


V— figt=— ( — 2fMgt + a£l) 
V±oQ __ 

3 pg~ 1 


which on substitution in (3) gives the velocity of 

V+aQ._2V-aQ. 

3 ~ 3 * 


i.e. 


X— V— 


the centre. 


If 2F > an the velocity of the centre is from left to right 
so that the motion is ot pure rolling with constant velocity 

2V-an , f 

— 2 — as before. 

If 2F < an the velocity of the centre is negative i.e. in the 

direction from right to left or backward direction, when pure 

rolling commences, and the disc rolls back towards the initial 
point. 


We see from equation (3) that at t=— the velocity of the 

centre becomes zero, while ae=-2V+aQ. which is positive if 
an > 2V in this case. 


Hence if 2V < an, the disc begins to move backwards or 
from right to left before pure rolling commences, 


Ex. 1. A thin napkin ring, of radius a , is projected up the 
plane inclined at an angle a to the horizontal with velocity V, 
and an initial angular velocity n, in the sense which would cause 

the ring to move down the plane. If V > 5an and ii = ,a ” *, show 


that the ring will 
lime 4 

yg sin a 


never roll and will cease to ascend at the end 
, and will slide hack to the point of projection. 


of a 


The angular velocity is in the 
anticlockwise direction. 

The velocity of the point of 
contact is 

' e l°city of the centre 4 velocity 
rclutivc to the centre 

= F 40 Q up the plane 
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So the friction is acting down the plane. 
The equations of motion are 


and 

where 


Mx=—Mg sin a— fiR, ...(l) 

R=Mg cos a ...(2) 

[since there is no motion perp. to the plane] 

Ma'-(j=—nRa, ...(3) 

tan a 
,x ~ 4~ * 


Eliminating R and substituting the value of /x we get from 
these equations 

x = —g (sin a-f fi cos a) = — *g sin a. ...(4) 

Integrating and applying initial condition that at t= 0, x= V\ 
we have 


V—lgt sin a. 

Similarly from (2) and (3), we have 

g sin a 

°0 = - 4 ~- 

which on integration gives, 

gt sin a , _ 

a 0 = - * -since at t 


o, 0=a 


...(5) 

...( 6 ) 


We see from (5) that tf = 0, 

4V 

when / = -— 7 —. 

5 g sin a 

The velocity of the point of contact at any time 

=■ velocity of the centre-{-velocity relative to the centre 

= gt sin a — -—— -J-aH 
= V -f a<.l — Igt sin a. 

Hence the point of contact will come to rest after the time 

2 (F+aQ) 

3 g sin a 

It is readily seen that 

2 ( V+ aQ) 4 V 
3 g sin a 5g sin a 
as 5aQ < V. 

Hence pure rolling may begin before the upward motion 
ceases, provided the friction is sufficient to cause pure rolling. 
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Hence we see that the point of contact comes to rest first 

at time 3 — . while x^~^ SaCl \ a positive quantity, and 

the angular velocity is 


—oD.— 


4 

V+aCl 


3g sin a 


(5aCl-V 
6 


— 5 —). a negative quantity, 

V V > 5aQ 

i.e. e is in the clockwise direction with its value equal to ( 

Suppose pure rolling commences, and rotation is in the clock- 
wise direction; the equations of motion are 

Mx— — Mg sin a.-\-F, 


M'x—— Mg sin a-f-F, ) 
Ma z $ =— Fa, [ 

ii = a<jj and x=a$ J 


and R' = Mg cos a. 

Solving the above equations, we have 


Put 


F—\Mg sin a. 

tan oc .. 

= - 4 - Mg cos a =\Mg sin a 


/. the friction F > ^R'- hence not sufficient for pure rolling, 
/. e. sliding persists and pure rolling is not possible. 

Hence putting F==pR\ the equations of motion become 

Mx= — Mg sin a-f -fjR' 

= —Mg sin a-f- J tan o.Mg cos a 


and 


i. e. t we have 


.——{Mg sin « 
Q z 4> = —Hg.a cos a 
= — iga sin a, 

*= — Ig sin a, 

.. g . 

a<j> = — - sin a. 



...CD 


•..( 2 ) 

...( 3 ) 


Integrating these equations, we have 




sin a-f- -— 


y-5aQ 


• • 


.(4) 
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and 


, gt sin a 5aCl—V 


Now rf=0, if 


r • , „ . V-5aQ . 

I since when t=0, x =—^— , Q(p= 

_2 (F -5 aCl ) 

2 9g sin a 


...(5) 
5 aCl-V 


]■ 


...( 6 ) 


Therefore the total time for upward motion is 

, , . 2 (V+aQ.) 2 (V-5aQ) 

3gsin a + 9g sin a 
_4 (2V-aQ) 

~~ 9g sin a 

Also putting for / from (6) in (5), we get 

, 2(5aQ-V) 

4=-9- 

which is clearly negative, since V > 5atl. 

it returns to the point of projection and the velocity of 
the point of contact 

= velocity of the centre-f velocity relative to the centre 
—s —aj, 

2 (V-5aQ) 

= 0—a<j >=— j - 

=o-f ve quantity, 

/ € ' the \elocity is up the plane and the friction acts downward; 
hence the equations of motions are 

MX— Mg sin a-h ixR 

— Mg sin a -\-\Mg cos a.tan a 


i. e. 
and 
i. e. 


• • 

X— r ig sin a. 

., tan a 

May= —nMg cos a=-- .Mg cos a, 

o\}=—\g sin a. 

Integrating equations (a) and (b) we have 

X—$gt sin a, a^ = —gt + g V). 


...(a) 


...(b) 


Since at / = 0, *=0, a^/ = g (5 o£2-V). 

Hence the velocity of the point of contact down the plane 

= X—ay 
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= igt sin a- ^-g: Sl " a + * (5aQ - F)J 

= | (V-5aCl) + lgt sin a, (v V > 5oQ), 
which being a positive quantity, the ring will slide back to the 
point of projection. 

Ex. 3. A napkin ring, of radius a , is projected forward on a 
rough horizontal plane with a linear velocity u and a backward 
spin a. ) which is > uja. Find the motion and show that the ring 
will return to the point of projection in time (u+aio)~l4ng (auj — u), 
where p is the coefficient of friction . 

What happens if u > aw ? (Agra 1949, Luck. 1957) 

First part. Initially w is in 
the anticlockwise direction and 
u < aw (given). 

The initial velocity of the pt. 
of contact is u+acu in the direction 
from left to right /. e. — hence 

the friction acts from right to left as marked in the figure 



The equations of motion are 

F=mg, ...(1) 

there being no motion perp. to the plane, 

mx = — fAR=—fxmg, 

'• e - * = — bg ...( 2 ) 

and ma 2 ij= — fiRa= — fA.mga, 

> '• e - a‘u = — pS- ...( 3 ) 

Integrating (2) and (3), we have 

* = - flg t + u 1 

and O 0 =— ngt+auj]’ •••'**' 

[since at f = 0, .v = u, and (*= o>]. 
The ring ceases to move forward if .\‘ = 0, i. e. after time t lt 


where 


r, = —. 
bg 


...( 1 ) 


Integrating equation (4) with the condition that x = 0, at f = 0, 


we get 


= _bg f 


+ ut. 


...( 6 ) 


Hence the distance traversed by the ring in / = — 

bg 


is obtained 
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after substituting the values of / in ( 6 ); we get 


1 


u 


u 


u 


2 


X ~ 2 W V* !+ “ , M"2« 

and at this value of f, we have 

aQ~acj—u a positive quantity since aw > u; 

Hence the ring begins to return. 

When the ring returns. 

Now after this time the velocity of the point of contact is in 
the direction hence the friction pR will act in the direction <- 
i. e. from right to left. 

Thus the equations for the return motion are 

my=fimg, i. e. y= f xg, 

ma i f— — fj.mga, i. e. = — pg. 

Integration of these equations give 

y=ngt. 1 

a<j>= — Hgt + aw — u, f 

[since y= 0 , a<f>=aw— u, when t= 0 .] 

These equations hold until pure rolling commences, i.e.y—aj> 
the velocity of the point of contact is zero, viz . y=aj>. 

Suppose this occurs after a time / 2 say; then from (III) and 
(IV), we have 

Hgt2=aw—u—figt 2 , 

( aiD — u\ 

'•-VS W) ; 

(aw—u\ 

hence y —l — 2 — J 

Integrating equation (III) again, we have 


.. (I) 
...(H) 

...(III) 
... (IV) 


1 . e. 


...(V) 
[in virtue of (V)]. 


y= 


l*gt 


Hence 


at /= 0 , y= 0 . 

aoj — uX* 


. (aw - u\ 

l>ig \ 2 m ) 


[in virtue of (V)] 


2 i*g 
(aw—u) 2 
~ 8 fig 

Now the distance remaining to be traversed up to the point 
of projection is 

ti’ (aw — u) 9 
2 Mg~ 8 nf 
3 u 2 -f- 2uaw—a 9 wr 

= 8 J^g 
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When rolling begins the governing 
equations of motion are 

mX=F 

and ma i ^ = — Fa. 

Since there is no sliding, hence 

• • 

X=aty. 

These equations give F= 0. Hence no friction is required; 
then X=0, 

i. e. A'=C-^^y" W Y 


since at /=0, X— 


aoj — u 


ring moves continuously with its initial constant velocity 


*. e. when pure rolling commences (in the return motion) the 

ClOJ — ll 
~2 * 

Therefore the time taken to traverse the 
distance is 

2 f“3w 2 + 2awu— < 2 2 co 2- | 

8/igL aoj—u J’ 


remaining 


— 


i. e. 


* 3 4 fig 


a at 

1 ( 3 m — aw) (u+acu) 


U(jj— v 


Hence the total time is 

, , , , , m . 1 |~( 3 u-aoj) (u+aoj)~\ t aw-u 

' 1 +/ ! +/ 3 =-+ 4 —j+ 2/ig 


u+ato 
2txg + 4/xg 


1 (U+Ow) Ou — (laj) 


(aoj — u) 

( l+' 3 “- a “) 

\ 2 ato— u J 


u+aio 

2 /ig V '2 acu 
( u-\-aw ) (u+ aiv) 

4 fjg (flw-u) 
(u-f Ooj ) 1 


~Afxg (aw — u) ’ 

Second Part. What happens when u > aw ? 

To prove it, we should consider the motion in the forward 
direction, which has been already discussed. 

In that case the velocity of the point of contact is 
*+ao = ( — iLgt+u)+ ( — figt + aw) from (4) 

— — 2/xg/-f u-\~aw. 

Rolling will begin when d+ag — O, i. e. t =* 
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It has also been proved that the ring ceases to move forward 

after time /=— from the moment of projection. 

vg 

Hence the rolling will begin before the forward motion had 
ceased, /. e. if 

n-\-aoj u 
2^g < f*g 

i. e. if u > auj 

and then the motion is of pure rolling before the forward motion 
ceases. 


4*16. A sphere, of radius a, whose centre of gravity G is at 
a distance c from its centre C is placed on a rough plane so that 
C. G. is horizontal ? Show that it will begin to roll or slide 

according as the coefficient of friction is ^ > or < ^ -a* where k 

is the radius of gyration about a horizontal axis through G. 

If /x is equal to this value, what happens ? 

(Agra 44, Jaipur 55, Punjab 55) 

Suppose, A the point of contact has 
moved through a distance at from its initial 
position O, and let OA=x Also let CG be 
inclined at an angle 6 to the horizontal. 

Assume that the sphere rolls; and F be 
the force of friction which is sufficient for 
pure rolling, hence x=aO 
and the point of contact is at rest; hence 

= as . ...( 1 ) 

The coordinates of G the centre of gravity with reference to 
O the lixed point as origin and OA as the axis of .v and a line 
perpendicular to OA through O as >’-axis, are 

(-Y— c cos 9, a—c sin 9) 

where CG=c. 



The equations of motion are 

d 2 d z 

F=M (x+c cos 6) = M — 2 (ad+c cos 

= M[aif—c sin 6 rf-c cos 9 0*J, 
d 2 

R — Afg—M (a—c sin 9) 

= Af f— c cos 6 (j+c sin 6 ^ 2 J, 


...( 2 ) 

...( 3 ) 
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and R C cos d-F(a—c sin 0) = Mk- y. 

Initially when 0=0, 0 = 0 , but y^O. The equations ( 2 ) ( 3 ) 

(4), then show that 

, F = Mg — Mcy [• which determine the initial 

and Rc—Fa=Mk*y. J values of e, F and R. 

Solving these equations, we get 

«= — gc 
0 k 2 +a 2 + c u 

R _ k 2 -\-a 2 F gac 

M-k 2 +a*+c n -' and M = ic*+ai+&- 
Clearly the sphere will slide or roll provided 

F > or < fiR 

i. e. if u < or ; ^ 


R 


i. e. 


or 


ac 


" { k*+<F? 

But if fx be less than this value, the sphere will not roll 

> 4 * J * • . /-v-» • 1 


since the friction is not sufficient. 


Critical case. If u = ?— 

k--\-a 


In this case we shall consider, whether the value of ^ is a little 
greater or little less than /z, while 0 is small but not absolutely 

The energy equation gives 

\M (a 2 -j-c 2 —2ac sin 0 + k 2 ) 0 2 = work done by gravity 

~ — Mg [a—c sin d]-\-Afga 
— Mgc sin 0 , 

i. e. (< a 2 + c 2 - 2 ac sin d + k 2 ) b 2 = 2 gc sin 0 . .. >(5) 

Differentiating and taking 2 y common, we have 
(k s +a 2 +c 2 — 2 ac sin 0 ) y~ac cos 0 0 *=gc cos 0 . .. .( 6 ) 

When 0 is small, sin 0 is replaced by 0 and cos 0 by unity, 
neglecting squares and higher powers of 0 ( 0 a sin 0 has also been 
neglected), we get from ( 5 ) 

t> 2 (k 2 +a 2 + c 2 ) = 2 gcd 

and hence (k 2 +a 2 +c 2 - 2 acQ) b=gc ( 1 +^) 


r, , 2 acd 1 „ 

gC L + **+a a +c 2 J from (7). 
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k 2 +a 2 +c 2 


... g (k > + c’+a‘) [l[ I + 

(AJ+c2+a2) e=* c [> W&] [ 1 “FtSJ * 

2 ac "1 


] 




2 ac0 
k*-far+c- 

2 acd 


][ 


A:24-c*+^ 2 J 


T, , 2<7c0 7 

gC (_ + F+a 7 +c i J 

&ac9 


=S C approximately. 


Now from (2) and (3), we have 

f r _(o—c sin 0) q —c cos 0 o 2 
R— g—c cos 6 (j+c sin 6 q 2 

(a—cd) ij—cd 2 


If 


g-CQ 


neglecting squares and higher 
powers of d and also sin 6 $ 2 


(a-cd) 

r %<■ /,, 4arf ii. 

2 gee 

U a +c 2 4-u 2 r 

k 2 4-c 2 + a 2 f 1 

k 2 +a 2 +c 2 

g 

ac f 
(*»+*•) 1 

c gC - 

k 2 +c 2 +a 2 

3k 2 —a 2 

. C <Hk-+a<) 

r •>«» 

I+ *« + a 2 +c 2 

} 


k 2 > y, then ^ is less than ,-~»t 


/. e. 


R < " 


or 



or 


F < fiR, and the sphere rolls. 

, 2 . U 2 .. F ^ ° C 

k< 3 ' ,he " R > /c*+a’ 

E > /i/?; in this case the sphere slides. 


Ex. 1. A homogeneous sphere of mass M, is placed on an 
imperfectly rough table , and a particle of mass m is attached to 
to the end of a horizontal diameter. Shew that the sphere will 
begin to roll or slide according as p is greater or less than 

5 (M-\ m) m 
7M--yl7Mm+5ni*’ 

If n be equal to this value, shew that the sphere will begin 
to roll if 5ni 2 < 
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Let the sphere have turned 
through an angle 9 and the point 
of contact have moved through a 
distance OA=x from its initial 
position O. 

Let a particle of mass m be 
attached to B; and G be the common 

centre of gravity, such that 

ma 



CG=c= 


or 

BG—a—c= — 


...(*) 


M+m -- 

Let us suppose that the sphere rolls and F be the force of 

friction sufficient for pure rolling. Since the point of contact is 
at rest, hence 

x = a9\ and x=ay. 

Also (M+m) & 2 =A/.~-f-A/c 2 -f m (a— c ) 2 

— 2 M q2 Mm 2 a 2 nia 2 M 2 

_2 Ma- Mmar 
~ ~5 


k 2 = 


Ma 2 (2M+lm) 


5 ( M -f -m] 1 

With O as origin, the coordinates of C. G. are 

( x+c cos 6 , a—c sin 6 ), 

The equations of motion are 

d 2 d 2 

F=(M+m) -jji {x+c cos 0)=(M+m) (a9+c cos 9) 


...( 2 ) 


x—a9 

...O) 


...(4) 

...(5) 


= (A/ +m) [{a—c sin 9) y — c cos 9 0 2 ], 

- R—{M + m) g=(M + m) [{a—c sin 9)} 

= {M+m) [—c cos 9 tf + c sin 9 0 2 ] 
and Rc cos 9—F ( a—c sin 9) = {M+m) k 2 y 

As we have to discuss only the initial motion when 9=0, 
and 0 is zero but 0 ^ 0 , from equations (3), (4), (5); we have 

F={M+m) ay, ) the initial values of F, R 

R = (M+m) g-{M+m) cy, 

Rc—Fa={M+m) k 2 y , 


and 0 arc given by these 
equations. 
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Hence we have by solving these equations, 

M' k 2 Q = M'gc—M'c 2 Q—M'a z Q where M+m=M f 


or 


6 - 


and 


k 2 +a 2 +C 2 

^_ k % +a 2 ", F gac 

M'~k 2 +a 2 +c 2 8; ~M ,=: k~+a 2 +c l ‘ 

The sphere will commence to slide or roll according as 

F > or < pR 

_ 8? c ^ M ^ k 2 +c 2 

F+a'+c* > ot<>l kq^f^S 

/. e. if <- ac 


i. e. if 


i. e. if 


or 


or 


(k 2 +a 2 ) 


ac 


/. c. if 


or 


a>+Ma‘ 

5 (A/+m) a 
5 m (M+m ) 


7M 2 + 1 7mM+ 5m a * 


Critical Case. Suppose p=~ rJ m — 

7M- 4-1 ImM -f- 5m l 

Clearly we have proved **= a 'in (2) and the 


sphere will roll if 


k* > a 2 /3 as in § 4*16. 


i. e. 

or 

or 

or 

or if 


a*M (7m+2M) f 

— > a 2 13. 


5 (M+m) 

3 M (7m+2M) 
6M 2 +2lMm 
M 2 +UMrn 
5m* 


5 (M+m) 2 

5 M 2 4-10 Mm 4- 5m- 

5m* 

M 2 4-11 Mm. 


Hence the result. 

' Ex* 2. A heavy uniform sphere, of mass M, is resting on a 
perfectly rough horizontal plane , and a particle, of mass m, is ' 
gently placed on it at an angular distance a from its highest point. 
Show that the particle will at once slip on the sphere if 

s in a [7M+5m ( 1 + cos a ) J 
7M cos a4-5m (1+cos a.) 2 
where p is the coefficient of friction bet ween the sphere and the 
particle. (Punjab 1958) 


h < 
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Let the sphere have turned 
through an angle 0 to the vertical, 
while the point of contact has 

moved through a distance x from 
its initial position O, such that 
OA = x. 

Also the horizontal plane is 
perfectly rough; hence if the sphere rolls on the plane, the particle 
of mass m remains at rest, placed at any point Q on the 
sphere such that CQ is inclined at an angle (oc+ 0) to the vertical. 

Let /?.and F be the reaction and fricti >n at the point O 
where the particle is situated on the sphere 

Since sphere rolls hence x=ad , and the point of contact 
being at rest, 

= ay 

Referring O as origin, the coordinates of the particle are 
given by 



such that 


x=ad-\-a sin (a + 0), 
y=a+a cos (a + 0), 

x=ay+a cos (a + 0) y—a sin (a + 0) y \ 
y=—a sin (a + 0) y — a cos (a + 0) y 2 . 
Considering the motion of the particle at 0, we have 
mg cos (a+0) — R=m {as 1 —a’e sin (a+0) }, ...(I) 

mg sin (a + 0)— F=m {otf+afj cos (a + 0)}, ...(2) 

where ajj is the tangential acceleration of the particle relative to 
C, and ao 2 along QC ; also ay is the acceleration of the sphere in 
the horizontal direction. 

The energy equation gives 
T..2a 2 


x 

2 


M 


or 


or 


[ 


5 0 2 -f Ma z o 2 +m (.v 2 +>' 2 )J 

= work done by gravity 
=mga [1— cos a— 1 —cos (a + 0 ] 
=mga [cos a—cos (a + 0)J 

0 2 +m {ay+a cos (a + 0) ()} 2 +fl 2 ()- sin* (a+ 0)]J 

= mga [cos a —cos (a+ 0 )] 

-+/wa 2 {1 +cos (a + 0 )}J y- = mga {cos a —cos (a + 0 )}. 

Differentiating with regard to and dividing by y, we have 
[7A/u 2 +10mr { 1 +cos (a + 0 )}] y — Sma* sin (a + 0 ) y 

= 5mga sin (a + 0). ...(3) 




r IMa 2 
5 


L 


IMa* 
10 
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As we are concerned only with the initial motion, when 0=0. 
0 but f) is not zero, the equations (1), (2) and (3) give 

F=mg sin a — ma (1-f-cos a) y 

R=mg cos a+fflfl sin a (j, E . ^ 


[7A/+10/W (1-fcos 


1 -fcos ajfl -j 

in a f)\ I 

.. 5 mg . f 

<*■)] U = ~ a sin a. J 


Initial values of R, F , \j are given by these equations. 
Solving these equations, we have 


• • 

0 = 


5 mg sin a 


a [7A/-f 10A/ (1-fcos a)]* 

r- • Sil1 * 

F=mg S.n a -ma (1+cos a) 0 [W+1 bm 7T+^)] 

f 7A/-f 5m (H-cos a)~] 


7A/-f 5m (H-cos a)") 

=n,g sm a [ 7A/+10m (1 + COS 3() J- 


5 mg sin a 


R=mg cos a+m, sin «. [10m (l+cos a)+7 A/] 

T7A/ cos a -f 1 Oni cos a-f 10 /n cos* a+5m sin 2 a 


f7A/( 
=mg I- 

T7A/ c 

= "* l~v 


7A/ + 10m (1-fcos a) 

cos a 4-5m (14-cos a) 2 "| 

A/-f 1Om (1 + cos a; j 


so that 


F_ . T 7A/-f 5m( 

~ = sin a cos a + 5 m (1-fcos a) 2 


The particle will slip on the sphere if 

F > fiR 


or if 


si n « P3/-f5m H-fcos a)] 

*• ^ 11 < (7A/ cos a + 5m (1-fcos a)*]' 

Ex. 3. A homogeneous solid sphere, of mass A/ and radius a, 
rests with its vertex in contact with a rough horizontal plane and a 
particle, of mass m, is placed on its base, which is smooth, at a 
distance' c from the centre. Show that the hemisphere will 
commence to roll or slide according as the coefficient of friction p 
is greater or less than 

25mac _ 

26 (M-\-m) a i -\-40mc 2 ' 
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When CG is inclined at angle 9 S 

to the vertical, let A the point of 
contact have moved through a hori¬ 
zontal distance x from its initial 
position O, and let OA—x where 
C is the centre of the base of 
the hemisphere and G be its centre 
of gravity. 

Assume that the hemisphere rolls such that x=a9, so that 
the friction is F. Since the point of contact is at rest, hence 

x = ao and x = ajj. 

Considering O as origin, the coordinates of G are 

3 Cl 

x=a8 — la sin 9, y=a— --cos 0. 

The equations of motion for the hemisphere are 
S-Mg-R cos 9 = M (a- 3 ^ cos 

=M sin 0 y +'cos 9 o °-J 

= ^[U sin 0 + () 2 cos 0 ]. ...(1) 

O 

F-R sin 9=M (l dt , sin 

= M | ~a\j — cos 9 (/-f- g sin 0 0 ‘J .. .(2) 

and taking moments about G 

Mk l (j=Rc-F(a-^ cos 3 * sin 0 ...(3) 

Clearly the co-ordinates of the particle at P are 

(aO + c cos 0, a—c sin 0), 

where CP=c. 

The eqnation of motion for the particle is 

— tng-\-R cos 0=m =m j [2 (fl—c sin 0) 

= m ( —c cos 0 (/4-c sin Of) 1 ). .. .(4) 

As the initial motion is required, /. e. when 0 = 0, u=0 but 
0^-0, we have from eqations (l), (2), (3) and (4), 
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S-Mg-R=0, 
F—R sin 0= -g- 0 , 

Re-~ F=Mk*ij, 


1 


for initial values. 


j 


mc'ff = mg—R 

Eliminating Fand /? between 2nd and 3rd of the above 
equations, we get 

5Ma 


Mk 


or 


2 0 = (mg — mc'Q) c— 5 ~ £sin 6 (mg—me ffj 

^ Mk 2 + m c 2 -f 2 j 0 = mge initially. 


...(5) 


or 


But &M*. 

Hence (5) becomes 

(m Ma ~ + ll Ma "-+ mc ’) e='"z c 

20 mge 

13Ma*+20mc* * 


Then 


20 mge 


25 Mge 


and 


so that 


5M° _ 

8 13Ma*+20/wc*' 2 (13A/a 2 -f-20wc*) 

S=(M+m) g—mc.y 

... . . 20mge 

=(Af+m) g—mc. l3Mal+2Qntc , 

= 1 3Ma 2 (M+m)-\-20 M me* 

13A/a 2 +20mc* 8t 

F_ 25 mac _ 

S 26 (Af+m)-j- 40mc 2 


The hemisphere will commence to slide or roll if 

F > or < pS 


i. e. if 



or 



F 

S 


i. e. 



P < or 


_ 25mac _ 

^ 26 (M+m) a‘-+40mc a * 


Ex. 4. A sphere , of radius a , whose centre of gravity G 
is not at its centre C, is placed on a rough table so that CG is 
inclined at an angle a to the upward drawn vertical J show that it 
will commence to slide along the table if the coefficient of friction 
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(Agra 1941) 

R 


, c sin a (a+c cos a) . -- , . . . . 

be < -nr— 7 —--o^, where CG=c, and k is the radius of 

k-+(a+c cos a.) 2 * J 

gyration about a horizontal axis through O. 

Suppose after time t, CG is inclined 
at an angle (a-f 0 ) with the upward 
drawn vertical through C and let the 
point of contact have moved through a 
distance x from its initial position O. 

Suppose the sphere rolls, hence 
x=a6. 

Referring O as origin the co-ordi¬ 
nates of G are 

X=aB+c sin (a-f 0), 

Y=a+ c cos (a*f 0). 

The equations of motion are 

d 2 



F=m {aO+c sin a -f 0) 

— w [ao+c cos (a-f 0 ) y-c sin (a-f 0 ) 0 2 ], ...( 1 ) 

d 2 

R—mg=m ^2 fa + c cos (x-f 0 )} 


=—me (sin (a-f 0 ) y-fc cos (x-f 0 ) q 2 } ...( 2 ) 

and taking moments about G, we have 

Rc sin (a-f 0) — F {a -f c cos (a-f 0)}=mk 2 y. ...(3) 

As we are concerned only with the initial motion, hence 
when 0=0 and 0 = 0 but y^£ 0, the equations (1), (2) and (3) give 

F=m (a ±c cos a) y. 

R—mg—mc sin a y 

and Re sin a — F (a-f c cos ct)=mk 2 y 

Solving these equations, we have 

.._ gc sin « _ 

u k 2 +c 2 sin 2 a-f (a-f c cos a) 8 * 

Hence by substitution for y, we get 

gc sin a 

F=m < a + c cos a) *« + c* kin 2 a+(a + ccosa7 2 

• _» . gc sin a 

and R—mg—mc sin «. k *+ c t sin * a-f (a-f c cos *)* 

k 2 -h (a-f c cos a) g 
~ mg k 2 -\-c 2 sin* «f(a+ccos a ) 8 


which determine 
initial values of 
F, R and y. 


t 
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such that 

F c sin a (a+c c os «) 

R~ k*+(a+c cos a) a 

We know that the sphere will commence to slide if 



F> pR 

or if 

F 

tx< R 


c sin a (a+c cos a) 

or 

l/ 4 < A 2 +(a-i-c cos a) 3 


Hence the result. 

Ex. 5. If a uniform semi-circular wire be placed in a vertical 
plane with one extremity on a rough horizontal plane, and the dia¬ 
meter through that extremity vertical , show that the semi-circle will 


begin to roll or slide according as p 


Let the semi-circular wire 
with its centre C and centre of 
gravity at G roll. 

We know that CG=--. 

77 


° r < (n*-2)‘ 

(Agra 1931, 44) 



Let CG be inclined at angle 0 to the horizontal and the 
point of contact A have moved through a distance x from its 
initial position, such that OA=x=aO as the motion is that of pure 
rolling. 


Since the motion is that of pure rolling, hence the velocity of 
the point of contact is zero, ie. A=aQ and x = a$. 

4 


We also know that mk 2 =ma 2 — m f J 


m 




The co-ordinates of the centre of gravity with reference to O 
as origin are given by 

x—aO -cos 0=(ad+c cos d), 

77 



sin 0=a—c sin 0, 



v\ here 
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The equations of motion are 

(j2 

F=m (aO + c cos 9)=m {atf-c sin 9 (j—c cos 9 *j 2 ), .. .(1) 

d 2 

R—mg=m -j-, ( a—c sin 9)=m (—c cos 9 tf-\-c sin 9 e 2 ), . • .(2) 

and Rc cos 9—F ( a—c sin 9)=mk 2 y. .. .(3) 

Initially, when 0=0, 0=0, but 0^0, we find that the 
equations give 

F= may , 

R — mg= — nicy, ...(4) 

mk 2 y=Rc—Fa. 

From these equations after eliminating Fand R, we have 

(k 2 +c 2 a 2 ) y=cg, 

eg 


i.e. 


and 


F= 


0-(k*+c*+a*, 

mgea _mgc 
2 a s ~ 2 a 
.2 


R=mg-'^=mg (l-j-jl). 

Hence the wire rolls or slides according as 

F 

H > or < 


i.e. 


or < 


ac 


i.e. 


fj. > or 


2a 2 —c 2 * 

2a 
a .— 
rt 


2a 2 — 


4aT 
2t r* 


i.e. /x > or < _ 2 

Hence the result. 


7T 


rr—2* 


Ex. 6. /I hoop of mass M rests in a vertical plane on a rough 
table and a particle of mass m is attached to the hoop at the end 
of the horizontal radius. Show that the hoop begins to roll or 
slide on the table as the coefficient of friction 

v, (M+m) m 
** < (2M 2 +4Mm+m*) 

and that the inital friction necessary to prevent slipping is half the 
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weight of the particle and the initial pressure on the table is 

(2M l +4Mm+m 2 ) g 
2 (M+m) 

M (M+2m) g 


or 

in the two cases. 


(M+m — fj.m ) 


Let the hoop have rolled 
through a small angle 9 and the 
point of contact A have moved 
through a distance x which was 
initially at O such that OA =x. 

As the motion is of pure 
rolling, hence x=a9 and *=aQ as 
well as x=a}j. 

Let G be the combined centre 

of gravity of the hoop and the particle of mass m be placed at 
point P, such that 

(M+m) ,CG=ma 

rna 



or 


CG= 


—c (say). 


(M+ m) 

Co-ordinates of G the common centre of gravity with 
reference to O as origin are 

x=a9 + c cos 6, y=(a —c sin 9). 

The equations of motion are 

F—M' ( ad+c cos 6), where M+m—M' 

= AT [{a — c sin 9) y'—c cos 9 f-], .. (1) 

R—M'g=M' ^ ( a—c sin 9) 

= M' [—c cos 9 y—c sin 0 2 )] .. .(2) 

and Rc cos 9 — F (a— c sin 9) = M'k 2 y. ...(3) 

We want only the initial motion when 0=0, 0 = 0 and jj^O. 

These equations (1), (2) and (3) give 

F=M'ay t ] 

R=M'g — M'c 0 , > initial motions, 

M'k t y=Rc — Fa i J 

, M (A/-f 2m) a 2 


where (A/4-/«) k 2 =M (a 2 +c 2 )+m (a — c) 


M+m 
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Solving these equations, we find that 

(a 2 +c 2 +k 2 ) (j=gc. 

(a 2 +k 2 ) 
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R=(Af-\-m) g 


a 2 +c-~W 
ac 


F=(hf+tn) g— 

a-+c-+fr 


as 

if 

if 

if 


The initial motion will be that of rolling or sliding according 


F < or > fiR f 
a> or <f 


ft > or < 
ft > or < 


ac 


(«*+**)’ 


ac 


a~ + 


M (A/+2 m) a-* 


if 


H > or < 


[M+nif- 
a. aml( M -f/>;) 


<■» . 


M (AZ + 2/;/) a 2 ’ 


if 


(M+m)- 

m (M+m) 


1 ^ ° r ^ (2AZ 8 -f-4A//u + //r) 

and the initial reaction is 

R=tM+m) z - ( 2Af 2 + 4 A + f m)* 

r '2M*+4 7J? 1 

(AZ-j-//») 2 J 




• • 


and 


(Al+n i) 2 

(2A/ 2 4 -4AZm-f/n 2 ) 

“2 (AZ 2 + 2Mm+m i ) ( M + ,n ) 
«_(2A/ 2 -f 4/w AZ -f /«*) 

2 (A/ +/«]“ ^ 

(A/-f-/w) ac 
“(?+F+?j * 

_ a 2 mg 


+ 


2 , MJM -f-2w) a 2 m-a 2 2 (M+m) 


a 2 + 




(AZ-f-w ) 2 + (AZ+/w ) 2 (/w f w ) 2 

In the case of sliding, F= ^R, and hence the equations are 

/z7? = (A/-f m) x, I 

R—(M -f m) g = (AZ-f-m) (— c cos 0 y+c sin 0 y 2 ), ^ .. /n 
Rc cos i) — [xR (a—c cos 6) = (m-\- M) k 2 y. J 

Proceeding as before when 0=0, y = 0 and y>f:0, we have 

(A/+/w) x=/iR t ~J 

(AZ + m> cy = (A/-f m) g-R, ^ ...(5) 

(AZ+w) k 2 y = Rc—fxRa. J 


and 
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or 


Eliminating $ from the last two equations of (5), we get 

Rc (c— fJ La')=k* [( M+m ) g—R] 

(A/-f m) k*g 


R= 


c r +k*—nac 

(M+2m) M 
~ (A/-f m — 2/t) 

by substituting the values of c* and k *. 

4’17. One of the bodies fixed. 


g 


A solid homogeneous sphere, resting on the top of another 
fixed sphere, is slightly displaced and begins to roll down it. Show 
that it will slip when the common normal makes with the vertical 
an angle 0 given by the equation 

2 fin (0—A)=5 sin A.(3 cos 0—2), 
where A is the angle of friction. 

(Agra 46, 55; Luck. 55; Punjab 53, 55; Nagpur 57; Raj 61) 
Case I. When the bodies are rough. 


Suppose the sphere whose 
centre is G rolls on the sphere 
whose centre is O. Let R 
and F be the reaction and fric¬ 
tion respectively on the rolling 
sphere. 

Let at time t the line GB fixed 
in the moving sphere make an 
angle ^ with the vertical through 
O the centre of the fixed sphere. 
Let a be the radius of the fixed 
sphere. 



sphere, and b that of the moving 


Let the common normal OG through the point of contact 
make an angle 0 with the vertical and <f> with GB a line fixed in 
the moving sphere. 

Since there is no slipping, hence 

the arc AP =arc BP, 

L e . ad=b<f>, 1 

° r ae = bj>. f 

Since G describes a circle of radius (a-f-6) about O, hence 
its accelerations along GO and perpendicular to GO are (a-\-b) 4 a 
and (a + b) 
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Hence equations of the mDtions are 

m (a+b) 0 2 =nig cos 0—R, n 

m ( a + b ) i)=rng sin 0—F. ''' 

mJStesjs. ,s ,r —- - ~?ji 

f(<*4- b) sin 0, (a+b) cos 01. 

Hence the energy equation gives 

im ^-+y 1 >+'^ i^'M) 2 =work done by gravity 

JL t , n y ~ mg (° + b ) [I—COS 0J 

(a+b)* /i 2 4-r£ (' a +b\* . 2 . 

5 \ b ) ® ~~2g (a-f-b) (1—cos 0) 


or 


or 


or 


O-cos 0) 
®* = 7li i+b ) (1-cos »)• 


fr* 


since ri = - 




•..(4) 


\ » / • • • 

Differentiating it wi ^respect to , and dividing by 2*. we have 

6 '~7l5+fij s,n »• ... (5 , 

Now from (2) in virtue of (4), we have 


R=n,g cos e~m'° s { l_ COS 0) 


nig 

= 7* [17 cos 0 — W] 


...( 6 ) 


From (3) in virtue of (5), 

f=mg sin 0- -V” sjn 9= 2 mg ^ $ 

Hence the sphere will slip if F=^R 

t. e. sin 0 = tan A ( j_ 7 c °s 0— 10) mg , . 

' 7 * (since /x=tan A) 

2 sin 0 cos A=(17 cos 0-10) sin A 
2 (sin 0 cos A-cos 0 sin A, = 5 (3 cos 0-2) sin A 
2 sin (^“ A ) = 5 sin A (3 cos 0—2) 

‘ „ ‘7 cos 0-10=0; 0=cos-‘ 

Case II. 07ie« both the spheres were smooth. 


or 

or 

or 
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In this case F=0: hence the energy equation becomes 

\m ( a+b) d 2 =mg ( a-\-b ) (1—cos 0) 

(V there will be no rotation) 

2 g 


0 2 = 


a + b 


(I — cos 0) 


and the equation (2) remains unchanged. 

Hence R=mg cos 0—2 gm (1—cos 0)—mg [3 cos 0—2] 
and the sphere will leave if R=0 
i. e. cos 0=§. 

Ex. 2. A sol'd sphere , resting on the top of another fixed 
sphere is slightly displaced and begins to roll down. If the plane 
through their axes makes an angle a with the vertical when first 
cylinder is at rest, show that it will slip when the common normal 

makes with the vertical an angle given by 

k 2 sin 6 — p. [(k 2 +3b 2 ) cos 0—2b 1 cos a] 
where b is radius of the moving sphere and k is the radius of 
gyration. 

The upper sphere will leave the fixed sphere if 

, . /2b 2 cos a\ 

fl=cos 

Let a line GB fixed in the 

moving sphere make an angle </> £ 

with the vertical. Let R and F 
be the reaction and friction. 

In the initial position let the 
point B coincide with A. _ 



Since there is no slipping between the two spheres, therefore 

arc >4/ > =arc BP, 
i. e. a (6—a) = b ($ — 0) 


or 

or 


O0 = 

b<f> = 




or 


or 


or 


Referring to O as origin, the coordinates of G are 

x = (a + b) sin 0 and y=(a+b) cos 0. ...(2) 

Now the energy equation gives 

IM [k 2 <j> 2 +(* 2 + >’*)] = Mg (a+b) (cos a—cos 0]...(3) 
h [^(ff+ia+b) 2 Q 1 ] = (a+b) (cos a—cos 6) 

l ^^2 tl 2 +( a + b) 2 0 2 J=£ (a+b) (cos a—cos 0) 

2 b 2 g 

(V+WW+b) (cos a “ cos d) * • • -< 3 > 


• a 
0 ‘= 
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...(4) 


Differentiating (3) and dividing by 2# we have 

.. gb 2 sin d 

e -Ca+b) (**+**) 

Since G describes a circle of radius ( a-\-b) about O, its acelera- 
tions are (a-i-b) q 2 and (a -1-6) if along and perp. to GO. Hence 
the equations of motion are 

M ( a+b ) d*=Mg cos 9 — R, 

M {a-{-b) (j=Mg sin 0—F. 


...(5) 

...( 6 ) 


Hence from (5) in virtue of (3) 

2 b-gM 


R-^Mg cos 0—(cos a -cos 0) J 


^ l [(£ 2 + 3& 2 ) cos 0-2 b 2 cos a] 
and from (6) in virtue of (4), 


such that 


v ■ a Mg& . a Mgk 2 sin 9 

F=Mg sm«-^ Ij s,n9= ( J, + 4 , r 


& 2 sin 0 


or 


7? (& 2 -f 36 2 ) cos 0—2 b- cos a' 

The sphere will slip when F=pR i.e. 

k 2 sin 0=/x [(/c 2 -f-36 2 ) cos 9 —2b 2 cos a]. 

The bodies will separate if R = 0 i.e. (k 2 + 3b 2 ) cos 0 = 2b- cos a 

2b 2 cos a 


0 


/2tr cos a\ 

==cos " 1 Uw> 


A: 2 +3& 

Ex. 2. uniform sphere is placed on the top of a fixed rough 
circular cylinder whose generators are horizontal. Show that, if 
slightly d splaced, it will roll on the cylinder until it reaches a plane 
where the inclination oj the tangent plane to the horizon is given by 

2 sin 6 =(m (17 cos 6 — 10) 

H being the coefft. of friction (Agra 1955) 

r 2b * 

Proceed as in Ex 1. and put a = 0; & 2 = “. 


L 


and get the result 




Ex. 3. A rough solid circular cylinder rolls down a second 
rough cylinder which is fixed with its axis horizontal. If the plane 
through their axis makes an angle a with the vertical when the first 
cylinder is at rest, show that the bodies will separate when this 


angle of inclination is cos -i . 


(Agra 1943) 
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[Hint. Proceeding in the same way as in Ex. (I). put & f =6*/2. 
we get. 

[(j+34 ! ) cos B- 2** cos aj, 

Mg [7 cos 6—4 cos a]. 

The bodies will seperate if R =0 i.e. if cos fl= — a J. 

Ex. 4. A homogenous sphere rolls down an imperfectly rough 
fixed sphere , starting from rest at the highest point . If the spheres 
separate when the line joining their centres makes an angle 0 with 
the vertical , prove that 

cos 0+ 2/z sin 0=Ae 2pQ 
where A is a function of p only. 

Let a be the radius of the 
moving sphere. The upper sphere 
will slide as well as roll down 
since the fixed sphere is not per¬ 
fectly rough. Hence the friction 
acts upwards. Now the equations 
of motion of this sphere are 


(Raj. 61, Punjab. 60) 

UR 



civ 

mv sin 0—p R t 

mv 7 lp = mg cos 0—R. 

The elimination of R between (1) and (2) gives. 

civ * 

- </F —/iV * /p==g ( sin e ~ pL cos 


...( 1 ) 

...( 2 ) 


or 


dv z 

(10 


— 2pv' i =2ag (sin 0 — p cos 6) 


• • 


c I dv % 1 dv a 

s=ad, p=a hence -r =- j*- . 

ds a dd 


v*e 


which is a linear differential equation, and its solution is 
2,19 =C+2ga | e~ 2|X0 (sin 0-p cos 0) dd 

=c+ r lVp* e ~ 2{ld sin e ~ cos 

— P ( — 2p cos 0-f-sin 0)] 
[—3 p sin 0 — (1 — 2/x 2 jcos 0] e~~ 2 ^ Q . 


= C+ 


'ga 


l-tip - 2 

v=0, when 0 = 0: 


But 
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Differentiating (3) and dividing by 2 q we have 

_g^sin^_ 

u (a+b) (k 2 +b*) ; 

Since G describes a circle of radius ( a + b ) about O, its acelera- 
tions are (a -f- b) q 2 and (a -f- b) ij along and perp. to GO. Hence 
the equations of motion are 

M ( a-\-b ) o*=Mg cos 9 — R, 

M ( a\-b) (j=Afg sin 6 — F. 

Hence from (5) in virtue of (3) 

[ 2AV A/ "1 

Mg cos (cos a-cos 6) J 


...(5) 

...( 6 ) 


Mg 


[(fc 2 + 362 ) cos d—2b 2 cos a] 
and from (6) in virtue of (4), 


such that 


o ., . a Mgb 2 . . Mgk 2 sin 9 

F-Ugime- suit- *, + t , r 


k 2 sin 0 


7? (k 2 -\-3b 2 ) cos 9—2b- cos a‘ 

The sphere will slip when F=pR i.e. 

k 2 sin 9=n [(A: 2 -f 36 2 ) cos 9 —2b 2 cos a]. 

The bodies will separate if /?=0 i.e. (k 2 -\-3b 2 ) cos 9 = 2b 2 cos x 


or 


•-cos- ( 2 £ 


cos 


“)• 


V **+36 

Ex. 2. A uniform sphere is placed on the top of a fixed rough 
circular cylinder whose generators are horizontal. Show that, if 
slightly d sp/aced, it will roll on the cylinder until it reaches a plane 
where the inclination oj the tangent plane to the horizon is given by 

2 sin 9 = p (17 cos 0 — 10) 

P being the coejft. of friction (Agra 1955) 

^Proceed as in Ex I. and put a = 0; ** = “^ and get the result J 

Ex. 3. A rough solid circular cylinder rolls down a second 
rough cylinder which is fixed with its axis horizontal. If the plane 
through their axis makes an angle x with the vertical when the first 
cylinder is at rest , show that the bodies will separate when this 

angle of inclination is cos~i \ 


(Agra 1948) 
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/ e. 

a>t>=b (d +</>) 

or 



a—b , 

or 

b t =e - 


...(1) 


Let R and /•'be the normal reaction and friction at B as marked. 

Since G describes a circle of radius ( a—b ) about O , hence 
the accelerations of G are {a—b) <j>~ and (a—b) if along and prep, 
to GO. Hence the equations of motion are 

M (a—b) <j> 2 =R—Mg cos <£, ...(2) 

M (a—b) if=F— Mg sin <P ... (3) 

and Mk~ y — moment of the forces about G=—F. b. 

or ** —< 4) 

The co-ordinates of the centre of gravity G with respect to 
O as origin and the vertical and horizontal lines as axes through O y 
are 

x=(a—b) sin <A, y=(a—b) cos 4> 

and s=(a—b) cos <f> (j>, y=. — (a—b) sin <f> f 

Hence K. E. energy at any time t 

= \M (**+ ?)+\Mk*p 

=M/ [(u-M 2 p+h'o*] 

= ±M [^ 2 +t0*J (a-b)*=lM (a-b) 2 <f> 2 

. / a-b\ , . b- 


since 0 


fa-b\ . b 2 

’-\Tb )*»*>*■—5 


...(5) 


The initial kinetic energy 

(o M'- 

?M — - - Q- since «/»=Q when / = 0. 


Hence the equation of energy is 

*M (a—bf <f 2 —$Af (a—b)- D 2 = work done by gravity 

~—Mg (a—b) [1— cos 0 ] 

i.e. (a-b) <},-= (a — b) Q 2 — *g (\—cos <t>). ...( 6 ) 

Differentiating the equation (6) and dividing by ?cj>, we get 

(a — b) if= — *g sin •/». .. .(7) 

Putting the value of <£ 2 and if from ( 6 ) and (7) in (2) and (3) 
respectively, we get 

R= Mg cos <f> + M (a-b) Q 2 —\Mg (1—cos </>), 

= M (a-h) Q 2 y (7 cos <f> — 4) .. .(8) 
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and F=Mg sin 4> — %Mg sin </» 

= %Mg sin </>. .. .(9) 

Case I. In order that the cylinder may just make complete 
revolutions, R should be just zero at the highest point i. e. when 

0 = 7T, 

0 = M (a-b) (-7-4) 


or 


Q -\/(*;!*)• 


Case II. The moving cylinder will leave the fixed cylinder 
provided R = 0, i. e. 

Mg 


or 


M (a-b) &+ -J- (7 cos </>-4)=0 

= O'- 


=Y g [ 4?_3 (a ~ b) Q2 J 

which gives the position when the two cylinders separate. 

Case III. Small oscillations. Suppose the cylinder which is 
moving makes oscillations about the lowest point; then </> is 
always small. Hence the equation (7) gives 

3 ikt,**' 


Hence the time of small oscillations is 

2 it (a-b)\ 

~TC?* \ 2 g-y 

V 

Ex. A hollow cylinder, of radius a, is Jixed with its axis 
horizontal; inside it moves a solid cylinder, of radius b, whose angu¬ 
lar velocity in its lowest position is il. If the friction between the 
cylinders be sujjicient to prevent any sliding , prove that the small 
cylinder will go round the inner surface if 

£2= \/ G (a=bj)- 

Hence deduce the time for small oscillations of the inner 
cylinder. Further , when Q has less than this value, Jind the condition 
when the two cylinder separate. (Agra 54, 60) 

(.See the article proved above ] 
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Ex. 1 . A sphere or cylinder rolls without sliding in a vertical 
plane inside a rough fixed horizontal cylinder. Find the velocity at 
any point and also the normal pressure and the friction. 

Let a be the radius of the fixed 
cylinder and b that of the moving 
body. Initially N was in contact 
with A, the lowest point of fixed 
c>linder. 

Let CN a line, fixed in the body 
make an angle (/>=<£—0 with the 
vertical, a line fixed in space. Since 
there is no slipping, we have 
arc AP= arc PN i. e. ad=b<l>, 



such that 


(0 




0 . 


Hence the angular velocity of the rolling body is 

__ d Fa — b\d6 c . 

where c=(a—b). 


...(3) 


Since the centre of mass C of the rolling body describes a 
circle of radius ( a—b) about 0\ so its linear velocity is given by 

v=-.(a—b) o=cq. ...(4) 

Since the point P at which other forces are applied is at rest, 
hence the only force which does any work is the gravity of the 
moving body. 

Hence the energy equation gives 

\Mv*+$Mk-uj 2 = — Afg (a—b) (1—cos 0)-f-a const. 

«= — Afgc (1— cos 0) + const ...(5) 

where k is the radius of gyration. 

Substituting for v and to, we have 

c * 0* = 2g c cos 0+\. ...( 6 ) 

Suppose R and F denote the normal reaction and friction. 
Hence resolving along the line CO for the motion of the centre of 
inertia, we have 


Mco* = R—Mg cos 6. ...(7) 

Hence R = Afg cos 0-f-A/c q* 

= A/,co S « + 2A/ ? ^.co 3 » + f 
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,, 36 2 4 k 2 A/A b 2 

Ms 65+**' cos F+F 


...( 8 ) 


We find F from the equations of motion of the centre of mass 
perp. to CO; hence 


Mcb'=F— Afg sin 0, ...(9) 

e * F—Mcb'+Afg sin 0. .. .(10) 

Differentiating both the sides of the equation (6) with regard 
to t and dividing by 2 q, we have 


Hence 



b 2 

b*+k- 


sin 0. 



sin O+Afg sin 0 


...( 11 ) 


k- 

=Mg p.p sin 0. ...(12) 

To determine the constant i. e. A in (6), we have to apply the 
initial conditions. Suppose q = Q when 0=^. 

Hence from (6), we have 

A...(13) 

Substituting the value of A in (8), we have 

3b 2 4-k 2 

R=Mg ~b i + k 2 C ° S ° + Mc &* ...(14) 

Had there been some arrangements to prevent sliding, so long 
as the rolling body is in contact with the cylinder, then the condi¬ 
tion necessary to ensure that the body makes complete revolution 
round the fixed cylinder is that R should be positive. R will have 
cast value when 0 =tt, and R will be positive in all positions 
provided it is positive when 9=™. Hence the body will roll 
completely round the cylinder if 

Mca, - M * (&££)> o 



If there is no arragement to prevent slipping, then the 

s ipping will occur, when F > /j.R. Hence the pure rolling breaks 
down at a point where. 
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p£t* g sin e 

*"* 9 


...(16) 


tan 


If the value of V cQ= (g then the point at which 

sliding begins is given by 

k 2 _sin 0 _ 

3 b*+k- 1-f-cos 0 ~ fi 

, _ , 0 f3b 2 +k z \ 

l e - tan ) 

=V^ lor a sphere, 1 
= 7/x for a cylinder./ 

Ex. 2. /I circular plate rolls down the inner circumference 
of a rough circle under the action of gravity, the planes of both the 
plate and the circle being vertical when the line joining their centres 
is inclined at an angle 0 to the vertical , show that the friction 
between the bodies is § sin 0 times the weight of the plate. 

(Punjab 53) 

[Proceeding in the same way as in Q. No. (1), put A' 2 =j- in 

equation (12) of Q. No. (1). We have 

b 2 


F= Mg sin 0 .-—Mg sin 0 


= £ sin 0 times weight]. 

Ex. 3. A solid homogeneous sphere is rolling on the side of 
a fixed hollow sphere, the two centres being always in the same 
vertical plane. Show that the smaller sphere will make complete 
revolutions if . when it is in its lowest position, the pressure on it is 
greater than times its own weight. 

Let O be the centre of the fixed 
sphere ; and C that of the moveable 
sphere. At time t, let CN (a line 
fixed in the body) the radius of the 
movable sphere which was vertical 
when it was in its lowest position, 
make an angle 0 with the vertical 
(a line fixed in space). 

Since there is no sliding, the arcs 
BA and BN are equal. 
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i. e. 


a<f> = bx /_BCN —b (0+0), 



where (a — b)=c. 


...d) 


The accelerations of C are (a - b) 0 2 ; (a—b) 6 along and 
perp. to CO. Since the motion of the centre of the sphere is the 
same as if all the forces were applied at it, hence 

m (a — b) 0 2 = F — mg cos </>, ...(2) 

m (a-b ) $=F—mg sin 0, . . .(3) 

where R and F are the normal reaction and friction at B. 
Also for the motion relative to the centre of inertia, 


mk 2 y '=moment of the forces about C——F.b 


or 

m ° b b k *$ - F.b 


or 

b 2 ..a—b , 

2m 5 ^ i _ 


or 

(a-b)$=-F. 

...(4) 


Eliminating F between (3) and (4), we have 



m (a—b) 0 + fm 0 (a—h)=—mg sin 0 


or 

| (a—b) 0 = — g sin 0 


or 

5g sin 0 

7 (a-bY 

...(5) 


Integrating, we have 


Hence 


<£ 2 =+-°- when 0 = 0, 0 = Q. 

715=5) (1_cos «• 



If the sphere makes complete revolutions, the reaction R 
should always be positive. Now R has its least value when <f>=n m 
and if R is positive in this position, then it will be positive in all 
positions. 


From equation (2), 

R=mg cos 4>+m (a—b) <j> 2 

= mg' cos 0+m (a—b) (l 

Hence R > 0 at 0=w if (a—b) > ^r+S 


—cos 0) 


} 



_ 27g __ 

7 (a-6) 


i. e. if 
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which gives the least value of O for making complete revolutions. 
Hence R at the lowest point is 

R=nig+m ( a—b) Or 


or 


R > mg+m. y g 


or R > V 

Hence is greater than 3 7 * times its own weight. 

Ex. 4. A disc tolls on the inside of a fixed hollow circular 
cylinder whose axis is horizontal, the plane of the disc being vertical 
and perpendicular to the axis of the cylinder / if when in its lowest 
post ion its centre is moving with a velocity y/[* g (a—b)], shew that 

the centre of the disc will describe an angle about the centre of the 
cylinder in time 

V (/t) ** G+3> (Punjab 57) 

Let C be the centre of the disc 
and O be that of the fixed sphere. 

Let the line CN (fixed in the body) 
which was initially in a vertical 
position and coincided with OA 
make an angle 8 with the vertical, 

(a line fixed in space). 

Suppose that there is no slipping 
hence arc AP = arc PN 
i. e, aj>=b (8 + <f>) i. e. b8 = {a—b) <£ 

or bo-(a-b) tj>, ...(1) 

Referring to O as origin and vertical and horizontal lines 
throu-h O as the axes, the coordinates of the centre G are 

x=(a—b) sin <f>; y=(a—b) cos <£. 

Kinetic energy of the disc at any time t 

[(a-*)* {a ~ b)1 p] 

=\A1 [? (a-b)' i'] = (a-by- f 
and the initial kinetic energy 



= 2 M (a -by. igl(a—b)=2Mg (a-b). 
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v at ,=0. *= v/( 3 -g^). 


hence the energy equation gives, 

3M 


or 


4 ( a b) 2 <j>-—2Mg (a— 6 ) = the work done by gravity 

— — Mg ( a—b) ( 1 —cos <t>) 

3Af 

— (a-fe) 2 <j> 2 =Mg (a-b) ( 1 +cos <f>)=2Mg (a-b). cos 2 ^ 


/. e. 


or 


i 2 






cos 2 i 


2 


d<f> 

dt 


or 


or 


3 (a-Z>) 

W(7.±l-t) 

II •“ i ■" - VG ?'—>;)' 

3 (a- 


r 




2g r c y — \4^2 

Ex. 5. A cylinder, of radius a, lies with in a rough fixed 
cylindrical cavity of radius 2a. The centre of gravity is at a 
distance c from the axis, and the initial state is that of stable 
equilibrium at the lowest point of the cavity. Show that the 
smallest angular velocity with which the cylinder must be started 
that it may roll right round the cavity is given by 

r-+cj Q »-*{ i+44t-^} 

where k is the radius of gyration about the centre of gravity. 

Find also the normal reaction between the cylinders in any 
position. y 


Let O be the centre of the fixed 
cylindrical cavity and C that of the 
movable cylinder. At time / let CN a 
line fixed in the body make an angle 0 
with the vertical a line fixed in space. 
By geometry the other angles are also 
equal to 0 as marked. It is easily 
derivable that N lies on the vertical 
line OA. 
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Taking vertical and horizontal lines passing through O , as 
the axes, the coordinates of G the centre of gravity of the 
movable cylinder are 

x=(a—c) sin 0, y={a + c) cos 0, where CG=c t 

such that x s = - (a-c) cos 0 0 , y=—[a+c) sin 0 0 ; 

x= — (a — c) sin 0 0 2 +(a+c) cos 0 0 , 
y= — (a + c) cos 0 0 2 —(a + c) sin 0 0 . 

Hence the kinetic energy is given by 

Am (.v-+y 2 ) f lmk 2 0 2 

= ?m [( a — c ) 2 cos 2 0 0 2 -f t« + c ) 2 sin 2 0 0 2 ] + Am& 2 0 2 
— \m [a 2 -t-c 2 — 2 ac cos l 6 -\-k 2 \ qK .. .( 1 ) 

when 0=0, 0 = 0 the initial K. E. is expressed by 

Am [(a—c ) 2 + k 2 J O 2 . 

Hence the equation of energy gives 

Am [(a a +c 2 +fc 2 - 2 flc cos 20 )J [(a-c)*+k*] Q 2 

= — mg (a-f c) ( 1 — cos 0 ). ...( 2 ) 

The accelerations of G relative to C along and perp. to GC 
are c(r and e\j as the centre G describes a circle about C 
that of C along CO is ay 2 as shown in the adjoining figure 

Hence resolving along CO t we have 
R-mg cos 0=m [ay*+cy 2 cos 20 

+C 0 sin (180-20)] 

=m [O 0 2 +C 0 2 cos 20 

+ C 0 sin 20 ] ...( 2 ) 

or R — [mg cos 0 +m 0 -’tf-f mc 0 2 cos 20 

-f mc 0 sin 20 )]. 

The necessary condition that the 
cylinder should make complete revolutions is that R 
positive and R will have the least value when Q=it. 


and 



0,0 


should be 
R will be 


positive in all positions provided it is positive when d = ir. 


i. e. 


- g + (a-f c) 0 2 > 0 i e. (a + c) o' > g 
(a + c) [{(n — c) g -f fc a ]fl a — 4g (a + c)] 


i.e 


i.e. 


i • e. 


(a-f c) Q 2 


(a — c) 2 +A ' 2 
■ [ g + A a - ( * t £>—] 

r 4 ( q+c g i 

l l + ( a-c)*+k 2 J* 


> g from ( 2 ). 


(o + c) a 2 > g 

if smallest angular velocity is 
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Ex. 6. A heavy sphere of radius b is set rolling from the 
position of equilibrium in a fixed hollow sphere of radius a so that 
its centre moves in a vertical plane. Show that in order that it 
may roll all round the interior of the hollow sphere without sliding, 
the velocity of the centre of the rolling sphere at the lowest point 
of its path must exceed 

IV g) l '\ 

the friction being sufficiently great to prevent slipping. 

[Proceed as in question no. 3 page 284). 

Ex. 7. A solid spherical ball rests in equilibrium at the bottom 
of a fixed spherical globe whose inner surface is perfectly rough. 
The ball is struck a horizontal blow of such a magnitude that the 

initial speed of its centre is v. Show that if v lies between 


and —the ball will leave 


the globe , d being the difference between 


(Agra 1950) 


the radii of the ball and the globe. 

Suppose O is the centre and a the 
radius of the fixed globe and G that 
of the ball, while its radius is b. Let 
the line GN fixed in the body make 
an angle Q with a veitical line fixed in 
space after time t. 

The coordinates of G with refer¬ 
ence to O as origin are 

x=d sin <f>, y=d cos <f>, 

where d—{a—b). 

Since there is no slipping, hence 

a>\* — b ( 0 -f fi) 

* e - bd = (a — b)<l>. 

The accelerations of CG are (a—b) <j, 2 and ( a-b) $ along GO 
and perp. to GO respectively. Hence the equations of motion are 



...d) 


m (a — b) <fr=R — mg cos </» 
m ( a—b) f>=F—mg sin </> t 


?/>* v (a—b) 
ttl ~ <D-:- 


= ~F. b. 


5 r b 

Eliminating F, we have 

{a—b) | Mf> — —mg sin 0 . 
Integrating, we have 

?</ „ 

-r- <p —2g cos <£-f A. 


...( 2 ) 

...(3) 

...(4) 


...(5) 
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When <£=0, <j>=vjd 


i 


Hence (5) becomes. 


Also 


7 ^*=- 2 ?(l-cos 

—=d<h*+g cos <t> 
m r 

lOe 


...(6) 


= —Y (1—cos 0)4-^-+^ cos 4> 

-J-T + T S003 * 

“f [ 17 cos ^-( I0 -2)] 

The ball will leave the globe when R vanishes. 
i,e. when 17 cos —(10—7v*/<fg)=0, 

IQdg — 7 v % _ 7v°--10 gd 


i.e. when 


cos </> = 


17 gd ‘ \ldg 

The ball will leave the globe if the centre of the ball rises 
above a horizontal through O, i.e., <t> is obtuse; hence cos <A will be 
negative if 

7v 2 > 10 gd 

-x/m 

Also cos <b should be numerically less than 1 


i.e. 
i.e. 


7 v 2 — 1 Ogd 


Hence v must lie between 


17 dg 
27 dg 
7 * 

n/C 

n/C 


and 


s/<&> 


Aliter. The equation (6) can also be obtained by energy 
equation thus : 

K. E. of the ball after time to t. 


= \m [ 2 |- 0>+<P ^ 
= \m [§+l] (a— b) 


0 


a — b , d , 
j. t P = h ( P 
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= 2-6 md <jr 

Hence the K. E. at the time of projection is f.£.m v- 
since v=d<j>. 

Hence the energy equations give 

-y- = — nigd ( 1 —cos 0 ) 

and rest of the part is the same as before 

4*18 When both the bodies are moveable. 

Discuss the motion of two symmetrical bodies of radii a and 6/ 
the body whose radius is b is resting on the top of a body whose 
radius is a, and rolling down the lower body when the centre of the 
lower body is fixed, or the lower body is also moving on a rough 
or smooth horizontal plane. 

1. When the centre of the body whose radius is a is fixed. 

Let the sphere whose centre is O can turn about its axis and 
the sphere whose centre is O' is 
rolling down the sphere. 

Suppose OO' the common normal 
makes an angle 0 with the vertical, 
while the lower sphere has turned 
through an angle </> about the 
vertical diameter. The line O'A 
(a line fixed in the body for the 

upper sphere) makes an angle 0 with a vertical line (fixed in space). 

Initially A and B m were coincident at the higheist point of the 
lower body. 

Since there is no slipping, hence 

arc PB =arc PA. 

Hence the geometrical condition is 

a ( 0 — 0)=6 ( 0 - 0 ) 

(a+b) 0 = btJj-\-a<f> ...(I) 

Since the centre of the upper body, describes a circle of radius 
(a+b) about O, its accelerations a re (a + b) o 2 and (a+b) y along 

and perp. to O'O. Hence the equations of motion for the upper 
body are ^ 



m {a A- b) d=mg sin 0—F, 
m {a+b) Q 2 =^mg cos 0 — R. 


...( 2 ) 

...(3) 
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The moment equations are given by 

mk 2 ip=Fb -..(4 a) 

MK*.$=Fa for lower body ...(4 b) 

where k and K are the radii of gyration of upper and lower bodies. 
From equations (4a) (4 b), we find that 

Also from (1), (o-\-b) Q=bip-{-a$. ...( 6 ) 

Substituting the value of $ from (5) in ( 6 ). we have 

, .. ... , b 2 MK 2 .. 

(a+b) 0 =<ty + - m k^~ $ 

( , b 2 MK 2 \ .. 

=( 0+ a ml?) 

Similarly, (<* + £) 0 = (^+,v/A : 2 Z> J 

„ r M/ ^ 2 i* 

Hence F= —— t}> 


...(7) 

...( 8 ) 


-tw-Sri< a+6) *' in vir,ue of (7) or (8) - 

Putting this value of Fin (2), we have 

m + a w+bwr ) {a+b) e=mg sin - (9) 

Multiplying by 2# and integrating, we have 
j“. . Mk 2 K- 


c 


nui l + i 5 


a*mk*+b* 
since when 0 = 0 , 0 = 0 . 

From (2), with the help of (9), 

mg sin 6 


] ( fl +^) 0 2 = 2 mg ( 1 —cos 6) ...( 10 ) 


F=mg sin 0 — 


1 + 


Mk'K 2 


\fK*\ 


by (9) 


Mmk 2 K 3 


a 2 m 2 k 2 -\-b l MK 


rl g sin 0 . 


■“a*/wJfc a +tf> s +A; 2 ) MK 

From (3), with the help of (10), 

2 mg (1 — cos 6) 
Mk 2 K - 


R=mg cos 0— 


1 + 


nig 


a-mk*+b 2 MK* 


= a 2 ink 2 + bPMK* + MK : k 2 ( a2 ™k*+b'MK 2 )-\-Mk 2 k 2 } cos 6 

-2 (a 2 mk 2 +b 2 MK 2 )]. 
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Equation (10) can also be obtained with the help of energy 
equation. 

Coordinates of O' with respect to O as origin are 

x=(a+b) sin 0, y=(a+b) cos 0. 

Hence the energy equation gives 

\MK 2 <j> 2 +\mk 2 $ 2 -\-±m (* 2 +y 2 ) = work done by gravity 

= mg ( a+b ) (1—cos 0) 

or MK 2 <jr +mk*ij, 2 +m (a+b) y 2 = 2ntg (a+b) {(1—cos 0)} ...(11 ) 

Now integrations of equations (7) and (8) with the initial 
conditions 0 and 0, q all zero; we have 

, , . a 2 mkr-\-b 2 MK 2 

(a + b) 8= amk , - 

b l MK 2 -\-a 2 mk 2 
= bMK 2 



Subsiituting the values of <j> and ^ in (11), we get 
a 2 m*k* K 2 M 4- b 2 mk 2 MW1 


[«i+ 


or 


["' + Ja* 


{a'mk'+b'Mk 2 ) 2 
MmkrK* 


mk l + b 2 MK 


-J (a-\-b) 0 2 = 2 mg (1—cos 6) 
sjj ( a + b)d 2 = 2mg (1—cos 0) 


which is the same equation as (10), which on differentiation with 
respect to t gives the equation No. (9) and hence the result. 

Sliding commences when F=nR. 

Case II. When the lower body can move on a perfectly 


smooth table. 

In this case the lower body 
has moved through a distance 
x on the table; besides this the 
common normal makes an angle 
0 with the vertical, and the 
bodies have turned through 
angles «/» and «/> in space. 

Hence the equations of 
motion for the lower body are 
Mx = F cos 0—R sin 0, 
MK 2 '<£ = Fa, 



S—Mg— R cos 0—F sin 0=0 

[since there is no motion perp. to 

the plane for the lower body]. 


• • • 
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m {( a+b ) tj+x cos 9}=mg sin 9— F, 'j 
m {(a+h) e*—x sin 9}=mg cos 6— R, }► for the lower. ...(II) 

mk 2 ip=Fb t J 

The geometrical equation is as before 

(a+b) 6=a<f> + bilt % 1 
or (a+b) Q—a'<£+b$. J 

mk 2 ... MK 2 .. 


...(Ill) 


Also 


TT *- a~ * 


and 


Hence as before, 

(-+S?) 

r_ Mmk 2 K 2 

a 2 mk % -I- b 2 MK* b) 0 * ***( IV ^ 

Therefore from the first of the equations of II, we have 

[.V cos 9+(a+b) ft]=mg sin 9- ^™*'^ - ( a +b) 9 

...(V) 

From the first of equations (I), we have 

MX . - . MX , f m Mmk 2 K l 

0 +{(a+6) & cot »} 


m 


R=- - a +F cot 0=- 

sin 9 sin 


Substituting this value of R in the second equation of the 
equations (II), we have 

m {—X sin 9 + (a+b) g 2 } 

MX Mmk 2 K 2 , , . 

~sin 0 -a W+b'MK ' < a+b) » COt 9+mg C0S 9 
or — (m sin 2 9+M) X+m (a + b) g 2 sin 9 

Mmk 2 K 2 

+ a i k*m + b 2 ~M~K 2 u cos sin 6 cos e - • • .(VI) 

Elimination of .V from (V) and (VI) gives 
(M+m sin 2 9) |(a + £) \j + (a+h) \j-g sin 

+ m (a+b) o 2 sin 9 cos 0 -f- 2 (a+ b) g cos 2 9 

—mg cos 2 9 sin 9 

or f M+m sin 2 0+ 


Mk 2 K 2 


L 


?2 p {M+m sin* 9+m cos 2 9)J 




or M+m sin 2 0 -f 


maW+MK 

X (a + £) if + m (a+b) g l sin 9 cos 9=(M + m) g sia 9 
M (m+M) k 2 K s 


J (a+b) 9 


mk 2 a-+MK 2 b* 

+m (a+b) sin 0 cos 9 g 2 =(M+m) g sin 9. 
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f M+m sin 2 0 k '*\ 1 (a , b) ,, 

L mk 2 a 2 +MK 2 b 2 J 0 

• „ = 2 (A/-f-/w) g (1 —cos 0 ) 

since at 0 = 0, 0 = 0. .. .(VII) 

Substitutions of e 2 an 1 U in equations It will give F an J R 

Aliter. Now the co-ordinates of C' with reference to D as 

origin are {*-f (a + b) sin 0, (a+b) cos 6 } and that of C are 

(x 9 o) . 

Considering the two bodies together, since there is no hori- 
zontal force, hence 

M dW +m dt* t*+<« (-*) sin «]=0 


or 


M JT+ m +(<>+b) cos 0 0 J = 0 . 
Since at t=0, x=0, i) =0, 

m (a + b) & cos 6 


x= — 


(A/ -+-/») 

Clearly the energy of the lower body is \A(x 2 +lMK 2 6 2 and 
that of the upper body is 9 

- m n* + (o-f/>) cos Q o} 2 + {(a+b) sin d e} 2 +k 2 ^, 2 ]. 

i ” enCC the k,netic energy equation of the system gives 

\ / [x l +K 2 <j, 2 ]+t m [**+(« + &)* o 2 +2 (a+b) x o cos d+k 2 $ 2 J 

= work done by gravity 

XT ='”S (a+A) (1 -cos d). 

Now using the result 

and substituting for we obtain 

i ( M+n ,) [ (jV/ ™ (« + *) 2 cos- e o’l+lMK> -l 2+*> 2 ill 

J ( „ . MK*b' 


+ \m (a+b) 2 q 2 - b )'_ P cos 2 A 

A/+m 


\ ^ toll, '*- I 






+ 77 m/c 2 a 2 \“ ( fl + A) ( 1 — COS tf) 

V ' 6 J 


_^A£^ 2 rt 2 w 2^4- m A: 2 Af 2 A: < A*‘l .. 

^ (WHHFji-J </ =2mg (a+i) (i_ ;os a] 
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or 


(a+b) 9 2 


or 


or | ~M+m sin 2 9 + ^m^+b^MK 1 
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/w 2 cos 3 0 Mmk 2 K 2 1 0 ,, 

(M-f m) + (o 2 mA: 2 -|-6W^*)J“ 2w ^ (I ~ C0S 6) 

. Jw , . , M {M+m)k 2 K^ 

(a+b) e j M+m-m cos- e + (a i mk t +b i MK * ) J 

= 2g (A/fm) (1—cos 0) 

M {m+M) A! * = ] (a +i) e> 

— 2g (M+m) (1—cos 0) 

which is the same as (VII). 

Case III. When the lower body can move on the rough 
table. 

For this case there will be an additional friction F l on the 
table and as there is no sliding, we have 

x=a<!>. ...(A) 

Now the equations of motion for the lower body are 

Aftf = Fcos 9—R sin 0—F, 

Mk'(j> = {F+F x ) a. 

From the upper body, 

m \x cos 9+{a+b) y)= — F+mg sin 9, 
m {— x sin 9+(a+b) y t ) = mg cos 0 — R }■ ...(ii) 

and mk*$ — F.b. 

Also as before, ( a+b) 9=a<fl + bi/i. 

Eliminating F x between the two equations of (i), we have 
Mx=F cos 6—R sin 9-—~ f+F. 


1 } 


... (0 


or 


With the help of (A), we have 

^ ^’J = F (1-f-cos 0) — R sin 0. ...(iii) 

Substituting the values of Fand R from (ii), we have 

" ) < £ == (J + cos 0) i m S sin 9—nix cos 6—m {a+b) y) 
—sin 6 {mg cos 9+m‘x sin 6—m {a+b) y 2 }. 


M ^—~^+m:l+m'x cos 9 


=m (a+b) (sin 9 y 2 — 0 —cos 6 y)+mg sin 6. 
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Substituting for x, we have 
| M^X^+ma (1+cos fl)J f 

= w («+*) « sin 0 ^ 2 —cos 9 0)-8}+mg sin 0... .(iv) 
Substituting the value of F from the 3rd equation of (ii) in 
first of (ii), we have 

m cos & + ( a +b) if}— - ~j~~+ m S sin 0, since x=a<fi 

or a'<f> cos 9+(a+b) tf= — ^ {( a+b ) y—a$}+g sin 6 .. ,( v ) 

since (a+b) v—a$=b$. 

Hence (iv) becomes by using (v) 

M ( a +£‘) (a+b) 0--^r (a+b) U + "fr a$+mg sin 9 

~ m (a+b) (sin 9 # 2 — y— cos 9 ij}+mg sin 0 

which gives 

£ +w ( 1 + £z) a $— ni £r( a + b) 0 —m (a+b) sin 6 6* 

+ m (a+b) cos 9 0 = 0 . .. .(vi) 
Integrating (vi) with the initial conditions that 0 =<£=O, when 
0 = 0 , 0 = 0 , we have 

[ M ( 1+ ^) + m ( I+ i^)J (a+6) * 

+'" (a+£) cos 9 0 = 0 , .. .(vii) 

which again on integration gives 

[ A/ ( 1+ ^) +W ( 1+ ^)] a ***'jr ( a + b ) * 

— w (a-f 6 ) sin 0 . ...(viii) 

Equation of energy gives 

\M (* t +K*p)+ + \m {* l +(a+b) e 2 + 2 (a+b) o* cos 0+k 2 0 2 ) 

=mg (a+ 6 ) ( 1 — cos 0 ), ...(ix) 

or (a*+ K*) 0 2 +*w (ay+(o+ 6 ) 0 2 +2 ta+ 6 ) cos 0 

-f 0 2 }=«/g (a+b) (1 —cos 0) 

or (a*+K 2 ) <jr+im {a' 2 <jr + (a+b) b~ + 2 (a+b) a(i<j, cos 9) 

+ a"* {(<* + b) o 2 + a-<f>-—2 (a+b) ao<j>} 

=mg (a+b) (1—cos 9) 
(a+b) d—a<& 

since 0 =-^- K ...(x) 

Eliminating with the help of (vii), we get the same equation 
as (iv). 
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When (be lower body is free to (urn about its axis. 

Ex. 1. A circular cylinder of radius a and radius of gyration k 
rolls inside a fixed horizontal cylinder of radius b; show that the 
plane through the axes will move like a simple circular pendulum of 

length (b-a) 

If the fixed cylinder be instead free to move about its axis and 
have its centre of gravity in its axis , the corresponding pendulum 
will be of length (b—a) (1+n), 

where n= 

m and M are respectively the masses of the inner and outer cylinders 
and K is the radius of the outer cylinder about its axis. 

Case I. Let O be the centre of 
the fixed cylinder and C that of the 
movable cylinder. At time /, let CN (a 
line fixed in the body make an angle 6 
with the vertical) a line fixed in space. 

Since there is no sliding, hence the 
geometrical equation is 

b<b=a (6+<f>) or (b-a) <f> = aO. 

Coordinates of the centre of gra¬ 
vity C with respect to O as origin are 

x~(b—a) sin *, y=(b-a) cos *. 

Hence the energy equation is 

\m (* 2 -f y 2 )+i/w/: ? 0 2 =work done by gravity 

=-mg (b-a) (l~cos*) 
or {m [(6-a)’ p+(b-ar- £ <{*]=-„* (b _ a) (1 _ cos 

Differentiating (1) with respect to t and dividing by 2<£, we 

have 

" G) 0sin*. 





...( 2 ) 
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Hence if the common axial plane has an oscillatory motion, 
it behaves like a simple pendulum of length 

<*-«> (•+£). 

Case II. Now the hollow cylinder 
is free to rotate and let a line OC (fixed 
in the outer cylinder) make an angle <f> 
with the vertical and common normal 
make an angle 6 with the vertical. 

At any time t let C'N (a line fixed 
in the inner cylinder) make an angle p 
with the vertical. 

Since there is no slipping, hence 

arc PC = arc PN. 

b(9+<t>)=a (9+P) 1 
or (b — a) 6=a<p—bl> J 

or ( b—a) d=ap—bfj>. 

Co-ordinates of the centre of gravity C' with reference to O 
as origin are 

x = (b—a) sin 9, y = [b—a) cos 9. 

Kinetic energy of the outer cylinder is hMKty*, 

Kinetic energy of the inner cylinder is &mk*f 9 +int (.v ,3 +^ 3 ) 

= im {k’f+ib-af 0 2 }. 

Hence the energy equation gives 


±MK 2 <i> 2 +\m [k 2 <p 2 + (b-a) 2 o 2 ] = 

—mg (b—a) (1—cos 9). ...(4) 

For the outer cylinder, 

■j 

M K 2 '(£=Fb. 

f ...(5) 

For the inner cylinder, 

mk 2 $= — Fa. 

J 

„ MK% mk 2 .. 

Hence -—, - - -- 

b a 

...(6) 



Integrating (6), we have 


MK 2 <f >_ mk 2 . 


a 


* 


since ^=^=0 initially 


b<f> op ap — b(j, _ ( b—a)0 

a 2 ~ b- a 2 ( b 2 a- \ 

MK * mk 2 MK 2 mk* \MK 2+ mk-J 


or 


...(7) 
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Substituting for <j> and in (4; from (7), we have 

(b-a) 2 p.b 2 1 . , (b-a) pp 

773 
MK* mk 2 ) 


\MK % . 




Y—+ 

VAf/ 


’i+lmk 1 . 


or A 



1 


a* V 

A /* 2 ' / n £ 2 ) 

4-4/w (b-a) 2 p=—ntg ( b—a ) (1—cos 0) 


G w- + 


JL +j? 2> \ 

MK 2 ' mk 2 ) 


(b—a) p+m (b— 


= — mg(\ — cos 0). 

...( 8 ) 



Differentiating (8) with respect to t % we have 

l + ~mk 2 ^ l 0=—g 8in 0, ...(1) 

+MK*a 2 J 

which is the equation of the motion of the plane of the axes of 
the cylinders. 

We know that the equation of the simple pendulum of length 
/is d = —j sin 0. 

Hence the length of the pendulum here is 


(b-a) H 


1 + 


k 2 la 2 *) 

mkW l* 


MK 2 a 2 J 


Ex. 2. uniform thin hollow cylinder of mass M and radius b 
is free to turn about its axis which is horizontal. A uniform solid 
cylinder of mass m and radius a rolls without slipping on the inner 
surface of the first cylinder. Show that if the plane containing the 
axes of the cylinders oscillates through an angle a, its period is the 

same as that of the simple pendulum of length fb ~ a ) ( 3 M+m) 

... . , . , 2M+m 

oscillating through the same angle a. 

^Hint. Proceeding in the same way as in Ex. 1 above and 
substring for K 2 =b\ and k 2 =a*l2 t we have 


l—(b—a) 1-f 


i 


1 + 


ma 2 b 2 l2 

Mafb* 


(b-a) 14- 


1 

2 + 


M 


■ 3M+m 
2 M -f- m 


j 
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Ex. 3. A uniform beam, oj mass M and length l, stands upright 
on perfectly rough ground; on the top of it, which is flat, rests a 

Height of mass m , the coefficient of friction between the beam 
and the weight is p. If the beam is allowed to fall to the ground ; its 
inclination 0 to the vertical when the weight slips is given by 

(I M+3m^ cos 0—^ sin 0=(M+2m). 

Let AB be the rod of length 
l which has turned through an 
angle 9 to the vertical, and a mass 
m is placed on B, the other end of 
the rod. 

Let R and F be the normal 
reaction and friction of the rod on 
the mass placed at B. Then the equa¬ 
tion for the motion for the rod only is obtained by taking 
moments about A. 





...( 1 ) 


The equations of motion for the particle are 

ml'o=wg sin 9+F. ...(2) 

and mlQ t =mg cos 9 — R, ...(3) 

where Iq 2 and Iq are the accelerations of the particle along BA, 

and perp, to BA; since the particle describes a circle of radius / 
about A. 

Eliminating F between (I) and (2), we have 


or 


M -~ = Mg sin 9—ml(j 

(A/-f 3m) l(j=% (Af+2m) g sin 9. 
Integration of equation (4) gives 


...(4) 


3 (A/-f-2m) 

'° =Tw+3/7o" * "- cos e) - 
since when 9 = 0, 0=0; hence constant of integration is 

^ M -f 2m 
M+3m 

Hence from (3) and (5), 

R = mg cos 9—mid* 

~mg cos 0-3 mg (1 ~ cos 6) 


...(5) 
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pcos 0.(A/-f-3m)—3 (A/-f 2m) (1 
= mg (A/+3m) 

[(4A/+9m) cos 0—3 (A/-f2m)] 
=w £ (M+3/n) 

and from equations (2) and (4), 

F=l mg sin d—mg sin 0 

2 M+3m 

=mg sin 0 { 2 - (A/ + 3m) }• 

F A/ sin 6 

'• R = 2 [(4A/+9m) cos'’0-3 (A/+2m)] ’ 


—cos 0)] 


Sliding begins when ^ =/i. 


I e . ^ s,n * = 2 (4A/+9m) cos 0-6 (A/+2m) 

/* 

or 3m) cos 0-(A/+2m) 

/4A/ \ . A/ sin 0 

or (A/+2m)=^y + 3mJ cos 0-^-, 

Ex. 4. (a) /4 rough cylinder, of mass M , /$ capable of motion 

about its axis, which is horizontah a particle of mass m is placed 
on it vertically above the axis and the system■* is slightly disturbed. 
Show that the particle will slip on the cylinder when it has moved 
through an angle 0 given by 

P (M+6m) cos 0 —M sin 6—4mp 
where p is the coefficient of friction. 

Suppose F is the frictional force 
which keeps the particle at rest; and 
the radius OB makes an angle 0 with 
the vertical at time / say. 

Then the equation of motion is 

My=Fa for the cylinder... .(1) 

Since the particle describes a circle 
of radius a about the centre O, hence its accelerations along BO and 
perpendicular to BO are ay* and ay respectively. Therefore the 
equations of motion for the particle are 

may = mg sin 6-F, ...(2) 

may 2 =mg cos 0 — R. ...(3) 
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Eliminating F between (1) and (2), we have 

( . M\ .. mg sin 0 

(m+ T )0=- 


or 


<*6 = 


a 

2mg sin 0 


( 2 m +A/) * 

Integrating (4), with respect to /, we have 

j (I - cos *>■ 

since 0=0 when 0 = 0 gives C the constant of integration 

4mg 

(A/-f2m) * 

Substituting the value of 0 in (2) from (4), we get 

. . 2 mg sin 0 A/m? sin 0 

F—mg sin 0—m.,= .. , - —- . 

(A/+ 2 mj (A/ + 2/fi) 

Similarly from (3) and (5), we have 

D _4m 2 g (1— cos 0) 

R = mg cos «- (M+ 2 m) 

(A/-f 6 m) cos 0—4m~| 

A/+ 2 m J’ 

A/ sin 0 


...(4) 


...(5) 


=mg£ 


such that 


/? (A/-+- 6 m) cos 0—4/u * 


The particle slips from the cylinder when F=/x/?, 

i e A/ sin 0 

(A/ 4 - 6 m) cos 0—4m =/i ’ 

f.e. *x (A/+ 6 m) cos 0—4m/x=A/sin 0, 

/.e. /x (A/-f- 6 m) cos 0 —A/ sin 0=4m/x. 

0 

Aliter. Referred to 0 as origin, the co-ordinates of the 
particle are x=o sin 0 , >» = a cos 0 . 

Energy of the particle=i (x 2 + 3 > 2 ) = \ma 2 Q 2 , 

a 2 

that of the cylinder = $A/ — 0 2 due to rotation. 


Hence energy 


— - -T-— 

(\M ? 0 a +iMia*A 2 ^ = work done by gravity 


=mga ( 1 —cos 0 ), 

a (A/-f 2m) 0 *= 4 mg (1—cos 0), 
which is the same as (5). 
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Differentiating it and dividing by 2ff, we get 

a'Q (M+2m)=2mg sin 0, 
the same as equation (4). 


Rest is the same as done previously. 

Ex. 4. (b) A rough cylinder of mass 2nm, capable of motion 
about its horizontal axis, has a particle of mass m, and coefficient 
of friction p placed on it vertically above the axis. The system is 
then slightly disturbed. Show that the particle will slip on the 
cylinder after it has moved through an angle 6 given by 

(n+3) cos 0-2=~L*. 

Hence find the value of 6 when the particle will leave the 
cune - (Agra 56; I. A. S. 52) 

j^Hint. Proceeding in the same way as in 4 (a), we get if M 

is substituted by 2 nm, the first result, /. e. 

P (2/7m-f 6m) cos 6—2nm sin 0=4mp 

or (n+3) cos 0-2=« S — 

P 

From 4 (a) /?= [(2w»i+6m) cos 0-4m]=O if the 


particle leaves the cylinder. 


Hence cos 6 




Ex. 5. The mass of a sphere is \th that of another sphere of the 
same material which is free to move about its centre as a fixed 
point ; the first sphere rolls down the second from rest at the highest 
point, the coefficient of friction being p. Prove that sliding will begin 
when the angle 0 which the line of centres makes with the vertical 
is gi ven by 

sin 0=2 p (5 cos 0-3). (I. A. S. 48) 

Let the mass of the lower sphere 
which is free to move be A/=5m gruffer) 

where m is the mass of the upper 
sphere rolling down the lower. 

Let the lower sphere have turned 
through an angle </• such that OP makes 
an angle with the vertical and the 
line CB (a line fixed in the upper body) 
makes an angle 0 with the vertical. 
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(a line fixed in the space) while the common normal OC makes an 
angle 0 with the vertical. Initially OP and CB were vertical and B 
coincided with P. 

Since there is no slipping, hence arc PQ= arc BQ. 

a (d — 4>) = b (0 — 6) 

{• e ■ 0 = bip-\-a<t> 

C0=bj; + a<j> 

where (n + 6) = c. 

The equation of motion for the lower sphere is 

v r- 

M -y <f>~ Fa. 

For the upper sphere, 

nice 2 =mg cos 6—R, 
ntc(/=mg sin 0 — F. 

since C describes a circle about O of radius (a+b) = c with 
accelerations cq 2 and c# along CO and perpendicular to CO 
and F is the friction sufficient for rolling. 


...d) 


...( 2 ) 


...(3) 

...(4) 


• • 


26 2 •• 
m y = 


...(5) 


From (2) and (5), we have 

a j> __ ajr+bip _(a- f-6) \j cjj 

in M m-\-M M -\-m 
Hence integrating (6), we get 

a<f>_b>p C 0 
m M (A/ -f-m)’ 

The equation of energy gives, 

\M --- | y- </r-f c 2 0 2 J=mgc (1—cos 6) 


...( 6 ) 




M'c* 

(M + m)* 0 +C 0 


or 

or 

or 


[ 


A/m 


,}= 


mgc (1—cos 0 ) 


6 A/-fm 


-+mj C0 2 =2mg (I—cos 6) 


\J 6 in +m J C0 * ==2m g (1-cos 0) 


C 0 2 =lg (I-cos 0 ). .. ( 7 ) 

Differentiating (7) w.r.t. t and dividing by 2{), we have 

cij = lg sind. ...(8) 

Hence from (3) and (4), we have 

R=mg cos 0 —mco z =mg cos 0—(1 —cos 0 ) 

_(5 cos 0—3) mg 
& 2 
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and F=mg sin 9—\mg sin 9=\mg sin 0, 

such that £={ mg sin »- mg (S tf _g ) 

_sin#_ 

“2 (5 cos 0—3)* 

For sliding, F=pR 

sin 9 _ 

*' e ' 2 (Jcos 0-3)“^ 

or 2 \i (5 cos 0—3)=sin 0. 

E\, 6. A uniform circular cylinder of mass M is free to rotate 
round its axis which is smooth and horizontal and about which its 
radius of gyration is equal to its radius. A uniform solid sphere of 
mass m is placed with its lowest point in contact with the highest 
generator of the cylinder, both sphere and cylinder being initiaily at 
rest. The sphere is then slightly disturbed and rolls down the 
cylinder, all points of the sphere moving in planes perpendicular to 
tie axis of the cylinder. Show that slipping takes place before the 
sphere leaves the cylinder and begins when 

2M sin 0=/x [(17M+6m) cos 9-(10M+4m)] 
fi being the coefficient of friction between the sphere and the cylinder 
and 9 the inclination to the vertical of the plane through the axis of 
the cylinder and the centre of the sphere. (Delhi 58) 

Let the cylinder whose centre is O 
and radius a have turned through an 
angle <f> to the vertical and CB (a line 
fixed in the sphere) make an angle «/» 
with the vertical (fixed in space). Let 
C be the centre of the sphere whose 
radius is b. 

Initially OP and CB were verti¬ 
cal and B coincided with P. 

Since there is no slipping hence arc QP =arc BQ 


/. e. 

a (0—j,)=b (t/r—0) 

or 

(a+b) 9=bip+a c t> 

i. e. 

b^-\-a<j> = {a+b) p=CQ 


where (a+6) = c (say). 



...0) 
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The equation for the motion of the cylinder is 

Ma-j,— Fa. 

The equation for the sphere is 


2 b* .. 

m —- y = Fb. 


...( 2 ) 


... 0 ) 


From (2) and (3), we have 

</>'__ blf _ a$+b$ __ 


2 cij 


i. e. 


m 5 M Qm + 5A/^ {5M+2m) 
2 anti . ... SM 


m 


• * 
CQ 


_ 2 cme 5 Mc(j 

(5A/+2/W) and ^~~ (5M+2m )* 


V - ... JfW 

^ _ (3A/+2mT and 5M+2, 

Integration gives 

a<j>— 

The constant of integration vanishes since <£ and t are zero 
initially. 

Since C describes a circle of radius c about O, hence the 
equations for the sphere are 

mcQ*=mg cos 9—R, .. .(3) 

mc\j=mg sin 9—F. ... ( 4) 

The co-ordinates of C the centre of the sphere with reference 
to O as origin and vertical and horizontal axes through O are 


x=c sin 6. y = c cos 0. 
Hence the equation of energy is 



lAfa 9 j>*+$m <p 2 + x 2 +y*J = mgc (1—cos 9) 


or 

W <5X/+2m)» «*+*-'” [y { 5M + 2 m) ‘ 

] 

0 

= n\gc (1- 

-cos 9) 

or 

['Tsm+LT+O cr=g (1 - cos e) 


or 

CsM+2m) C «‘= 2g >l ~ cos °>- 

...(5) 


Differentiating the equation (5), we get 



\5M+2m ) Cf >~ s s,n 

...(6) 


Putting the values of and jj in (3) and (4), we get 
p n m (5A/+2m) _ 

R = mg cos g - W + 2mr • 2 *< | - cos « 
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=mg cos 0 


mg 


\~lM-\-7m 4-103/44m j ^ f 5M±2m \ 


L 


73/4-2/m 


lM+2m) 


73/4-2/m 


[(173/ 4-6/m) cos 0-2 (53/4-2m)] 


and 


F=mg sin 9—mg sin 9. 


53/4-2m 
73/4-2m 


2 M.mg sin 0 
73/4-2/m 


Hence 


23/ sin 0 


/? (173/ 4-6/m) cos 0—(103/4- Am)* 

Sliding occurs when F=pR t 

i. e. 23/sin 0=/x [(173/4- 6mi) cos 0—( 103/4-4m)]. ...(7) 

Equation (7), gives the value of 0, when slipping commences, 
where 9 < n. Now 


R _F_2M.mg sin 0 

~~lx n (73/42m) 

which is evidently positive for all values of 0 lying between 
0 and n. 

Hence the slipping occurs before the sphere leaves the 
cylinder. 

Ex. 7. A perfectly rough solid sphere , of mass m and radius 
r, rests symmetrically upon a hollow cylinder of mass M and radius 
R free to turn about its axis which is horizontal. If the sphere 
rolls down , show that at any time during the contact the angle <f> 
between the line of centres and the vertical is given by 

(7M+2m) (R + r) 'f=(5M+2m) g sin <f> 
and find the value of <f> when the bodies separate . 

^Proceeding as in Ex. (6) and putting R= 0, we have 

, . 103/4-4m4 

the angle cos *= j7ijr+ — J. 

Ex. 8. A perfectly rough solid cylinder of mass m and radius 
r, rests symmetrically on another solid cylinder of mass M and 
radius R which is free to turn about its axis which is horizontal. 
If m rolls down , shew that at any time during the contact the 
angle <f> which the line joining the centres make with the vertical 
is given by 

(3M+2m) (/?-»- r) $=2 ( 3/4 m) g sin <f>. (I. A. S. 52) 

[Proceed on as in Q. 7]. 
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Ex. 9. A thin hollow cylinder , of radius a and mass M is 
free to turn about its axis which is horizontal, and a similar 
cylinder of radius b and mass w, rolls inside it without slipping; 
the axes of the two cylinders being parallel , shew that when the 
plane of the two axes is inclined at an angle <j> to the vertical, the 
angular velocity Q of the larger circle is given by 

a 2 (M-\-m) (2M-\-m) Ql z =2gm 2 (a—b) (cos <f>—cos<x). 


Let O be the centre of the outer 
cylinder and G of the inner one. The 
figure is the vertical section of the sys¬ 
tem through O and G. 

Let GB be the line fixed in the inner 
cylinder, while ON in the outer one. 

Initially ON and GB coincided with OA, 
and B coincided with N . 

After time t (say), when OG makes 
an angle <f> with the vertical, let ON 

and GB make angles 4 , and 0 with the vertical respectively. 
Since there is no slipping, hence 





arc A'0 = arc BQ 
/# e * <* (•f'—<i>)=b { 0-<f >) 

i e ’ b0=ajj-( a -b) 

Ue * # be=aj,-(a-b) <f> 

Taking moments about the centres of the 
separately, we get 


...( 1 ) 

cylinders 


mb*y=Fb 
Afa*$=—Fa 
From (2) and (3), we have 


[for smaller], 
[for larger]. 


..(2) 

..(3) 


mbo = ~Ma!p, 

l. e. b JL__ <*>' 

M m‘ 

Integrating, 

be __ a<p 

M m ’ •••(4) 

.. . (since initia,, y e and i are zero). 

Substituting in (1) from (4), we have 

— Ma<ji=mb()= may—m ( a-b) <j> 
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or 

or 


(A/-f m) ciijr=m (a—b) j> 

. m (a—b) , mbo 

a + = Hl+n7 * - ~AT 


...(5) 


The coordinates of the centre of gravity G of the smaller 
cylinder with reference to O which is at rest are 

x=(a- b) sin <£, y=(a—b) cos <f>. 

Hence the energy equation gives 

l hla 2 tf + lm {(&+$*) + mb* = — mg (a—b) (cos a—cos 4)....(6) 

Since initially the coordinates of G were 

[(<7 — 6) sin a, (a—b) cos a] 

or A/a^*+m [(a-b) 2 <j> 2 + b*o' ]=2mg (cos <b- cos a), 

since 0=^^=° if ^ =a * 

Substituting for 0 and in terms of we have 




re 


m+A/\ 8 + A/ ? 




"H a 2 di 2 = 2rng (cos -cos a) 

m 2 J 


or 

or 

or 

or 


J a*$ 9 =2gm (cos </>—cos a) 

TA/ (A/+w) + W±^ 1!J a y=2 mg (cos 0 —cos a) 

(A/+m) —j a 2 y 2 =2mg (cos </>-cos a) 

(2A/+m) (A/-f m) a 2 n 8 =2m , g (cos 0—cos a) 

rif ,i, = Ql 


which is the required result. 

Examples 4 (d) 

1. A uniform solid sphere, of mass M and radius a, has a 
particle cf mass m, attached to a point of its surface, and rests 
on a horizontal plane rough enough to prevent sliding. If m 
is initially at rest at the highest point of the sphere and the 
system is given a slight displacement, prove that when the 
sphere has turned through an angle 0 , its angular velocity is 

given by 

[7A/-f 10m (1-fcos 0)] ad*=10mg (l-cos0). 

2. A rough sphere can turn freely about a horizontal diameter 
and a particle whose mass is Vo that of the sphere is laid on 
it at its highest point. The system is slightly disturbed and 
left to move. Show that if n be the coefficient of friction, 
the particle will begin to slip on the sphere when the sphere 
has turned through an angle 0 given by 

(7 cos 0 — 2) /x = 4 sin 0. 
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[Him. Proceed as in question no. 4 Page 302], 

A rough lamina of mass M can turn freely about a horizontal 
axrs passing through its centre of gravity, the moment of 
inertia about this axis being MK\ Initially the lamina was 
orizontal and a particle of mass m was placed on it at a 

ensuT 6 Sh^,' he * X,S and then mo "° n "as allowed to 

lami a s i ? Par “ Cle WiU begin IO slid ‘ on the 

lamina when the latter has turned through an an"le 

pMK 2 


tan 




When both the bodies are free to move : 

(a) Tw °uT egUal Sm ° 0 "‘ Spheres “" placed on the top 

of the other ,n unstable equilibrium, the lover sphere resting on a 

spheres 't ' " 5,ish " y Curbed, shew that the 

spheres will separate when thp /»#• # . 

«■» * - :r„sr “*• - 

U,I ,, . , c ' 0i3 e =(M+m) fJ cor 0—2 ■ 

-here M ,s the mass of ,h e lover, and m of the upper sphere 

Suppose C and 0 < t’V”' ^ ^ 54) 

centres of the lower and upper 
spheres. Let after time t the lower 
sphere have moved through a dis¬ 
tance x on the table while the line 

of centres makes angle 0 with the 

vertical. 

Since both the spheres are 
smooth there are no forces acting 



hence there 


“no lotaTory motion" aboU ‘ its 

•wo spherc r : f :;: nce ,o ° as orisin - ,he e -v ity of 

y vi/ , l, (lower sphere). 

where (a hi + Sin Y ^ a +^ cos (^Per sphere) 

* (a, b) are the radi, of the lower and upper spheres. 

spheresTndVh 7 h ° riz ° ntal forccs ** »rte«n, since the 
spnercs and the plane are smooth. Hence 

d 

di t Mx+m {x-\-(a-\-b) cos 0 ()}J = 0. 
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i.e. 


Integrating, we have 

(. M+m) x+m (a+b) cos 9 0=0 

since 

* = -t(*+*) cos 9 9 • 
M+m 

The equation of energy gives 


= 0,0 = 


...( 2 ) 

0 initially, 


\Mx'+\m T 2 ) = work done by gravity 

=mg ( a+b) (1 —cos 9) 

or Ml.^ + hm [*’ + (a+ 6) 2 0 2 + 2 (a + b) o * cos 9] 

=mg (a+b) (1—cos 9) 

- cos2 6 0*+ w 92 


...(3) 


or 


- 2 (a+b)*~ 


m 


k4 , — cos 2 9 0 a l=/wg (a+b) (1—cos 9) 
(M+m) J 


or 


or 


[i.e. substitution for x] 

[ C ° S= fl + (a+i) ] °' =2S (1_C0S 9) 

[M+m sin 2 9 ] 0 3 = (a vjj (*- cos #)• • • • ( 4 > 

Differentiating with respect to /, we have 

(A/+wi sin 2 9) b + m cos 9 sin 9 $ % = £ s,n • • *(3) 

Let be the reaction between the two spheres; hence the 
horizontal motion of the lower sphere gives 

— R sin 9=Mx = M [— (o+b) J t cos 9 0” sin 9 0 2 ]. 

...( 6 ) 


or 

or 


R sin 9= (a + b) [cos 9 \j— sin 9 e 2 ] 

The spheres will separate provided R vanishes, i.e., 

cos 9 y = sin 9 0 Z . 

Eliminating Q l between (5) and (7), we have 

(A/+m )0 = --py ) g sin 9. 

Hence 0 2 =cot 9 \j=g cos 9l(a+b ) 

Substituting this value of 0 * in (4), we have 

[M+m sin 2 (M+m) (1-cos 9) 

M+m (1 —cos 2 9) cos 9 = 2 (M+m) (1—cos 0) 

m cos 3 9=(M+m) (3 cos 9—2). 


..(7) 
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of r H li,er ; S i nC V he cemre ° f ,he Upper sphere describes a ci cle 

u^r iVetare C ’ he " CC ^ the 

m (,a + b) (j+rnx cos 9=mg sin 0 , 

m (a + b ; Q l —mx sin 9=mg cos 0 —R. 
for the Jower sphere, 

Mx = -R sin 6 , 

0=S— Afg — R cos 6 

Eliminating R between (ii) and (iii), we have 

m (<*+b) 0 -—x (m sin 9+Af/sin 0)=/ng cos d 

M 


... (i) 
• • .(»i) 

.. .(iii) 
...(iv) 


or 


m(a + b) e 2 +(m sin 9 + 

\ sin 9) 


or 


[(a+b) (j—g sin 0 ),'cos 9= mg cos 9 
(by the substitution of x from ( 1 )] 

(Af+m sin 2 6 ) g+ m sin S.cos e e. 

Integration gives 

(M+ m sin 2 6 ) o>=^i- b <A/+ m ) ( ,_ cos S) ... (v) 
since 0 = 0 , when 0 = 0 . 

The spheres will separate when R vanishes in which case 

*= 0 , 

and hence from (ii) {a + b) e*=g cos 9 .. . {vi) 

Eliminating y- between (v) and (vi), we get 

[M+m sin 2 0] cos 0 = 2 (M+m) (1-cos 0) 
m (1-cos 2 0) cos 9+M cos 0=2 (M+m) (i-cos 0, 

mcos 3 9=(M+m) (3 cos 0-2). 

Hence the same result as before. 

Ex. 2. A hemisphere of mass M is free to slide with its b ase 
on a smooth horizontal table. A particle of mass m is placed on 
the hemisphere at an angular distance a from the vertex; shew 
that , if 9 be the angular distance of the particle at time t, 

C A/-^7n C0S ' ®] < cos *~ cos e ) 

and that when the particle leaves the surface; 9 is given by 

m cos 3 0 —(M + m) (3 cos 9—2 cos a )=0 [Agra 1955] 
show also that m describes an ellipse in space. 


or 

or 
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(i) Let the centre of the hemisphere have moved through a 
distance x on the plane and 
its velocity be .*. Also let 0 
be the angle which the radius 
joining C and C\ where the 
particle is placed, makes with 
the vertical Also let x and 
ap be the respective horizon¬ 
tal and tangential velocities of the particle. 

The coordinates of the centre of gravity of the particle with 
reference to O as origin are 

X=x+a+a sin 9; Y=a cos 0. 

Since there is no horizontal force on the system, hence 

[Ms+m (*+a cos 9 0 )]=O. ...( 1 ) 

Integration gives M*+m*+ma cos 9 0 =const. = O . ..(2) 

. ma cos 9 $ 
or (M+mT' 

since the motion started from rest initially i.e, .*= 0=0 initially. 

Kinetic energy of the hemisphere is 


S 



and that of the particle is {X*-\-Y‘). 

There is no rotational energy, as the hemisphere does not 
turn, because there are no forces to turn. Hence the equation of 
energy gives, 

\MA--\-\m (.* 2 +zr 2 0 2 -|- 2 o 0 .* cos 0)=mga (cos a—cos 0). ...( 3 ) 

Eliminating .* from (3) with the hlep of (2), we have 

m (A f + m) a- cos 2 9. it- 2a-m cos 2 00 2 

t-fl‘ 0 -- =2 ga (cos a—cos 0) 

2 a-Q 2 =2ga (cos a—cos 9) 



(Af-f-m ) 2 


f m 

or 

[_ M+m 
* 

or 

o- 


cos 

m 


cos 


i 2 0 ^ 0 2 =^ (cos a—cos 0 ) ...(4) 

Hence the first result. 

(ii) The equation of the horizontal motion for the hemis¬ 
phere is 

Mx= — R sin 0. 

The particle will be separated if R = 0 i. e. if .v=0. 


i e. 


(0 cos 0)=O from (2) 
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or 


d cos d=(j- sin 9. 



Differentiating equation (4), we have after dividing by 2q, 

{M+m sin 2 9) (j+m sin 9 cos 9 sin dm 

which gives with the help of (5), 


d = - sin d. 
a 


g cos 0 


0 2 = 


a 


Hence substituting the value of o* in (4), we have 


[■- 


m 

:- COS 2 9 


M-\-m 


J S c°s y = 2. 


2 g (cos a —cos 0 ) 


or 


a m cos 3 0 _ , 

C0S M 4-7/1 ~ 2 (cos cos V) 


°r (3 cos 9-2 cos = 1?. 

Hence the required result. 

(iii) Integrating equation (2), we get 

(M-j-m) x——ma sin 9, ' ...([) 

Constant of integration vanishes since both x=0=9 when 

t—0. 


1/ | • A 

X=a-\ -— - a sin 9 

m + M * 


and 


Y—a cos 9. 


the locus of m is 



which is an ellipse. 

Ex. 3. A uniform solid cylinder rests on a smooth horizontal 
plane and on it is placed a second equal cylinder touching it along 
its highest generator. If there is no slipping between the cylinders, 
and the system moves from rest, show that the cylinders separate 
when the plane of either axis makes an angle <f> with the vertical 
given by the equation 

2 cos 2 <!> + 4 cos z >f>—35 cos </> +20=0. 

Also show that until the cylinders separate, the same generators 
remain in contact. (Agra 1941, 1953) 
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Let Cj and C 2 be the centres 
of the two cylinders. Let C X A, 

C 2 N be the lines fixed in the 
cylinders making angles (tf»—0) 
and ip with the vertical in time t. 

Initially both C X A and C 2 N 
were vertical and N coincided 
with A 

Since there is no slipping 
between the cylinders, hence arc AG = arc NG, 
i. e. ad = a — 

or 6 = 1 /,-* ...(1) 

i. e. angles /_AC X G and £NC«G are equal. 

Taking moments about C x and C 2 , we have 

M j (4>—ti)=Fa, [for the lower cylinder]. 

c 2 

M 2 ip 1=1 Fa y [for the upper cylinder]. 



Hence «j> — 0 =$=#+<£ in virtue of (1) 

i.e. y‘= 0. 

Integration gives 


0 =const =0 since 0 was zero initially 
or 0 =const.=O since 0 is zero initially. 

Hence A and N coincide at G, i.e. the same generators 
remain in contact until the cylinders separate. 

Since there are no horizontal forces on the two cylinders 
considered combined together, hence the common centre of 
gravity (which is the point of contact) will descend vertically. 
Hence L is a fixed point 


With L as origin and the horizontal and vertical lines through 
L as axes, the coord'nates of C x and C 2 are given by 

For C x : x = — a sin <£, y=a; 

For C 3 : x = a sin <f>, y=a+2a cos <f>. 

Kinetic energy of the upper cylinder 


\M cos 2 </. <£ a -f 4a* sin 2 </■ 

= [a 5 cos 2 0 + 4^» sin 2 l‘+fj 4 ' 



[since ip=<j>-\-d=4>> V 0=0]. 
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Kinetic energy of the lower cylinder is 
\M (<£- 0 j 2 +a 2 cos 2 0 0 2 J 

= \M 0 2 + a 2 cos* 0 2 <j > 2 J as 0 = 0 . 

Hence the energy equation gives 


or 


\a*M [cos 2 0 + 4 sin* 0 + $ + | + cos 2 0] ^*»work done by gravity 

= 2 a\lg ( 1 —cos </>) 

[ 1+2 (sin 2 <f> fcos 2 <A) + 2 sin 2 </>] 0 2 = 4 ^ ( 1 — cos <t >) 


or 


or 


(3 + 2 sin 2 </>) (1—cos 0 ) 

(5—2 cos 2 4>) (I—cos <t>). 


...(3) 


Differentiating (3), we have 


(5—2 cos 2 0) £+2 sin 0 cos 0 ^ 2 = — sin 0. .. .(4) 

Considering the horizontal motion of the upper cylinder, 
we have 


i. e. 

and also 


d z 

M jjz ( a s,n ^)=*S' sin <t* — F cos 0 
S sin <f>—F cos <f> = Ma [cos 0 0 —sin 0 0 2 ] 

$= Fa. 


...(5) 

...( 6 ) 


Eliminating F between (5) and ( 6 ), we have 

S sin 0 —0 cos 0=A/a [cos 0 0 — sin 0 0 *]. 

The cylinders will separate if 5 = 0 
f. — i 0 cos 0 =cos 0 0 —sin 0 <j > 2 

or 3 cos 0 0 = 2 sin 0 0 2 . 

Substituting the value of 0 from (7) in (4), we have 

(5-2 cos 2 ./0 ! ^ + 2 sin -A cos * p= 2g sin 


.. .(7) 


or 


or 


(5—2 cos 2 0 ) «^ 2 + 3 cos 2 0 •j> 2== ^ cos 0 

(5 +cos 2 0 ) ^=^cos0. 
Substituting for <^ 1 in ( 8 ) from (3), we get 


...(8) 



318 


Dynamics of a Rigid Body 


(5+cos> </•) 4 f (1-cos = 3 a g cos j (5-2 cos* 

or 4 (1 —cos 0) (5+cos* 0) = 3 cos 0 (5—2 cos 2 0 ) 
or 20-20 cos 0+4 cos* 0-4 cos 3 0=15 cos 0-6 cos 3 0 

or 2 cos 3 0+4 cos 2 0-35 cos 0 + 20=0 

Ex. 4. ^ solid homogeneous sphere , of radius b, makes small 
oscillations at the = bottom of a thin spherical shell of radius a, 
the surfaces being sufficiently rough to prevent sliding and the 
motion being in a vertical plane. Shew that, when the shell is fixed t 

the length of the simple equivalent pendulum is (a-b) (l+k 2 lb 2 ), 

and that, when the shell is free to roll on a horizontal plane , the 
corresponding length is 

(a-b) M (K*+a') (k' + lr)l{Afb* (K‘+a>)+ma* (K>+b=), 

where m. M ore the masses of the sphere and shell, mk* and Mk * their 
moments of inertia about a diameter. 

Case I. For the first part of this 
question proceed on as in question 
1 (a) P. 298. 

Case II. Let the shell have 
rolled through a distance x on the 
plane and have turned through an 
angle 0. 

The common normal CC ' 

makes an angle 9 with the vertical 

and C'N (the line fixed in the sphere) makes an angle 0 with the 
vertical (a line fixed in space). 

Since there is no sliding, hence the arc BP is equal to the 

arc P ;V 



i. e. 
or 


a ( 0 + 0)=6 ( 0 + 0 ) 1 

(a — b) 8 = bip —<i 0 . J 


Also x=a0. 

a and b being the radii of the sphere and shell. 

The coordinates of C' the centre of the sphere with O as 
origin are 


X=x + (a—b) sin 9=a<f>-\-(a—b) sin 9, 


Y=(a—b) cos 0. 

The equations of motion are 
Mx — R sin 8 —F cos 0-{ F 1 
S- Mg— R cos 0—F sin 0 = 0, 
MK *0 = ( F— F x ) a. 


for the outer shell. 
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since C* describes a circle of radius ( a—b) about C. 
Hence the equations of motion are 


...(5) 

for the .. .(b) 
inner shell. ...(7) 


m {x cos 9 + (a—b) \j) = F—mg sin d, 

mk} ip —— F b 

m {—x sin 9-\~(a — b) o i } = R—mg cos 6, 

From (1), we have 

( a—b)d=bp — a<j> and (a—b)o=b$—a$ ...(A) 

Eliminating F t from (2) and (4), we have 

1/ r^2 

Mx — R sin 9— F cos 6 -<i + F 

a 

or M aif=R sin 0+(l— cos 9) F, V x=af. ...( 8 ) 

Substituting the values of F and R from (5) and (7) in (8) 
we have 

M + a<j>’ = sin 9 {mg cos 9—mix sin 9-\-m {a—b) 0 2 j 

-HI— cos 9) {mg sin 9 + mx cos $+m (a — b) \j) 

or M + a$+mx—m {(a—b) y+V cos 9}+m (a—b) cos 9 y 

= mg sin $+m (a—b) sin 9 y 2 

{ K l \ 

or M (1 + ^ J af+maf—m {(a—b) jj + of cos 0} + m (a—b) cos 0 y 

=mg sin 9 -\-m (a—b) sin 9 y 2 ...(9) 
since x=aip. 

Eliminating F between (5) and (6), we get 

k- 

{a$ cos 0+(a—b) y} = — ^ if—g sin 9 

= — £ {( a—b) ij+a$)—g sin 9 

in virtue of (A) 

or ^cos 0+* 2 ^ af = — (a—b) if— S s » n ...(10) 

Eliminating aif between (9) and (10), we have 

<«-*)(l+£) __ 


"”{a^0 + ^*) +w * i “ cos | 




0 + 


g sin 9 


(cos 


b‘) V™ #+ 6*) 

—m (1—cos 9) (a—b) \j—mg sin 9+m (a—b) sin 9 y 2 . 
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When 6'is small and squares and higher powers of 0 and A' 
are neglected, \\ e have * 


- M m («-*) M-t sin (1 X 

N y l fl 2 (b % +k 2 ) / 

or -A/ (a 2 -f AT 2 ) (6 2 +*«) („_£) £ 

-t" 1 ® 1 (b*+k*)+Mb* (a 2 +A: 2 )]gsin 
or A/ (a*+AT-) (6*4 A 2 ) (a—6) # + g sin 0 {/wo 2 (b z +k 2 ) 

+ Mb 2 (a 2 +A: 2 )}=0. ...(H) 

h h enCC r[ thC common axiaI P |ane has an oscillatory motions 
it behaves like a simple pendulum of length 


(a-b) M (a'-+K z ) (b 2 +k 2 ) 
ma 2 (F+k't+M (a z +K 2 ) b*' 


Ex 5. A thin circular cylinder of mass M and radius a, rests 
on a perfectly rough horizontal plane , and inside it is placed a 
perfectly rough sphere of mass m and radius b. Jf the system 
be disturbed in a plane perpendiu/ar to the generators of the 
cylinder obtain the equations of finite motion, and the first two 
integrals of them / if the motion be small , shew that the length of 

the simple equivalent pendulum is ^ ( Q — b) 

J0M+7m 


Proceed on as in the above question, and put k*=~ f 
K*=a- for the second part; we get the result 

Ex. 6. (a) Two homogeneous spheres of equal radii and masses 

m and m rest on a smooth horizontal plane with m' on the highest 

print Of m. If the system be disturbed, show that the inclination 0 

of their common normal to the vertical is given by 

°tr (7mA-5m' sin 2 6)=5g (m+m') (l- C osd). (Agra 32) 

W hen the lower sphere has 
moved through a distance x on 
the table, the line of centres makes 
an angle 0 with the vertical and 
the bodies have turned through 
an angle (/» and <(> in space. 

Since thcie is no sliding, 
hence arc BP= arc BN, 
i e. a a (+- 9 ) 
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or 0—— 0 or = 

i.c, 4 </» = 2 (j. 

Considering the motion of the spheres separately 
moments about their centres C and C', we have 

, 2 a 2 _ . *\ 

m — tf> = ba for the upper, I 

2a 2 .. „ „ . . r 


...( 1 ) 

and taking 


for the upper. 


i.e. 


m lp = Fa 

m'f=nilp 
• • • • 

m m' 


for the lower, 


...(3) 


• • 

Integrating, we have , since <£=ii/=0, initially. 

/w m r T 

Applying componendo, and dividendo, we have 

_ <l> __ 20 

w m' /n + m' (m+//?')* 

i.e. /_ 2m 0 2 trip 

9 m+m'' 9 (m+w')* 

Coordinates of the centres of gravity C and C' of two spheres 
with respect to O as origin, are ( x , a) and (x + 2a sin 0, a + 2a cos 0) 
respectively. 

Since there is no horizontal force on the whole system, hence 

d dt [mx + m' (rf-f-2 a cos 00 )]= 0 . 

Integrating, we have 

(m+/«') tf=—2am’ cos 0 0 since .v = 0 =O initially. 

“■ COS9 »- •••W 

Hence the equation of energy gives 

£s 2 -f-y- + ^*+4cj*0 2 4-4a cos ^0 a! +~j </- 2 J 

= 2am'g (1—cos 0). ...(4) 

Substituting for t/z and we have 


/e. 






...(4) 


[~4tf*w' 2 ./w 2 , 2a 2 4 m' 2 m m' 3 .4a 2 , „ 

L (*+5PF COS » 0 <„, + »-,* ® ! +(m + mr cos! « «’ 

, ^_o /2 8a 2 m' 2 cos 2 0 0 2 , 2o 2 4m 2 m' 9~ . 

440 "- J= W * C-cos 0) 
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'nfJm+nO 

(fli+mV 


2 m {m+m’) , . 2m' cos 2 9 


COS 2 0+ - r—T5- + 1 — 

:> (/w+m ) 2 


m-f-w 


—J 


=4g (1—cos 9) 

[ 2 m . , m' cos 2 9 “j . 

—- — 7 -+I-:—— ad =g (1— COS 9) 

5{m+m) m+m J v ' 

or [2m -f 5m -f- 5m 1 —5m' cos 2 9] a# 2 =5 {m+m') g (1 —cos 9) 

or [7m + 5w' sin 2 9) ay 2 =5 (m+m') g (1— cos 9). ...(5) 

Hence the required result. 

Ex. 6 . (b) Two equal perfectly rough spheres are placed in 
unstable equilibrium, one on the top of the other, the lower resting 
on a perfectly smooth table . A slight disturbance being given, 
show that ilie spheres will continue to touch each other at the same 
points; and that if 6 be the inclination to the vertical of the st. line 
joining the centres, 

(k 2 + a 2 +a % sin 2 9) o l =2ga (1—cos 9), 
where k is the radius of gyration of each sphere about an axis 
through centre. (I. A. S. 1950, Allahabad 42) 

See the figure of the last question. Here w'=m. 

Equations of the motion are 


mk 2 $=F a 

mk 2 f=Fa 

Hence f> = $ 

Integrating, we have 

Again integrating, 

0 = 0 . 


for the lower; 
for the upper. 


...( 1 ) 


...( 2 ) 


0=0. ...(3) 

(since initially 0, 0, 0. 0 all are zero). 

Since there is no sliding, hence 

l_PC'B = /_FC'B, 

i. e. 0—0=0—0 

or */)-}-0=20 •••(4) 

or 0=0=0 from (3). 

Hence Pand N both coincide at the point of contact.#. 
Hence the sphere will remain in contact at the same points. 

Proceeding in the same manner as in the Ex. 6 (a), we have 

x = — a cos 0 y, 0=0 = 0 . 

Hence the energy equation gives 
bn [,>i 2 +A: ? 0 3 + ^ J -f4n 2 0 2 +4fl cos $(, 4 +k-<j l ] = 2amg (1-cos 9) 
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or [2a 2 cos 2 6 e 2 +2k 2 o 2 -\-4a 2 Q 2 — 4a 2 cos 2 0 d ? ]=4ag (I—cos 6) 
or [A: 2 4- ar + a 2 — a 2 cos 2 9] o 2 = 2ga (1—cos 6) 

or (k'-+ a 2 +a 2 sin 2 6) q 2 =2 ag (1 —cos 6) 

which is the result required. 

Ex. 7. A man walks on a rough sphere so as to make it roll 
straight up a plane inclined at an angle r> to the horizon, always 
keeping himself at an angle from the highest point of the sphere ; 
if the masses of the sphere and man be respectively M and m, 
show that the acceleration of the sphere is 

5g [m sin fl — fAf-j-m ) sin a] 

7M+m {l+cos’(<x+($)} 

Let the sphere have rolled 
through a distance x and have 
turned through an angle 6 after 
t time (say). 

Let R and F be the normal 
reaction and friction on the 
sphere, and F x be the friction 
between man and the sphere. 

Considering the motion of 
the sphere and man combined 


on fhc fy^cfC 



( M+m ) X=F—(M+m) g sin a. 

For the sphere taking moments about G, we get 

M^V-iFi-F) a. 


..( 1 ) 


...( 2 ) 

Rolling commences when the velocity of the point of contact 
is zero, /. e. 

x—ao= 0 or x=ao. 

M.lx = (F l -F). 

Also, for the man only, since his only acceleration is parallel 
to the plane, hence resolving in the direction of PF lt we have 

m-i cos (a +(3) = mg sin ft — F^ .. .(3) 

Since PG makes an angle with AG a line perp. to 

the plane, hence PF X will make an angle (a ±p) with the direction 
of the acceleration of the man, /. e. X which is parallel to the 
plane. 

Now addition of the equation (I), (2) and (3) gives 

2M 

(M+m) y- X -f- mX cos (a +p) = mg sin p-(M+nt) g sin a 
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or 


Y [™ + m ( 1 +cos (a+/3)}J=mg (sin p —sin <x)—Mg sin 


L* 


or 


5 g [m sin p— (Af-f-m) sin a] 

TM+5m { 1 +cos (a+j 8 )} 
is the required acceleration of the sphere. 

Ex. 8 . A rough wedge of mass M and inclination a, is free 
to move on a smooth horizontal plane ; on the inclined face is 
placed a uniform cylinder of mass m, shew that the acceleration 
of the centre of the cylinder down the face and relative to it is 

•5 o- (M+m) 

2g slna - 3M + m+2ms in*oi' 

Suppose the wedge has 
moved through a distance y: 
and the cylinder through x 
down the wedge; also let the 
cylinder have turned through 
an angle 0 . 

Since there is no sliding, 
hence 

x=ad. 

The centre C of the cylinder has got two accelerations, one 
.V parallel to the plane in the downward direction and other y in 
the horizontal positive direction. 

Hence the total horizontal acceleration is 

y—.V cos a. 

Since there is no horizontal force on the whole system, hence 

My -f m (y—.V cos a)=0. .. • (1) 

... y= m*cosjt. ...(2) 



(M+mj * 

Also for the cylinder, 

m (Y-y cos a )=mg sin a—F, 

—my sin a — R—mg cos a. 
Taking moments about the centre of the cylinder. 


...(3) 

...(4) 


a 


2 


/ e. 


m - U - 

H _ 
m 2 =F, 


since H—ay. 


...(5) 


Eliminating F from (3) and (5), we have 


mil 


m (Y—y cos ct)=mg sin a —j 


...( 6 ) 
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or 

or 


Also eliminating y from (2) and ( 6 ), we have 

3 rnx m 2 cos 2 a .. 

2—M+i^ x=n 'Z sma 

{3M+2m-2m 2 cos 2 a) x=2 (A/+m) g sin a 


2 (Af-f m) g sin a 
3M + m+2m sin 2 a* 


Ex. 9. A uniform thin hollow cylinder of mass M and radius 
a moves on a smooth horizontal plane. A second uniform thin hollow 
cylinder of radius b and mass m rolls without slipping on the inner sur¬ 
face of the first cylinder. If after time t during the motion the plane 
containing the axes makes an angle 9 with the vertical and the fir a 
cylinder has turned through an angle 0 + 0 from a standard 
position show that 

(aM + bm) () + a (M+m) 0 

remains constant. Shew further that, if the motion starts from 
rest when 9 = a, then 

(2M+m sin 2 9) 9 2 =-~~ (M + m) (cos 9-cos x). 



Let the outer cylinder have 
turned through an angle (9+<f>), 
ic. line CP fixed in the cylinder 
make an angle 0 + 0 with the 
vertical. Also let the outer cy¬ 
linder have moved through a dis¬ 
tance x on the horizontal plane. 

The line of centres makes an angle 
0 with the vertical, and C'N a 
line fixed in the inner cylinder makes an angle 0 with the 
vertical. Initially N coincided with P. Since there is no slipping, 
hence arc QP= arc QN, 

le. a (9 + <f>— 9)=b (0 — 0) 

or a<f> = b ( 0 — 0 ). ...(,) 

Also taking moments about the centres of the cylinders we 
have Ma 2 (o+$)=-Fa, 

mb*$ = Fb 

or Ma (y + 0)= mbip = —m (bjj’+af) in virtue of (I) 

or (Ma+mb) ij+(Ma+ma) 0=0. 

Integrating, we have 

{Ma + mb) Q+(M + m) a^C. 
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If the motion starts from rest i.e. d=4>- 0, then 

(Ma+mb) d + (Af+m) ^=0. •••(2) 

. ,_ (Ma+ mb) Q 

’* * (A/+m) * 

The co-ordinates of the centre of gravity of the outer cylinder 
and the inner cylinder are 

X=x, Y=a, for the outer, 

X=x+-(a—b) sin 9, Y=a-(a-b) cos 6, for inner. 

Since there is no horizontal force on the system combined 
together, hence 

% [Mv+m b) cos 9 0 }] = O. 

at 

Integrating, we have 

Af.-i -f m ( a — b) cos 9 0 }=O, 

since initially .v = 0 and 0=0 when/= 0 . 

From (3), we have 

(M+m) £=—m (a—b) cos 9 q, 

m (a—b) cos 9 0 


...(3) 


i.e. 




(M+m) 

. , . . M . M (a—b) cos 9 q 

aDd X=*+(a-b) cos 9 0 =-* =---- 


m 


(M+m) 


Hence the energy equation gives 

\M (* 2 +a- (d+<j>)*)+lm IX 9 +Y*+VP) 

= —mg (a-b) (cos a—cos 9). 

Substituting for X , Y, <j>, we have 

, ,, fm* (a-h) 2 cos- 0 r , f, Ma+mb l 3 
IAI - ,. - ,o - r 


* v {'-5 


(Al+m) 
-F(a— bj 1 sin 2 9 $ 9 




+ 


L (Al+m) 9 

[AI 1 (a - by 1 cos* 9 0 * 

+\m I , »•;— -— 

* L + m ) 

AP -o.i, Ma+mb 1 2 "| . , v . 

n - » a wwr°f r~ mg (a ~ b) (cos a_c0 )> 

.. Ala . i (Ma+mb) a 

s.nce (9+4) and . 

( M+m) Aim (a—b) 2 cos 8 9 q 2 Mm 2 (a — b) 2 0 2 
or ( M+m)* (M+m) 9 

i / 2 a -2 , M 2 (a—b) 2 o 2 

+"’ sln « 0 2 +m - 

— — 2mg (a—b) (cos a—cos 9) 
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or (a 


-fc ) 2 s* [ 


M cos 8 0 , M ~| 

+ + s,n- flj 


or 


A/+m ' A/-f- 

= —2g (a—b) (cos a—cos 0) 
[M (cos 2 0-fsin 2 sin 2 9+ M) y 2 

2s 

— - u {M+m) (cos 9 —cos a) 
or (2 M-\-m sin 2 9) 9 z =~p^ (M+m) (cos 9 —cos a). 


Ex. 10. A perfectly rough ball is at rest within a hollow 
cylindrical garden roller, and the roller is then drawn along a level 
path with uniform velocity V. If V 2 > z 7 z g (5-a), shew that the 
ball will roll completely round the inside of the roller a, b being the 
radii of the ball and roller. 

(Lucknow 1956, I. A. S. 49, Osmania 1954) 


Let O be the centre of the roller 
and C that of the spherical ball moving 
inside the cylindrical roller. Let CN 
be the radius of the ball which was 
vertical when it was in its lowest 
position. 

When the roller has moved 
through a distance x, let it have turned 
through an angle <f>. Suppose the line 
joining the centres makes an angle 9 with 
the vertical and the ball has turned through an angle </>. 

Since there is no sliding, hence arc 2?A/=arc BN, 
i. e. b ( 9+ip)=a ( 0+</> ) 

or (b—a) 9=a<f>—b(p ...(j) 

and the velocity of the roller is constant i. e. ^—b^= V. 

Then x=b$= 0. ...(2) 

Let R and F be the normal reaction and friction. Since C 
describes a circle of radius (b—a) about O, hence its accelerations 
along CO and perpendicular to CO are ( b-a) y 2 and (b—a) y 
respectively. 

Equations of motion are 

m (b—a) y 2 =R-mg cos 9, ...(3) 

m ( b-a ) y=F—mg sin 0, .. .(4) 




and 


m 


5 
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Eliminating F, we get 


2 a 


or 


or 


(b—a) y=—j <f>—g sin 9 
(b-a) \j -f 1 ( b-a) o = -g sin 6 


i. e. 


[since (b—a) (j=a<i>—b$=a<f> in virtue of ( 2 )] 
i (b—a) y== — g sin 9. ...(5) 

Integration gives 

£ (b—a) d z =2g cos 9 + A. ...( 6 ) 

Initially the velocity of the C. G. is *+( 6 — a) 0 = 0 , 

(b—a) o = —x = — V. 

IV 2 


• • 


5(fc-a) 
Hence equation ( 6 ) gives 




7F 2 


I (6-o) 0 *=- 2 g ( 1 -cos 0) + ^— 

Substituting for 0 a from (7) in (3), we have 

-=gcos 0+ h — a - l -y (1-cos 9) 
m b—a 7 


...(7) 


[ TV 2 1 
17g cos 0 - 10 g+£ZT a J- 

The necessary condition that the ball should roll completely 
round the fixed cylinder is that R should always be positive. Now 
R has the least value when 9=ir, and if R is positive in this posi* 
tion, then it will be positive in all positions. Hence 

[£rMH-”* «"*],_„> 0 

or b-a > 21g 

or V‘ > 21 g 

Ex. 11. A circular cylinder is fixed with its axis horizontal / 
and a rough uniform sphere is projected horizontally from 
a point of the lowest generator in a direction making an angle 
a with this generator. Prove that for the sphere to come in contact 
with the highest generator , the initial velocity must be greater than 

in* <t^)' w ^ ere a an( * ^ are ^ te rQ dii °f tbe sphere and 
cylinder respectively. 

[Hint. Proceed as in Ex. 8 and put. V sin a for V.] 
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Ex. 12. A uniform rod has one end fastened by a point to the 

centre of a wheel which rolls on a rough horizontal plane , the other 

extremity resting against a smooth vertical wall at right angles to 

the plane containing the rod and wheel / show that the inclination 9 

of the rod to the vertical , when it leaves the wall, is given by the 
equation 

9M cos 3 9+6m cos 6—4m cos x=0, 
where M and m are the masses of the wheel and rod and x is the 
initial inclination to the vertical when the system was at rest. 

Let a be the radius of the wheel 
which is a solid disc and AB be the rod 
whose length is 21 Let the rod have 
turned through an angle 9. 

Referring to O as origin the coordi¬ 
nates of G the C.G. of the rod and 
B the centre of the sphere are respecti¬ 
vely : 

ccordinates of G are = (/ sin 9, a+l cos 9),i 

coordinates of B are = (21 sin 9, a). j •••(!) 

Since there is no slipping between the wheel and the plane, 
hence a 0 =tf= 2 / cos 0 o /. e. # = — c n. (2) 



or 


or 


or 


Now the energy equation gives, 

h m (3 0 2 +/ 2 0 2 ) + M/ [4/- cos 2 9 g*+K*o*] 

= work done by gravity 

\m 4 ~ ?+W [ 4 /* cos* e . 4,2 “f rj 

=nigl (cos a—cos 9) 

2lmif+9lM cos 2 9 Q 2 =3mg (cos a—cos 9) 

(2m + 9M cos 2 9) () 2 =(cos a—cos 9). .. ,( 3 ) 

Differentiating w.r.t. t , we have 
(2m-\-9M cos 2 0) q—9M cos 9 sin0 sin 9. .. .(4) 
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m 


Taking moments about B , we have to eliminate the unknown 
reaction between the rod and the sphere, hence 

5 0 + w fsin ecos cos e ^72 ( l sin *)J 

=mg/ sin 0—2/?/ cos 9 .. .(5) 
[By the principle of moment about any point (x 0 , y 0 ), 

i jig | 

nik 2 0 + A/ ^2 (y yo) ^2 j 

= moment about the point of the impressed forces 
where (* 0 , >’ 0 ) is any point and (s, y) are the coordinates of C. G.] 

Now (5) gives 

m ^ (j+ml [sin 0 (sin 9 0 + cos 0 g 2 ) —cos 0 (cos 0 0 —sin 9 g a )] 

= — 2 R cos 0 +mg sin 0 

or [j_j_sin 2 0—cos 2 0]=g sin 9 — 21 cos 9 sin 9 g 2 -2Rlm cos 9 ...(6) 

The rod will leave the wall when /?=0 /. e. when 
lg U+sin 2 9— cos* 9]=g sin 0—2/ sin 9 cos 9 g 1 
/. <?. when (4—6 cos 9 0 ) #=3 (g sin 0—2/ sin 9 cos 9 g*) . 

, t . 3 (g sin 9 — 21 sin 0 cos 0 0 2 ) 
when 0 - ( 4—6 cos 2 9) / * 


ie - wuw. c- ( 4 — 6 cos 2 9) 

Substituting the value of g in (4), we have 

3 (93/ cos» >±a»Lte sin 9-2/ sin9co L e^,_ 

(4—6 cos- 0) / 17 

3mg . 

= sin 0 

0 2 [—9 A/ cos* 0—2m—6A/+9A/ cos 2 0] 21 sin 0 cos 0 

=g sin 0 [2m—2m— 9M cos 2 0—3m cos 2 0] 
or 0 2 . 4 / sin 0 cos 0 (3A/+m)=3g sin 0 cos 2 0 (3A/+ m) 

3g cos 0\ 

47 “ 


or 


e. 


9*=( 


or 


Substituting for g 2 in (3), we have 

(2m+93/ cos 2 9) 3g C ° S -= 3 -j? (cos a-cos 9) 

2m cos 0 + 9/1/ cos 3 0=4m cos a—4m cos 0 
or 9A/ cos 3 0 + 6 m cos 0 —4m cos a= 0 . 

Hence the result. 

Examples 4 (e) 

A uniform solid sphere of mass m rolls without slipping 
down the upper surface of the wedge of mass M and angle a; 


1. 
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the other face of the wedge is in contact with the smooth 
horizontal plane. Assuming that the wedge is free to 
move on the plane and that the motion of t the centre of the 
sphere is in the vertical plane through the centre of gravity 
of the wedge perpendicular to its edge, find the acceleration of 


the wedge. 

[See Q. No. 3 Page 239] 


Aqs. 


5 mg sin « cos a 
1A1 + 2m + 5m sin 2 a* 


A solid uniform sphere of radius a and mass M is free to 
turn about a horizontal diameter as a fixed axis. A second 
sphere of mass m is placed on it at a point whose latitude 
measured from the vertical equatorial plane is a and whose 
longitude measured from the vertical plane through the 
axis is p. The spheres are perfectly rough. Show that the 
initial acceleration of the centre of the free sphere makes 
an angle with the meridian plane 


tan _j tan p M+m cos* « 
tan a * [M + f/n cos 2 aj 

and that the angular acceleration of the other sphere is 

mg sin p cos a 
9 (lAf+m cos 2 a)' 

3. A solid uniform disc, of radius a, can turn freely about a 

horizontal axis through its centre, and an insect of mass - that 

n 

of the disc starts from its lowest point and moves along the 
rim with constant velocity relative to the rim. Shew that it 
will never get to the highest point of the disc if this constant 

velocity is less than -^12 ga («+2)l. 

* " (I. A. S. 1958) 

4. A rod, of mass m, is moving in the direction of its length on 
a smooth horizontal plane with velocity u. A second per¬ 
fectly rough rod, of the same mass and length 2a, which is 
in the same vertical plane as the first rod, is gently placed 
with one end on the first rod; if the initial inclination of the 
second rod to the horizontal be a, shew that it will just rise 
into a vertical position if 


3w 2 sin 2 a=4 g (1-sin a) (5 + 3 cos 2 a). 

5. A uniform solid cylinder of mass M and radius a rolls on a 
horizontal plane, as it rolls it winds up a string which passes 
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over a fixed light pulley and supports a freely banging mass 
m t the part of the stiing between the cylinder and pulley being 
horizontal. If the cylinder is originally rotating with velocity 
to, show that m will rise for a time ik 



and then fall again. 

6. Two smooth inclined planes, of masses M and M'and inclined 
at angles a, (3, are free to move on a smooth horizontal plane 
only in a direction perpendicular to their edges which are 
parallel and are placed with their inclined faces opposite each 
other. A uniform rod of mass m is placed horizontally with 
its ends on the faces of the planes and in a direction perp to 
their edges. Show that the rod will be horizontal while it 
descends if 

M' ( M+m ) tan 2 a = M (Af'+m) tan 2 (3. (I. A. S. 48) 

7. A uniform heavy right circular cylinder of radius a is rotated 
about its axis and laid gently on two rough horizontal rails 
at the same level and distant 2 a sin a apart, so that the axis 
of the cylinder is parallel to the rails; show that the cylinder 
will remain in contact with both rails if 

fi < tan a, 

but will initially rise on one rail if 

H ~> tan a. 

8. A hollow circular cylinder of radius b is fixed with its axis 
horizontal, and a rough uniform sphere of radius a is placed 
inside the cylinder with a point on the lowest generator. It 
is projected horizontally with velocity V in a direction making 
an angle a with this generator. Shew that if V lies between 

/f\0(b-a)g\ . / /27 (b — a) g\ 

^- 7 - J cosec a and a/ f-^-- 1 cosec a 

the sphere will leave the cylinder at a point at which the 
radius makes an angle </» with the downward vertical given by 

17 cos «/>= 10— — sin 8 a. 

(b-a) g 

[Hint. Proceed on as in question No. 7 page 289 after 
putting V sin a for V ]. 

9. A spherical shell of mass m, w'hose outer surface is rough 
and of radius a, has its inner surface smooth and of radius b. 
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A particle of mass m moves inside while the shell rolls on a 
rough table. Shew that if the excursions of the particle be x 
on either side of the vertical, then 

[Af(a 2 -f k-) + ma 2 sin 2 0]0 2 =2g[A/(a 2 + £ 2 )-t-wa 2 J[cos 6— cos a] 
where k is the radius of gyration of the shell about the 
diameter. 


Miscellaneous Solved Examples 

Ex. 1. A board, of mass M, whose upper surface is rough 
and under surface smooth, rests on a smooth horizont il plane. 
A sphere of mass m is placed on the board and the board is suddenly 
given a velocity V in the direction of its length. Shew that the 
sphere will begin to roll after a time 

V 


( 1 + 5 ) 


Mg 



Suppose -C is the centre of 
the sphere and the sphere of 
mass m has turned through an 
angle 0 and has moved through 
a distance y while the board of 
mass M has moved through a 
distance x say. 

Referred to O as origin, 
the coordinates of the centre of gravity of the sphere are 

X=x+y,\ 

Y=a . f 

Since there is no horizontal force on the system, hence 

d ~ ^M$-\-mX J=0. 

Integrating equation (2), we have 

Mx + mX=C. 

Since initially the sphere is at rest /. e. *= V, ^=0. 

hence M$-\-m (rf-f y) = MV. 

Now the equations of motion for the sphere are 

m (.V+y)=F=/i/?, 

0=/?- mg 

since there is no motion perp. to the plane 

2a 2 

and m. u = — ^R.a. 


...( 1 ) 


...( 2 ) 


...(3) 

...(4) 

...(5) 

...( 6 ) 
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Integrating (4) and (5) with the initial conditions that at 
f=0, $=0 and *-f 3 >= 0 , we get 

ae- — i Hg t p 

Rolling commences when the velocity of the point of contact 
/. e. y—c10=0. Hence from (7), we have 

* = *pgt. 

Substituting the values of and in (3), we have 

M. %pgt + m . ngt=MV 

V 

or h gt= 


or 




MV 


n m \ 

(2 +m) 


or 


t= 



"7 m "] 

pg 



i. e. rolling begins after time 


vg 


G+SJ 


Ex. 2. A sphere or cylinder is projected forwards with velo¬ 
city V and an underhand twist Cl on an imperfectly rough horizontal 
Va 2 

table. If > aCl, prove that the body will move forward with a 

diminishing velocity for a time - £/ an( j proceec i to ro \l 

Mg ( I+ k 2 ) 

uniformly afterwards , the velocity of translation of the body being 


in the same direction as V originally; on the other hand , if 


Va 2 

k* 


aQ, 


the body moves forward with a velocity of translation that diminishes 

V 

to zero in time —, then returns with increasing velocity for a time 


t*g 


(--SO 


{«('+?)) 


and then proceeds to roll uniformly afterwards, the velocity of 
translation of the body being in the opposite direction to that at 
first. 
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Let the sphere have moved 
through a distance x and have turned 
through an angle 9. Let R and F be 
normal reaction and friction respecti¬ 
vely. Initially the velocities, when 
0=0, are F=velocity of translation 
and velocity of rotation. 

Hence the initial velocity of the 
point of contact is V+aQ in the 
friction Facts in the direction +- 

Since the velocity of the point of contact does not vanish 
hence we have an additional equation F= ll R. * 

Hence the equations are 

mg-R=0, 

tnx~ — fxR= — fj.tng 

OI> 

mfc 2 y = fiRa = -f- /xmga 

k 2 


from left to right. Hence the 


...( 2 ) 


or 


a'-l*' 


...(3) 


initial 

...(4) 

...(5) 

initially). 


condition? imeSrati ° D ° f ^ ^ ^ ^ ° D Bpp '^ ,he 

k 2 (0 + 0.)=ugat 

(since ^ = and aS=F 
Hence the velocity of the point of contact becomes 

*-a6=V+aQ- li gt( 1 +!?) 

which obviously diminishes when t increases, and vanishes when 

(K+afi) 

"«(>+&■ 

Also AS diminishes as / increases, and vanishes when 

V 


t= 


vg 


Hence we have to consider the two cases, viz. 

(V+oQ ) V 

* ’ v - 


hg 


0 +S 


/. e. 


aO £ 


fig 


Va 2 
k 2 ' 
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Case I:—aQ 


Va 2 

k“ 


In this case the velocity of the point 


of contact vanishes before the body ceases to move. Hence 
there is a discontinuity in the friction, and the body begins to roll. 

Now the equations of motion are 

mx = — 


nx = —F, "'I 

0 =mg—R, 1 

' 5:; - "■ j 


mk 2 y=Fa , 
x=a0. 


...( 1 ) 


x being measured from the position of the centre when the 
change take place. We find from these equations, 

f 1 +^ jc=0 since x=atf; 


m 


i, e. 


£= const. 

=velocity at the beginning when rolling 
commences 

i/ V + aCl 

=■ V-ixg- 




0+0 


C K £- aa ) 

T35"' 

Hence the sphere or the cylinder then rolls on uniformly 
with a velocity which is positive, i. e. moves in the same direction 

as V at first. 

Va 2 

Case II:—aQ > 

The body stops before rolling commences. 

Now the velocity of the point of contact is 

<* 2 \ V ^ Va * 
x — ad = V+an — pg (^+£ 3 ^ — = 00 —^-, 

I. e. when the body stops. 

Since it is positive arid non-zero, there is slipping. Hence we 
have to consider the same equations of motion as before with the 
addition that F= fxR and the conditions are the same except that 
we will now measure time from the instant when the value of is 

a V 

zero, and thence 0=^ —& from equations (5). 
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Hence the equations of motion give 

.V = — itg, k 2 y=figa. 
Integrating, we have 




applying the initial conditions that x 




when / = 0. 


The velocity of the centre is thus reversed in direction 

and increases with time. Now the velocity of the point of 
contact is 


*~ a <> ~-- ~ + an 

(. + S) 


aCl — 


Va- 

lS 


which vanishes when /= _. 

( l+ h) « 

equations TtnoZn «*“ * ^ ^ "" 

mx = -F, mk'jj=Fa, x=a0. 

Since there is now pure rolling, clearly as before, here ,V = 0, 
hence a!=const.=its initial value—(«_»£) /(,+£). Hence 

to'thafat'fl'rst U " if0rm ' y With this veloci <y in 'he reverse direction 

Ex. 3 . On a smooth table rests a board of mass M having 
ns upper surface rough and the lower smooth. A sphere of mass 
m ,s projected on the surface of the board, so that the direction of 
the projection passes through the centre of inertia of the board the 

ah , 0f ! heprojec ‘ im is v - ° nd Where has an angular velocity 
lTaZtZ 0n,a ' ^ of projection. P Je 

f—V'K'+S+S) 

thIZT,,, '*«'*■ ■*<*«»./ i„.,„ 


m 


M 


i (v 


-a<o)/( 


i i a fn \ 

1+ k* + M) 
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Let y and x be the dis¬ 
placements, at time f, of the 
C. G. of- the board and 
sphere from a fixed point 
O and suppose the sphere 
turns in the same time 
through an angle 0. 

Obviously the acceleration of the board is y and that of the 
centre of the sphere is x—y as shown in the figure. 

Since there is no horizontal force on the whole system, 

-My+m (.*— y)=o, 

which on integration yields to 

w.v — (A/+m) y=mv t y .V=v, y=0 initially. ...(1) 

The equations of motion for the sphere are 

m (.v—y)= — F, ...(2) 

0 = /?—mg, ...(3) 

mk*y'=Fa. ...(4) 

Initially the velocity of the point of contact 

== velocity of C+ velocity relative to C 
= v—aco 

which is not zero; hence the sphere slides, and we have an addi¬ 
tional equation 

F=ftR. ...(5) 

Integrating equation (2) with the help of (5), we have 

.v — y— — ngt + Vy V .v = v, y = 0 initially. ...(6) 

Similarly from (4) after integration, we get 

a 2 

a 0 = H^gt-{-a(Vy V initially 0— to. ...( 7 ) 



Elimination of y from (1) and (6), gives 

, , , — mv+mj! 

o r Mx = — ( M +m) ngt + Mv 

or x = — ^1 pgt+v. 

Now, after time r, the velocity of th; point of contact is 

ad = — ngt + v—fi'—gt—ato, 

which clearly diminishes as t increases, and vanishes when 

/, m a 2 \ 

V+M+i?) 


..( 8 ) 


..(9) 
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or 


/ / a 2 m \ 

t-iv-a*,) ugi i+^+ A/ ; 


.... ...( 10 ) 

/ ■ ~ \ ' AC- 1 • A/ 

Moreover, the velocity ji — v also diminishes as / increases and 
will vanish when 

V 

t= 


ng 

Now we have to consider the case, viz. 


(V— 0<o) fig 


/, , a 2 /n \ 
( 1 + P+iV/J 


f^g 


and it is true always. 

Hence the velocity of the point of contact becomes zero 
before the body stops (/. e. before the centre of the sphere 
ceases to move). We have a discontinuity in the friction; the 
body ceases to slide and begins to roll. 

Hence the equations of motion are 

m (.V—> ! ) = — F, ...(I) 

0 =/ng — R, ...(II) 

mk*ij=Fa, ...(III) 

x=ad, ...(IV) 

x, y and t being measured from the position of the centre when 
change takes place. 

From these equations, we find 

,U *** from (IV). 

Integrating the above equation, we have 

/ k 2 \ 

( 1-F^J * — y=const.== velocity at the beginning ...(V). 


But * =v -( 1+ m) ('+£+») 

ond £(,-*.)/(l+g + £) 

Hence (V) becomes 


(when r=0). 


kv-*- 


-o+» 


(V — Qoj) 




_ (V’-flw) 

M (l+a'Ik'+mlAT? 
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->{£('+?.)+«}/ 


1 + 


a - m 


) 


-\-atu 


a* , m a 2 
1 k* 


a 2 


- B ~ AW 

I + * 2 + M 


The sphere then rolls on uniformly with this velocity which 
is positive, and hence in the same direction as v at first. 

Clearly the velocity of the board is in the opposite direction 
to that of the sphere and its value is 


m 

- V = A/ (V 


. / f. , ar m \ 

- 0,0) i ( 1+ *5 + M> 


Ex. 4. A rough circular cylinder of mass m and radius a, 
with its centre of gravity distant c from the axis rests on a surface 
of a board of mass M whose upper surface is rough and lower 
surface is smooth and resting on the smooth table If x be the 
distance moved over by the board and 0 the angle turned through 
by the cylinder, prove that the equations of linear momentum and 
angular momentum about the point of contact are respectively 

[M&+m {.v-|- (a — c cos 0) 0 }=O 

and ~ t [* a * + c (c-a cos 0) e+(*+a0) ( a ~ c cos *)] 

— c sin Q (x+ae) 0 = — gc sin 0, 
where k is the radius of gyration of the cylinder about its axis. 

Deduce that 


ip [k- + a-—2ac cos 0+c* — A/ -- ( a ~ c cos <*)*]=gc cos ° + C • 

When the plane has moved 
through a distance x, the cylinder 
has turned through an angle 0 , 
and let the centre of the cylinder 
have moved through a distance y 
such that y=a0 (because it is a case 
of pure rolling). 

The coordinates of G the C. G. of the cylinder with refer¬ 
ence to a fixed point O are 

X—x+aS — c sin 6, 

Y— a—c cos 0 



...(1) 



Motion in Two Dimensions 


341 


where CG=c. 

Since there is no horizontal force on the system, hence 

d^X d~ 

M — -f m {x+ad—c sin 0 ) =0 

which can be written as 


...( 2 ) 


[Mi+m {.4 4-00 — c cos 0 0 }] = O, 


...( 3 ) 

which is the linear momentum about the point of contact B. 
Taking moments about B, we have 

d-X 


Mk'-e-M [V-(*+a0)} ~~ (7-0) J = _ Mgc sin a 


r 


or 


d 2 


k 2 (j + | c sin 0 ^2 ( a ~ c COS 0) 


L 


d 2 1 

4-(a—c cos 0) ^-r, (x-f a0—c sin 0) =— gc sin 0 

or k 2 ’(j+[c sin 0 (c sin 0 q 4-c cos 0 0 2 )-h(a —c cos 0) (x + atf 

+ c sin 0 0 2 —c cos 0 0)] = — gc sin 0 
or (A: 2 4 -c 2 ) y(a — c cos 0 ) (.*4 -a$) —ac cos 0 0 4-ac sin 0 0* 

= —gc sin 0 

or (k 2 4 -c 2 ) 0 — ac [—sin 0 0 2 4 -cos 0 0 ] 4 -(o—c cos 0 ) (.v4- ay) 

= — gc sin 0 , ...( 4 ) 

which can be written as 

dt (k* + c 2 ) {—ac cos 0 0)4-(*4-00) (a—c cos 0) 

—(*‘ 4 -* 0 ) c sin 0 0 = —gc sin 0 
or -jt (c~a cos 0) e/-f-(^ (a—c cos 0)] 


—(>‘4-o0) c sin 0.0 = —gc sin 0 
Hence the angular momentum about B is 
d 

dt We+c (c-a cos 0 ) 0 4 -(>> 4 - fl 0 ) (a_ c cos 0 )] 

— (*4-00) c sin 0 0 = —gc sin 0 ...( 5 ) 

where k is the radius of gyration. 

Now equation (4) can be written as 
(/c 2 4 -c 2 4 -a 2 ) y~2ac cos 0 0 4 -ac sin 0 0 8 4 -(a—c cos 0) x 

= —gc sin 0 

Now from (2), 

(M+m) 4 = — w ~~ (a—c cos 0)0 


...( 6 ) 
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i.e. 


x= — 


m 


M+m 

Hence ( 6 ) can be written as 


[(a—c cos 0) $+c sin 0 0*]. 


m 


(A: 2 4 -c 8 -f a 2 ) 0 —2 ac cos 6 0 -f ac sin 6 0 2 —( a ~~ c cos 0 ) f 0 


m 


— (a— c cos 6) — c sin 0 $*= — gc sin 0 . .. .(7) 

m -f- M 


Multiplying by $ and integrating, we have 
(k*+c 2 +a 2 ) |!-2 ac cos 0 m 


or *0 2 c 2 -fa 2 — 2ac cos 0— 


M+m 

=gc cos 0 -fconst. 

m . 

(a —c cos 


\ 4 2 

J (a —c cos 0 )* 


<>)*] 


or 


,v= — 


M+m _ 

=gc cos 0 -f-const. ...( 8 ) 

Integrating (3), we have 

A/.V-f-m^-f-m (a—c cos 0) 0 = 0. ...(9) 

Since .v = 0 = O when /=0, hence const, of integration vanishes 

w (a—c cos 0 ) 0 
(A/-f mf 

Now differentiating (1), we have 

A/ 

A'=.v-f-o 0 —c cos 0 0 =-from (9), 

m 

Y=+c sin 0 0 . 

The result of equation ( 8 ) can also be written by the princi¬ 
ple of vis-viva. Vis-viva of the plane is clearly A f* 2 and that of the 

sphere is m(X i +Y i )+mk x o x , 

Now we know that 

change in vis-viva 

Hence we have 


twice the work done by the forces 
2 [ mgc cos 0 +c,]. 


Mx- + m (X 2 +Y z +k*e*)= 2 (Mgc cos 0 +cJ. 

• • 

Substituting for X, Y, we have 
fMm- (a — c cos 0 ) 2 mM 2 
0 L- (M+ni)* - +(M+m) 2 < a ~ C C0S 

+mc 2 sin 8 0+mk 2 J= 2 (mgc cos 0+C t ) 
or | 0 2 ^A' 2 -fc 2 sin 2 (a—c cos 0) f J=gc cos 0-f-const. 



Motion in Two Dimensions 


343 


or 


Id 2 ^A*-f c 2 + a 2 — 2ac cos 0 — c 2 cos 2 0 — ar-\-2ac cos 0 

Af ~1 

+ (A i+m) COS ^J =m ^ c cos 0 +const. 


or lo 2 ^k~ + c* + a l — 2ac cos 0— 


the same as equation (8). 


m 


M -\-m 


(a — c cos 0) 2 




= +mgc cos 0-J-const., 


Miscellaneous Examples 




On a smooth table there is placed a board, of mass M, whose 
upper surface is rough and whose lower surface is smooth. 
Along the upper surface of the board is projected a uniform 
sphere, of mass m, so that the vertical through the direction 
of projection passes through the centre of inertia of the 
board. If the velocity of projection be u and the initial 
angular velocity of the sphere be to about a horizontal axis 
perp. to the initial direction of projection, shew that the 
motion will become uniform at the end of time 


2 M u — a to 

7M+2m ng * 

and that the velocity of the board will then be 

2m 


r 


7Af + 2m (M au)) ' 

Hint. Proceed on as in Ex. 3 above by putting 



A ball which may be regarded 'as a thin hollow sphere of 
radius a is projected along an imperfectly rough horizontal 
plane with initial velocity V, and an underhand twist Li about 
a horizontal axis perpendicular to the direction of projection. 
Show that if IV < 2aLl, the centre of the ball comes to 
rest before slipping ceases, and that the total distance moved 
over by the centre of the ball by the time slipping ceases is 

(17 V* — 6 Vail -H 2a*f) i )l25/ig, 

t i being the coefficient of friction between the ball and the 
plane. 


|^lfint. Proceed on as in the solved Ex. 2 above by putting 
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A heavy uniform cylinder whose radius is a t starts to move 
to the right along a horizontal plane (/x) with velocity V 
perpendicular to the axis. It has an angular velocity Q in 
the counterclock-wise direction, so that a slipping ensues; 
show that if 2 V > aCl, the direction of rotation is reversed 

after time ^ 

2 fig 

and that rolling begins after a further interval ('-?); 3 fig- 

If 2 V < aQ, then after time Vj^g, the cylinder stops and begins 
to return to the starting point, which it reaches after time 

(aO-f K) 2 _ 

6f.tg {aQ—2V) 

after starting. 

|^Hint. Proceed as in solved Ex. 2 above by putting A' 2 =^-.J 

A uniform sphere of mass M rests on a rough plank of 
mass m which rests on a rough horizontal plane, and the 
plank is suddenly set in motion with velocity u in the direc¬ 
tion of its length. Show that the whole system will come to 
rest in time 


mu 

f xg (A/+m)’ 

where n is the coefficient of friction. 

[Hint. Proceed on as in solved Ex. No. 3 .] 




CHAPTER V 

MOTION IN TWO DIMENSIONS 
(Under Impulsive Forces) 

5*1. Motion under impulsive forces :—To obtain the equations 
of motion of a rigid body under impulsive forces. (Agra 1962) 

Suppose X l9 X 2 , ... ; Y lt Y 2t K 3 ... be the components of 
the forces acting on a rigid body of mass Af, and let the 
coordinates of the points of application of these forces be 
(x\ /)... etc. with regard to G t the centre of inertia of the body. 

Let («, v) and (u 0 , v 0 ) be the velocities of the centre of gravity 
parallel to a pair of rectangular axes OX t OK in the plane of the 
motion just before and just after the action of the impulsive 


forces. Also lei o>, w 0 be the angular velocities 
about the centre of mass at the same iostants. 

of the body 

The equations of motion are 


M d Jl = X l+ X, + ... = X X, 


M d J? = Y l + Y t + ...=£Y, 

...(2) 

MK*y=x c x'Y-yx ), 

-..(3) 


where (E, y ) are the coordinates of C. G. 


Now let us suppose that X lt Y v ... etc. are very large and the 
interval during which they act is very small. Denoting this 
interval by r. we get on integrating. 



[ M -3=H £xdt=£x ' 


or 

M (u—u 0 ) = X X' 

...(4) 

and 



or 

M (v-v 0 )=X Y\ 

•••(5) 


where X X\ X Y' arc the components of the impulse acting at 
the point ( x , y) parallel to the axes of x and y. 

Hence we conclude from equations (4; and (5) that the change 
in the linear momentum of any mass M, supposed collected at the 
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time to alter 
of the integral 
as constant in 


centre of mass, In any direction, is equal to the resultant of the 
impulses in that direction. 

Also =| T Z (x'Y-y'X) dt=Z J T (x'Y-y'X) dt 

...(5) 

/. Mk* (to-a> 0 )=£ (x'Y'-y'X'), .. .(6) 

because, even if the forces X x% Y x etc. be applied at a fixed point 
in the rigid body (in which case x' t y' will vary), the interval is 
supposed to be so short that x', y' have no 
appreciabely ; hence x\ y' have been taken out 

sign, and for this reason x\y' are considered 
equation (5). 

The equation (6) states that the change in the moment of 
momentum about the centre of gravity is equal to sum of the 
moments of the impulses of the forces about the centre of gravity. 

Since an impulse is the time integral of a force, it is evident 
that an impulse equation can be derived from any form of 
equation of motion by merely integrating with respect to time. 
That is, in dealing with impulses we may do all that can be done 
with foices, provided thet we replace rate of change of 
momentum in an equation of motion by actual change of 
momentum. 

Ex 1. A free uniform rod of length 2a is struck by a blow 
whose impulse is P acting in a line perp. to the rod at a distance c 
from its mid point. To determine the motion just after the blow , 
assuming that it was at rest just before the blow. 

Suppose G is the centre of gravity 
of the rod. If v and to are the I ^ u) 

velocities of the centre of gravity and 

the angular velocity just after the A- 

blow, we have 

M (v—0) = P, 

M~ (w—0) =Pc. 


R 

"X 
...( 2 ) 


B 


If P is given, we find v and to from these equations, but if 
P is unknowm, the relation between v and to is established from 
these equations. Hence 

P n\ 

v = —=— OJ. ... (-3) 


M 


Tc*" 


which gives v in terms of w or vice-versa. 



Impulsive Motion in two Dimensions 


347 


If the blow is applied at the end of the rod such that 


then 




Ex. 2. (a) A uniform rod of mass M and length 2a at rest is 
struck by a blow J at right angles to its length at a distance c from 
its centre. Find the point about which it will begin to turn ; also 
find the kinetic energy. (Nagpur 1957) 

(b) Find the resulting angular velocity and kinetic energy of 
the end, if A were fixed. Hence find their ratios. 


(a) When A is free. 

Let O be the point about 
which the rod begins to turn such 
that GO=x, G being the centre of 
gravity of the rod and GA=GB=a. 



Suppose the impulse of the blow be J, applied at a distance 
c from G and the resulting angular velocity about O be a. ; then 
the velocity attained by G is xu>. 

Hence the equations of motion are 


Mxco=J, 

M (x z + d 2 l3)=J (c+x) 
Solving these equations, we get 


3 Jc , a - 
“ = and *=3c 


...( 2 ) 


The velocity of G the centre of mass=x«, = ? 2 . 

3c Ala~ 

Kinetic energy after the blow 


J 

Ai* 


(b) When A is fixed. If the end A were fixed, let the 
resulting angular velocity be e o lt which would be given by the 
equations 


M ( a2 +j)“’i=J(‘>+c) i.e. = 3J 4 

and the K. E. thus generatated would be 
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, .. 4fl a 9P_(a±cf 

= \M y W! -*M.y . a i 


_3J 2 (Q-fc) 2 
”8 M a* # 


K. E. before thej;nd A is fixed 
"K. E. after the end A is fixed 


J 2 (<j a +3c a n 

2 M a 2 J 

3J; (o+O* 

8 A/ a 3 


4 (o 2 +3c a ) 
3 (a-K) 2 


which is least, when c=- and the value is unity. 


Thus we see that the K. E. generated when the rod is free 
is clearly greater than that when the end A is fixed except when 



in that case A is the centre of rotation. 


Ex. 3. A uniform rod AB of mass m is set in motion by a 
blow P acting at the end A and inclined at an angle a to the rod. 
Find the velocity of A immediately after the impact , and prove that 
the energy communicated to the rod is 

P 2 (1 + 3 sin 2 a; 

2m 


Let (u, v) be the velocities of 
the C G. of the rod resolved along 
and perp. to the rod, where G is 
the centre of mass. 

Hence the equations of motion 
are 

mu—P cos a, mv=P sin a, 

ma- . 

— oj=—Pa sin a, 

co being the angular velocity about the centre. 



The velocities which A attains just after the blow are 


u= 


P cos a 


and (v— aw) = 


4 P sin a 


m m 

in the assigned direction. 

Hence the kinetic energy after the blow is 

im [w*-f v a + k'-w 2 ] 
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P 2 cos* a . P 


m 


■i 


+ 


sin* a 9 P* sin 

m * + 3 m 2 


P* 


— l — (1 + 3 sin 2 a) 

1 m 

and the angle which the velocity makes with the 



horizon is 


tan -1 -—^=tan _1 (4 tan a). 
u 

Ex. 4. One end of a uniform rod comes in contact with a 
smooth horizontal floor while the centre of gravity is moving 
vertically downwards. Just before striking the floor the rod is 
rotating, and is inclined at 0 to the floor. To find the change of the 
motion due to impulse, assuming that the end which strikes the 
floor does not rise. 


Suppose u Q is the velocity of the 
centre of mass and o» 0 angular velocity 
of the rod, just before striking the 
floor. 

Let u and o> be the corresponding 
velocities just after the impulse. Let 



A 


P denote the impulse and the length of the rod be 2a. 

Hence the equations of motion are 

m (u u 0 ) = P. ...( 1 ) 

Taking moments about G, 

(oj—oj 0 ) = —Pa cos Q. ...(2) 

The vertical component of the velocity of the end A just 
after the impulse, is clearly zero, as the end does not rise off the 
floor. 


The velocity of the end A relative to G the centre of mass 
is au> which is perp. to BA t and vertical downward component of 
this is aot cos 6. Hence 


u-\-aw cos 0=0. 


...(3) 


Substituting the values of u and w from (1) and (2) in (3) 
wc get 



P p 

+ flew 0 cos 0 — 3 — cos 2 0 = 0, 
m m 



P t/p + gcop cos 0 
m“(l + 3 cos 2 0) * 



• • • 



Hence 



350 


Dynamics of a Rigid Body 


and 


__ i/ 0 + aw 0 cos 9 
~ U ° (1 + 3 cos* 0) 

_(3m 0 cos 9—aw 0 ) cos 9 /<% 

. —3 P cos 9 

and uj = -f-tu Q 

ma ® 

_ ,_ Q (u 0 +aaj 0 cos 9) 

0 fl;(l + 3 COS* 0) 

(flctf 0 — 3u 0 cos 0) 

“ a (1 + 3 cos* 9) * # *' V 7 

Clearly if the rod is vertical i. e. 0— 90°, we get w=0and the 
angular velocity remains unchanged since the floor is smooth. 

Ex. 5. A uniform rod foils without rotation on a smooth 
horizontal table prove that 'its angular velocity after first striking 
the table will be a maximum when the rod makes before the impact 

an angle cost 1 — with the horizon. 


...( 6 ) 


V3 


with the horizon. 


Let u 0 be the velocity of centre / 

p Jr D 

of G before striking the floor. r 

Let u and w\ be the values of w 

the velocity of the 'centre and the Uq 

angular velocity respectively just -—-- 

after the impulse and let the rod 

be inclined at an angle 6 to the floor just before striking the floor. 
Let /’denote the impulse, and 2a the length of the rod. 

Resolving vertically, we have 

m {u—u Q )=—P. ...(1) 

Taking moments about G , 

ma % , n a 

- — u>= + Pa cos 9. . ..(ZJ 


Since the end A does not rise off the floor, the vertical com¬ 
ponent of velocity of A just after the impulse is zero Now the 
velocity of A relative to the centre of mass is aio perp. to BA; and 
the vertical downward component of this is —ato co> 9. Hence 


u—aw cos 9=0. 

Substituting in (3) the values of u and io, we have 


whence 


p 3 p 

u 0 -~- — cos* 9=0 
m m 

n _ muo 

(1 + 3 cos 2 9) 


...(3) 


...(4) 

...(5) 
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4 


Hence 


3w 0 cos- 0 

U = - - 


and 


1 + 3 cos 3 0 
_ 1 3w 0 cos 0 

w ~^~a l-f-3 cos 2 0' 

Now to will be maximum or minimum if 

duj 3v 0 sin 0 , 3 m 0 .6 sin 0 cos 2 0 

d6 = ~~ a 3 cos 2 d 
" 3m 0 


...( 6 ) 


+ 


= sin e 

a 


i.e. either 0 = 0 or 0=cos -1 


(1+3 cos* 0)* 
r 1 — 3 cos'- 
|_(l + 3 cos 
1 


i* 0 

2 0) 2 J” ’ 


V3* 


d* 


CD 


dd 2 


3 u 0 rcos 0(1—3 cos 2 0) sin 0 (+ 6 cos 0 sin 0) 
(1+3 cos* 0) 2 + (1+3 cos* 0)* 


L 


+ 


sin 0 (1—3 co s 2 0) 12 cos 
(1+3 cos- 0) 3 

1 


0 sin 0J 


which is positive if 0=0, but — ve when 0=cos~ x 


V3‘ 


Hence to is max. when 0=cos _1 


1 


V3- 


Ex. 6. Two uniform rods AB, BC are freely jointed at B 
and laid on a horizontal table ; A3 is struck by a horizontal blow 
of impulse P in a direction perp. to A B at a distance c from its 
centre; the lengths of A B, BC being 2a and 2b and their masses \f 
and M\ find the motion immedately after the blow . (Nagpur 1957) 

Let w lt u z be the velocities of 
G t and G z the centres of gravity of 

AB and BC respectively and <o l , co 2 __ 

be the angular velocities of these A 
rods just after blow. 


t u Y 


G, 


I 


B 


and 


Let Y be the impulsive action at B between the rods acting 

in opposite directions. 

Hence the equations for the rod AB, 

M(u i -0)=P-Y ...(I) 

(since the rod was at rest initially) 
Ma 2 u v 

-jaj^Pc-Y.a, ...( 2 ) 

(taking moments about G t ). 

Similarly for the rod BC, 

M' (u . z — 0)= Y (3) 
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and M'^a) 2 = — Y.b, •••(4) 

(taking moments about G a ). 
The motion of the point B deduced from each rod should be 

the same, as the rods are connected at B. 

The velocity of the point B relative to AB is u l -\-aw 1 and that 

relative to BC is u 2 —bto t , 

Mj -{■ = ^2 — ^ 

4 Y 

From (3) and (4), we find u z —bu> 2 =jp 

P-Y 3 (Pc-Ya) 
and from (1) and (2), 1 ^ + 0 ^=—^—}--^- 

Substituting these values in (5), we get 

4 Y P-Y 3 (Pc-Ya) 

' Ma 


...(5) 


AT M 


or 


or 


(4 4\ P 2cP_P f. 3c\ 

r \AP+m)=M+ ^ a ) 


4 (M 4- M 

Substituting this value of Y in (1), we have 

_ P M'.P ( 3c\ 

,/l_ A/~4 {Af + AT) Af\ ^ a) 

_ (i + 3 *Y| 

~M L 4 (M+M’)V^ aJJ 


Similarly, we find 


€ 1 ) 


_3Pf*_ l-JL- fl+ 3c \] 

l ~Mala 4M+M\ ^a)]' 


-1 P 
W -~4 M -f M 


•<y;> 


3 


1 


a . 2 = 


4(M-»-M # )6( 1+ a)' 

Ex. 7. AB, BC are two equal similar rods freely hinged at B 
and lie in a straight line on a smooth table. The end A is struck 
by a blow perp. to AB: shew that the resulting velocity of A is 3$ 


times that of B. 

Let P be the impulsive 
force applied at A 

Let (u lt i/ 2 ) be the velo¬ 
cities of the G lf G 2 the centres 
of gravity of the rods AB, BC 


(PuDjab 1956 ) 




| a ‘ ‘ 


0 , 


B 


B 

G a 
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and (w u w 2 ) be the angular velocities as marked in the figure. 

Let Q be the impulsive reaction between the rods at B acting 
in opposite directions when the blow is struck. Also let 2a be the 
length of each rod and m be the mass. 

Now the equations for the rod AB are 

m (t/ x — 0) = P+Q, ...(1) 

(since it started from rest) 

2 

m — w x ={P — Q) a » •••(2) 


Similarly for BC, 

mu 2 =Q, 

a 3 ~ 
w—tu 2 =(ya. 

The velocity of B as deduced from the rod AB 

= u l — aoj l 

and the velocity of B as deduced from the rod BC 

= — u 2 — aw 2 . 

Since the rods are connected at B t the motion of the point B 
should be same as deduced from AB or BC y 
i. e. U \— Ooj^ = — (Ug-fOaio)* •••(5) 

From (1) and (2), we have 

u 1 -aco l = (PA-Q)lm~3 
= (40-2/>)/m 

and from (3) and (4), similarly, we have 

w 2 +0co 2 =40/w. 


...(3) 

...(4) 


Hence from (5), we have 4Q — 2P=— 4Q i. e, 

P+Q 5P f 

- from (1), 


u \ — 

1 m 

9 P 

a w.— 

1 4m 


4m 


Hence the velocity of A=u l +aoj l 


5P 9P IP 
4m~ >r 4m~ 2m 


Q = PI* 


and the velocity of B=u l —auj l = — — 

velocity of A 


7 

2 


* * velocity of B 
Hence the ratio of these two velocities is l. 
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Ex. 8. Two uniform rods AB=2a and BC^2b are smoothly 
jointed at B and placed in a horizontal line ; the rod BC is struck 
at G by a blow at right angles to it. Find the position of G, so 
that the angular velocities of AB and BC are equal in magnitude. 

Let G xt G 2 be the C. G.’s 
of the rods AB and BC. 

Let u x , w l be the velo¬ 
cities of the centre of inertia 
and angular velocity respec¬ 
tively of the rod AB, just after the blow: similarly u 2 , cu 2 be those 
of BC. Let the blow applied at G be such that GG 2 =*x say. 
Suppose P is the impulse applied at G t 

Let Q be the impulsive action at B acting in opposite 
directions. 



are 


Since AB was at rest, hence the equations of motions for AB 

mar 

— <u l = Qa, ...(2) 


and similarly that for BC. 


m'uj — P—Q, 


... 0 ) 


b 2 

m* j w 2 = Px— Qb, ...(4) 

where m and m' are the masses of the rods AB and BC whose 
lengths are 2a, 2b respectively. 

The velocity of B relative to AB is 

(tft + acuj 

and that relative to BC is 

(m 8 -4- buj 2 ). 

Since the rods are connected at B, the motion of B relative 
to AB and BC should be the same i.e. 

Wj-f aa)^ = u 2 ~{~bw 2 . .. .(5) 

Substituting the values of u x , u 2 , <n i in (5), we have 

Q 3 Q = P-Q (Px- Qb) 3 
w~*~ m m' nib * 


m m 


i.e. 


K l+ t)- 
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Hence cu x 


and 


bmP 


Oi2 = 


3 Q_ 3 

ma A a (m + m 

3 ( Px- Qb) 
b 2 m 

-r —, —?-— [Ax (m -\-tri)—bm — 3mx ] 

b 2 m .4 (m-j-m ) 




4 im-f-nt 


■j (■+?)] 


3P 


Ab 2 m' 

Now o »2 = o> 1 if 

3 P px+bl 


[x (m + 4m')—nib]. 


3 P 


or 

or 

or 


Aa 0 m + m') |_ b J~~Ab z m' {ni + m’) 

bm* (3 x+b) = a [x (m-f-4/w')— mb] 

x [2bm'—am—Aam'\ = —amb—bm' 2 

_ (am A- m ' l ) b _ 

X ~ m' (Aa — 2b)A-om m 


- [x (m + 4m')—mb] 


Ex. 9. A lamina is set in motion by the blow P acting in its 
plane at a point A of the lamina. Prove that the energy communi¬ 
cated to the lamina is hPV t where V is the component of the 
velocity of A in the direction of the blow. 

Clearly there is no linear momen¬ 
tum in any direction other than that of 
the blow. 

We take the rectangular axes 

through G the centre of gravity of the 

lamina in the direction of the blow and 
direction. 

Suppose the lamina has got a velocity u in this direction and 
an angular velocity oj. 

Let the co-ordinates of the point A at which the impulse is 
applied be (x l# y k ) relative to these axes . 

Hence the equations of motion are 

— P=Mu, Py x — Afk 2 u>, 

M being the mass of the lamina, k its radius of gyration 
about G. 

The velocity components of A are 

— V=u — y x oj, in directions opposite to P, 

U=xoj perpendicular to the direction of P. 



perpendicular to that 
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/ 


Hence the energy communicated to the lamina just after the 

blow 

= (u 2 +A: 2 a, 2 ) 

— \M {u.u-\-k % u).cj) 

=K-4+*’"w) 

= \P [ — tf+ftcu] 

= iP.V 9 

where V is the velocity of A in the direction of the blow. 

Hence the energy communicated is \PV. 

Ex. 10. Two equal uniform rods AB and AC are freely hinged 
at A and rest in a straight line on a smooth table. A blow is struck 
at B perpendicular to the rods! shew that the kinetic energy 
generated is \ times what it would be if the rods were rigidly 
fastened together at A. (Lucknow 56) 

Case I. When the rods are freely hinged at V. 


Proceeding exactly 
as in solved example 
no. 7, we find that 





Hence the kinetic energy 

= K. E. of AB+ K. E. of BC 


*A/ j^V-f j Wi 2 -!- w 2 a -f $a 2 cw 2 2 J 

T25P 2 P 2 1 81P 2 1 9P* 1 

U6A/ 2+ 16A7*+3M^ 2+ 3 # 16A/ 2 J 


~2 16 M t 25 + 1 + 27 +3] 

_56 P 2 _7Pj 
""16 2M~~4M~ El 
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or this can be found directly by the method of Q. 9, 

i.e. 


IP. velocity of B=hP (M x -f aioy) = \P 


2 M 

Case II. When the rods are rigidly fastened at A. 

Obviously AB and BC will now be considered as one rod; 
hence Q= 0. 

Suppose v' is the velocity of A and Q be the angular velocity 
of the rod iMCjust after the blow. 

Now the equations of motion are 

2 M (v' —0 ) = P 

and 2Af.ia 2 oj'=P.2a, 

P 


i.e. 


and 


v = 


2 a<o'= 


2 AT 

3 P_ 

2 M’ 


Kinetic energy is given by 

\.2M [v' 2 + |a 8 a,' 2 ] 
r P* 1 9 P°- 
L4A/ 2+ 3*4Ai 2 


= M 


"|_^W 


Hence the ratios = 




IP* 
4 M 

II 

M 


7 

4* 


Ex. 11. Two equal uniform rods, AB and AC, are freely 
jointed at B and turn about a smooth joint at A. When the rods are 
in a straight line, to being the angular velocity of A B and u the 
velocity of the centre of mass of BC, BC impinges on a fixed in¬ 
elastic obstacle at a point D / show that the rods are instantaneously 

brought to rest if BD=2a where 2a is the length of either 

rod. 


When the rods arc in a 
straight line, to is the angular 
velocity of A B and u the velocity 
of C 2 the centre of gravity of BC. 

Let to x be the velocity of BC 
about before impinging on an 
inelastic obstacle at D, such that BD=x. 

Clearly there will be an impulsive reaction at B denoted by Q 
acting in opposite directions as marked. 
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Also, since the rods are connected at B, the motion of B as 
deduced from /l£=the motion of B as deduced from BC, 
i. e. 2acu=velocity of G 2 +velocity relative to G 2 

=■ (li- a City ). 

Take moments about A to remove the unknown reactions 
at A. Equations of motion for the rod AB are 

Aar 


i. e. 


m. 


m 


OJ 


3 
2aco 
3 


= -Q-2a, 


= -Q. 


For the rod BC , 


mu= — {P—Q) t 


a- 


m Wl =-{P( X -a) + Q.a}. 


...d) 

...( 2 ) 

...(3) 


Hence from (2) and (3;, we have 


( 


a 


m I m+^ co 1 


y- p - 


{X—a) 

a 


p K ' 


P x 
a ' 


...(4) 


From (2) and (1), 




From the equation (4), we have 

!(■♦¥)-(■♦!- 0 


M —2flco\”l 


= [ U+ C 3 )J 


or 


or 


x {3u+2a<o) 
a ~ 3 


( 


Au — 2auj 

3 


)= 


2 (2z/— aoj) 


x = 


2a (2u — aw) 


(3w-f 2 au>) * 
where 2a is the length of either rod. 

Hence the rods are brought instantaneously at rest. 

Ex. 12. Two rods AB t BC of lengths 2a and 2b and of mass 
proportional to their lengths are freely jointed at B and are ly ng 
in a straight line. A blow is communicated to the end A; show 
that the resulting kinetic energy when the system is free is to the 
energy when C is fixed as 

(4a3b) (3a-\-4b) : 12 (a+b)*. (Agra 40) 
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Case I. When the system is free. 


Let P be the impulse 
applied at P at right angles 
to AB. 

Supdose u x be the velocity 
of the centre G x of the rod AB 
and oj x its angular velocity 
just after the blow. Similarly 
u 2 and co 2 be those of the rod 
2 am, 2bm., 

There will be an impulsive 
directions. 



BC. Their masses would be 
reaction at B acting in opposite 


Since the rods are started from rest, hence the equations of 
motion for the rod AB are 

2 am Ul =J>+Q, ...(]) 

2 am. a lo, 1 =(P-Q) a (2) 

(by taking moments about <?,). 

Similarly for the rod BC, 

2 bg-U'-Q. ... (3 ) 

2bm.j- w t —Q.b ... (4 ) 

(by taking moments about G,). 
Since the rods are connected at B, hence. 

the vel. of B relative to AB = \e I. of B referred to BC, 

ie ‘ a<»i—u x =u 2 + bcu 2 . *...( 5 ) 

Substituting the values for o> lt u x , u 2 , o» 2 . in (5), we have 

3 (P-Q) _P±Q_0 3Q 
2a 2a'~2b^2b 


P Ua-i]=QU 

c 


J Q [lb+2b +Ta+L~] 

p <r 2Q m 

e =2 i£vr 


Hence the velocity of the point A at which the blow has 
been struck =u l +aot l 

b P±Q_ 3 (P-Q) 

= 2am 2am 
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2 .P _ Q 

am am 

J1P _ _ bP _ = P l~4 ( a+b)-b 1 

am 2 (a+b) ma am (_ 2 (a+b) J 

_ P_ (4a+ 3b) 

~ am 2 (a f b) 

Hence the K. E. communicated 


= \P y. (velocity of A) = \P. 


P 2 (4a-f 3b) 


P (4 a 4-36) 
am*2 (a-f-6) 


=A. 


4o/?i (a + 6) 

Case II. When C is fixed. 

If C is fixed, then f/ 2 = 0 and the equations of motion are 


2am 


} 


o 4 * a 
Q=m.-~ wo 


for the rod 


for the rod 2?C, 


(taking moments about C). 

Now 

the velocity of B referred to AB =velocity of B referred to BC 
or maw 1 —mu l = 2bmw 2 . ...(A') 

Substituting for u lt w x and w 2 in (A'), we have 

3 (P-Q) P+Q 3 Q 

2 a 2 a ~2b 

or P__lQ,lQ_QJ4b + a) 

a 3a 1~2b 2 ab 


or 


Q=n 




(4/>-f 3rt)* 

Kinetic energy thus communicated is—A Px velocity of A 

\P (u l +aa >l )=\£ n [2P-Q] 


= . P_ f „„ 2fcP -| P» 3Ja+b)_ 

' am [_ - 46+3aJ am' (4b3a) 9 * 

Hence the ratio of the two energies is 

E x (4a 4-3b) (4b + 3a) 

E i I2(a+b)‘ * 

Ex. 13. Two uniform rods AB. BC of lengths 2a t 2b and masses 
m and M are smoothly jointed at B and placed on a smooth table 
so that ABC is a st. line. An impulse I is applied at A at right angles 
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/ 

m 


u>. 

a, 


l 


B fT I 


for tbe rod AB. ,. .(1) 


for the rod SC. ...(2) 


to AB. Show that the impulsive reaction at B is , and the 

2 (M + m) 

initial velocity of B is ^yji+my a ^ S0 ^ ,e kinetic energy 

communicated. 

Proceeding exactly in the same 
way as in question no. 7, we 
have [here the masses are diffe¬ 
rent and P is / ]. 

mu x =I+ Q t 
a 1 

m j ^=(7-0) a, 

Mu t =Q, 

M ^ w 2 =Qa. 

Velocity of B referred to AB= velocity of B referred to BC 

(u 1 —aw l )^=~u 2 — au> 2 ...(3) 

Substituting the values of u lt « 1# u 2 and oj 2 from, (1) and (2) 
in (3). we have 

!+Q 3 U-Q)_ Q 3 Q 
m m M~ M' 

—=4 (Qa (M +m) 

m KnrMj H Mm 

(?<=- IM ^ 

2(M+m) 

velocity of A is 

Ul +ao ll J + Q + UL-Q) = u_*Q 

m m m m 

= 4/ _ IM == /(4w-f-3A7) 

m m (M+m)** m 

and velocity of B is 

v l -ao ll J+ Q_MI-Q) = -2I4Q 

* 4 ttt IH ... I ... • 


or 


or 


Q 


m 
21 

- 


m 
21M 


m • m 
27_ 
(A7-f m) 


m^(M+m) m 

Also we can find the energy communicated, 

I (Amy-2M) 


il x velocity of A = \I x 


m (My-m) ' 


i /2 (4m+3A7) 
1 m ( M+m)' 
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Ex. 14. Three equal uniform rods placed in a straight line 
are freely jointed and move with a velocity v perp. to their lengths. 
If the mid point of the m'ddle rod be suddenly fixed , shew that the 

ends of the other two rods will meet in time where a is the 

length of each rod . [Agra 1945, Pan. 1956, Nagpar I956J 

Let the three roods be 
placed in a straight line 
moving perp. to their length 
with velocity v. Let G , 
the centre of mass of BC, be 
fixed suddenly and the two 
rods AB and CD meet at E say [AB=BC=CD=a] 

After the blow, let to be the angular velocity of AB or CD. 

The impulsive reaction at B acts in opposite directions, and 
similarly that on C also. 

If U, be the angular velocity, then the angular momentum of 
AB about B is constant, i. e. 

angular momentum before fixing=angular momentum after fixing. 
mv 2 ~m yto, which gives <o = —. 



Since the rods AB and CD have to turn through an angle 
Hence the required time when the rods meet. 

2tt 

3 _477 a 

3v 9v * 

2 a 


Ex. 15. Three equal uniform rods A B , BC. CD are hingedfreely 
at their ends. B and C, so as to form three sides of a square and are 
laid on a smooth tablet the end A is struck by a horizontal blow 
at right angles to AB. Show that the initial velocity of A is 19 
timei that of CD and that the impulsive actions at B and C are 

resp(cti\e 1 y ~ and (Raj. 1958) 
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') uj i 


Let P be the impulse 

applied at the end A. Let £, < ■ ^ 2 ^ 

( w i* w i)» (w 3 , oj 3 ) be the velocities x X G? 
and angular velocities of the 1 1 2 

rods AB and CD respectively 

and w 2 that of the rod BC after \ k 

the impulse. * > ^o> 1 U ?~CL / 

Clearly the initial motion 
of the point B should be perp. 

to AB, so that the action at B A n 

must be along BC. In the P A D 

same way the reaction at C must be along CB. Let us suppose 
that these are X x and X 2 as marked in the figure. Let m be the 
mass of each rod and 2 a denote the length of each rod. 

The equations of motion are 

mu x = P+X x , } ...(1) 


m y a > L =(P-X x ) a, 
Similarly for BC, 

mu 2 =:—X 2 +X L . 
For the motion of CD, 

mu 3 = X 2 , 


for rod AB. 


and = X,.a. ...(5) 

Geometrical equation. 

The velocity of the point B referred to AB=\ht velocity of B 

. relative to BC. 

' . . u x -aw x = -u 2 . ...(6) 

Similarly for C, 

«3-fflw, = « 2 . ...(7) 

Substituting for u x , u 2 , u 3 , u, 8 from (1) to (5) in the equa- 
tions (6) and (7), we have M 

P+X.-3 (P-X^ + X.-X. 

or -ip= + x 2 -sx 1 

° r 2P=5X l —X t . ,o, 

and X, + 3X,= + X l — X 2 ’ 

Or c y y 

OA'i A x . ... (9 ) 

Hence 2/>=25A' 8 -A' 2 = 24A' 2 . by (8) and (9) 


...d) 


...( 2 ) 


...(3) 


...(4) 


/. e. 


or 

and 


Hence 


t. e. 
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Substituting for X lt X 2 etc. in the 
(1) to (5), we have 


above equations from 


Similarly, ato 1 = 


u = P. 5P _ UP 
1 /n 12m 12m‘ 

IP p 


4m’ U ‘~3m' " s ~ 12m’ 


Qtxl.— 


4m 9 


the velo city of the point A 
the velocity of the po int ~D 

= ve locity of G x + velocity rel. to C7 , 
velocity of G 3 + velocity rel. to G\\ 

UP , 7P 


_ u x -f aw l _ 12m 
aw 3 — u 3 P_ 

4m 1 2m 

Hence the desired result. 


4™=3J =19 

P 2 


Ex. 16. Three equal rods, AB, BC, CD are freely jointed and 
placed in a straight line on a smooth table. The rod AB is struck 
at its end A by a blow which is perp. to its length / find the resulting 
motion, end shew that the velocity of the centre of AB is 19 times 
that of CD, and its angular velocity 11 times that of CD. 

i Nagpur 1955) 

Let P be the impulse app¬ 
lied at A. 


cl 


Let (u lt wj) t (w w 2 ). 


A A| 

f- ^ 


Q 


4 


a» 5 f a 3 




t-L 


(u-j, w 3 ) be the velocities and 
angular velocities of the rods 
AB, BC, CD respectively just after the blow. 

Let Q and R be the impulsive reactions at 2? and C. 

Hence the equations of motion are : 

For the rod AB, 


C\ 

R 


For the rod BC, 


For the rod CD. 


mu l = P A-Q, 

...(I) 

a- 

m j at l = (P — Q) a. 

...(2) 

mu, = R + Q , 

...(3) 

a 2 

m y u>t=(Q—R) a. 

...(4) 

mu 3 = R, 

...(5) 

a 1 

m - co 3 =Ra. 

...(6) 
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Since the rods are connected at B and C, hence 
the velocity of B as considered from AB = the velocity of B as 
considered from BC. 

i. e. velocity of G x -f velocity of B relative to G l 

= velocity of G 2 +■ velocity of B relative to G 2 , 

I. 6, — Wj -j- Qujy — U 2 Ouj 2 , « • . (7j 

and similarly for C, 

Own —W 2 = fla>3 + U 3 . ...(8) 

From (7) and (1) to (4), we have 

3 (/ > -0-(/ , + 0>-(* + G) + 3 (0-*), 

i.e. 2P=%Q — 2R. 

i.e. P=4Q — R. ...(9) 

From (8) and (3) to (6), 

3 (Q-R)-(R+Q)=3R+R 

or Q = 4R. ...(10) 

Solving (9) and (10), we get 

P=\5R, Q=4R. 


Hence v_elodty ofG 1=U , = 
velocity of G 3 


\5R+4R 

R 



angular velocity of AB = co l ^3 (15R—4R) 
angular velocity of CD a> 3 3R 


Hence the desired results. 


Ex. 17. AB, BC, CD, three equal uniform rods hinged freely 
at B and C are lying on a smooth horizontal table, so that ABC 
and BCD are at right angles on opposite sides of BC, A blow is 
given to A in the direction AC. Prove that D begins to move in a 
direction-' (l) with DC. (Agra 1951, 62) 

Let P be the impulse applied 
at A in the direction of AC. 

Let 2 a denote the length of each 
rod. 

Let the velocities of G v the 
centre of gravity of AB be (u v , v,) 
and the angular velocity of this 
rod AB be o> x just after impulse. 

Similarly the angular velocities 
of the other rods BC and CD are oi 2 and t» 3 respectively. 

Before the impulse was applied, the system was at rest. 

Vclocitv of B along AB = u t 
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Velocity of B perp. to /I B=velocity of C, + velocity of B rela. to <7, 

= v 1 +ato l . 

Velocity of G % along AB =velocity of B4- velocity of <7 2 rela. to B 

— Wj — a<v 2 

»' ^2 perp. to AB —the same as that of G x 

= v l +aw 1 . 

Velocity of C along AB= velocity of R-f velocity of C rela. to B 

= u. — 2aoj 0 

* » 

Velocity of C perp. to AB —the same as that of G 2 or Gj 

= V, + aco t . 

Velocity of G 2 along AB=t he same as that of C 

— Wj — 2^2, 

Velocity of G 3 perp. to AB= velocity of G 2 +velocity of G a rela. to G 2 

= v 1 -+-atu l -\-acv 3 . 

Velocity of D along AB =the same as of C 

Wj 2u a>2* 

Velocity of D perp. to >4/?=velocity of C-f velocity of D rela. to C 

= V l + <7oi 1 -f-20£o a . 

To avoid the bringings in the impulses at the joints, taking 
moments about C for the rod CD , we have 

}a 2 w a +a (v 1 -i-aco l + auj 3 ) = 0 

'• e - 3 Vj -f- 3aoj x -j- 4ao>3 = 0. ...(1) 

Similarly taking moments about B for the rods BC and CD, 
ha*aj 2 —2a (u l — 2aco i )+a (i^-f a<u 3 ) 

—a (u x - ao> 2 ) = 0. ..(2) 

in virtue of (1), 

• a 2 

l% e ' 2 w 2 —( u i — 2f7aj 2 ) — a (a, —<7 o> 2 ) = 0 

or — Gau x — 3nw, + 12a 2 a>, + 3a ? w 2 -f a’oj 2 = 0 

or 9^ — 16ao7 2 =0. ...(3) 

Similarly for all the rods taking moments about A, 

W~ (co,-fa > 2 4 co 3 ) — 2(i (u l —2aw i ) + 3a (v, +ato x +aa> 3 ) 

— a (i/i— fla> 2 ) + 2 a(v 1 +acu 1 ) + av 1 = 0 .. .( 4 ) 
Subtracting (3) from (4), we have 

a?co i 

3 uty 3 )-f-2a (v I -)-a<o 1 )4av' 1 =0 
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or 

or 


aoj 1 -\-6 (v l -{-aoj l -{-aoj 3 )-{-6a (ij 4-) ~f-3 =0 

15vj-f 1 3aw^ -j- 6au>3 = 0. 



Resolving all the velocities perp. to AC, we have 

cos 45°— v t cos 45°4-(w 1 — aw z ) cos 45°—cos 45° 

+ ( M i““2 am 2 ) cos,45°—(-f- -f-act> 3 ) cos 45°=0 

i. c. u 1 -v 1 + K-^ 2 )-(v 1 + atu 1 ) + (w 1 ~2^ 2 )-(v 1 4-a Wl + aa>3)=0 
i.e. 3 (Wj — Vj) — 2oa> 1 — 3oa> 2 — aw 3 =0. ...(6) 

Suppose the resultant velocity of D makes an angle 6 with D 

then 


tan 9 = v ‘+ aa ',+ 2aa '» 

U i —Zdcoo 


2 ooj 

~T’ 


2aoZ in virtue of (0 and (3) 



From 3 v-i-f-300^4-4^3=0 
15 v A -f-1300^ 4* 6oa>3 = 0, 


we have 
giving 


Vj _ Ooj 1 _ CJcu 2 

—T7 - -f-21 _ -3 
17oo». 

V l =s '~J~ 1 » Oo Jl = -70o>3 


or 

or 


Substituting these values in (6) m virtue c 

—3—- — 17oa» 3 -f-1 4 o6l» 3 — 3coji —Oo>3=0 

7oa> 2 . 

- z =4ocy., 






Hence 



tan 0=- 3 — 3 = 

OJ 2 



i. e. with DC it makes an angle tan 0 = $. 

Ex. 18. Two equal rods AB and AC are freely jointed at A 
and are placed on a smooth table, so as to be at right angles 
The rod AC Is struck by a blow at C in a direction perp. to itself; 
show that the resulting velocities of the mid points of AD and AC 
are in the ratio 2 : 7. (Andhra 1957, Nagpur 57, Raj. 59) 
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Let the impulse be applied at C perp. 
to AC; hence the initial motion of the 
point A must be perp. to AC, so that the 
action at A must be along AB; say it is 
equal to X. 

Let the mass of each rod be m and 
length 2a. Let (u lf a^) be the velocity 
and angular velocity of the rod AC and 
that of AB be u, as marked. 

Now the equation of motion are 



ma 


mu l = P + X 
'* ui,=(P—X) a 


for the rod AC 


...( 1 ) 

...( 2 ) 


mu* — X 


for rod AB. 


...( 3 ) 


The velocity of A referred to AC 

= velocity of A referred to AB 


i. e. u i — aa \ — — u t • ... (4) 

Substituting the values of u 1% at lt oi a from (1) to (3) in (4), 


we get 

P+X -3 (P-X)^-X 

P— * y 

° r r — z <\. 

. Velocity of G t _w, _ IX _7. 

Velocity of C7 2 u 2 X 2 

Hence the result. 

E\. 19. Two equal uniform rods AB, BC, are smoothly jointed 
at B and lie on a smooth table, so that ABC is a right angle A blow 
is applied at A to AB in the direction AC. Prove that the end 
begins to move in a direction making with the initial direction of 
A B an angle tan~ l 4 and that the end C begins to move along th ? 
initial direction of CA. 

Let the rod AB= BC = 2a and 
an impulse P be applied along AC. 

Suppose ( u lt ) are the velocities 
of AB and a., the angular velocity 
just after the impulse. Let w 2 be 
the angular velocity of the rod BC. 

Since the rods are connected 
at B, hence there will be an impul¬ 
sive reaction; let its components be 
(X, Y) as shown in the figure. 

Velocity of G> perp. to BC 
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=velocity of B perp. to £C + velocity of G t relative to B=u x -\-aw, 
since the velocity of B perp. to Z?C=ve)ocity of G 2 =u 2 . 

Similarly the velocity of G 2 along £C=velocity of £=velocity 
of C?!-f velocity of B relative to (7 1 =v 1 — au) L . 

Hence the equations of motion are. 

For the rod AB, 


mu x = — X-\-P cos 45°= — ^+-^, 

...( 1 ) 

mvy= — Y+P sin 45°= — 

▼ 

...( 2 ) 

a 2 v , P 

m-w^Ya-Y—^a, 

...(3) 

(taking moments about Gj). 


For the rod BC t 


m (ii t +aaj 2 ) = X, 

m (v l —atu l ) = Y t 

a * y 

ni^oj 2 = — Xa. 


...(4) 

...(5) 

...( 6 ) 


Substituting the values of u lt co 2 from (1) and ( 6 ) in (4), we 


have 


~ X+ ^~2~ 3X ~ X * 16 * X ~ 5\/2’ 


Similarly from (5), 


P 3 p 

- r +V2-> r -V2= Y ' 


i. e. 


F=- 


2 P 


5\/2 

„ P P 4P 

Hence 2 - 5 ^ 2 = 5 ^. 

v . P IP ,P 7 P 

mv ^- Y+ V2 ,= W~2+V2’‘W2 


Similarly, 


macu l = 


9 P 


1 5y/2* 

3 P 

ma< “*=-5V2- 

The velocities of A are (u lt v^awy). 

Since the velocity of A perp. to velocity of -f velocity 

relative to 
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, 4 v^aw, 7PISV2+9PI5V2 A 

hence tan 9= - -=- \ p _ ' =4. 

4/ , / 5'v/2 * 

i. e. 0=tan _1 4. 

Now the velocity of C perp. to BC= velocity of B 

+ velocity of C relative to B 

— U 1 -j-2doj2 

and the velocity of C along BC= velocity of 2?=^— aat t . 

Hence for C. 

IP 9P_. 

. , v t —a to. 5y/2~~5\/2 

tan ^- Mi _ j _2fla, 2 ““4P 6 T 

5“v/2 5y/2 

- 7 ^=1 
“4 — 6 • 

i. e. the end C begins to move along the initial direction of CA. 


Aliter Sometimes it is desirable to follow the method given 
below, just to avoid the reactions etc. 

The velocities of the centre of gravity of BC are 

(u x +aio it v 1 ^aw l ). 


For BC the angular momentum about B is constant and hence 
equal to zero. 



a 


m (t/,+aa> 2 ) + m —a» 2 =0. 


i. e. 




...(A') 


Similarly considering AB and BC together, the angular 

momentum about A is zero. 

a* a 2 A 

m (u i -\-aaj 2 ) + m -u) 2 '—m (v x — aw x ) 2a—mv x a+nijuj i =O p 

i. e. v x s}a<i>i. . ..(B') 


Then resolving perp. to AC, i. e. perp. to the direction of the 
blow, there is no motion; hence 

(t/j — Vj) cos 45°-F(u 1 -Fao» a ) cos 45°—(v x —flwi) cos 45 s =0, 
which gives 2 (u x —v x )+a (<u 1 + o>,) = 0 

or in virtue of (A') and (B'), we have 


i. e. 


2 (Ml—V x >— fWi+f ^=0, 
5mi 5 v A 
4 7 ~ U 


or 


7m 1 =4v 1 . 
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Hence for (A), we have 


tan 6 


_V |-l -aw l _v. 


u 


— 16 2 — 4 

- 7*4 - 


"i 7 u x 


Similarly for C, 


Hence 


tan 4> = 


v x — 2aoji 

Vj -f- 2<7 u>2 

4 1 _ I 
7 • 4 - *• 




4 

7 


<£ = 45°. 



Ex. 20. 7Vo uniform rods AB and AC, of masses m and \( 
respectively are freely jointed at A ond laid on a smooth horizontal 
table, so that the angle BAC is a right angle. The rod AB is struck 
by a blow P at B in direction perp. to AB / shew that the initial 
velocity of A is 21 (4M + m). 

Following exactly in the same 
way as in question no. 18, we have 

mu x = P-\-X, ...(1) 

m-co^iP-X) a t ...(2) 

Mu 2 =X. ...(3) 

The velocity of A considered 
fiom AB= velocity of A considered 
from AC, 

i.e. Ui-aw^-u^ ...(4) 

Substituting the values of u lt cu lt u 2 , we have 

P+X- 3 (P-X)'_ _ X 
m ~ M 




or 



i.e. X- 2PM 

(4 Ai+ni)* 

the initial velocity of A = u z =~=~ a 

3 2 M (44/-fw) 

in the opposite direction to that of G x . 

Ex. 21. AB and CD are two equal and similar rods connected 
by a string BC : AB , BC and CD form three sides of the square. 
The point A of the rod A B is struck a blow in a direction perp. to 
the rods / shew that tie initial velocity of A is seven times that of D. 

(Jaipur 1953) 
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Let w, be the velocity of 
G x the C. G. of AB and w x the 
angular velocity of AB and u it 
w 2 those of CD. 

Since the initial motion of 
B must be perp. to AB, hence 
the tension in the string must 
be along BC. Let 2 a be the 
length of each rod, and P be the 
impulse applied at A perp. 
to AB. 



For the motion of AB, 

mu l = P -f T, 
a 2 

m y oi l = (P—T) a . 

For the motion of CD, 

mu 2 = T t 

a ~ -r 

m — cu ._>= 7. a . 


...( 1 ) 

...( 2 ) 

...(3) 

...(4) 


Since AB and CD are connected by a string, hence 
the velocity of 7?=the velocity of C, 

Substituting the values of u u w lt u 2 , io 2 from (1) to (4). 
we have 

3 (P-T)-(P+T)=T+3T, 

i. e. 2P=ST or T=~ . 

4 

Hence we have 

5T 97- 

initial ve locit y of A _u x A-a cu, _ n\ m __1 
initial velocity of D aw 2 — 1 / 2 3 T T 1* 

m m 

Hence the result. 

Ex. 22. Three particles of equal mass are attached to the 
ends , A and C, and the middle point B of a light rod ABC , and the 
system is at rest on a smooth table. The particle C is struck 
a blow at right angles to the rod; show that the energy communi¬ 
cated to the system when A is fixed is to the energy communicated 
when the system is free as 24 : 25. 


Impulsive Motion in Two Dimensions 


373 


Let ABC be the three 
points of a rod AC, where the 
three particles each of mass 
m are placed. Suppose the 
end A is free, and an impulse 
P is applied at C, such that 
the rod begins to rotate about B. 

Let u x be the velocity of the mass at B; then the velocities 
of the masses at A and C are u x —ato Xt u x + a<o x respectively. 

Case I:— When the end A is free. 

Resolving at right angles to the rod and equating the total 
momentum of the masses to the impulse, we have 

mu x + m (u x -a<o x )+m (u x +ato x )=P ...(I) 



which gives 



Similarly taking moments about C, we have 

mu x a+m (u x —aco x ) 2a=0 
or 3 u x — 2au> x =0 

which in virtue of (1) gives 




Hence the velocity of the mass at C is u x -\-aw 

= \P 

3/w 2m 6m' 

Hence the K. E. communicated to the rod 

= £ impulse at C (velocity of C) 

-li -r= r ‘ (say) - 


Case II. When A is fixed. 

The rod will begin to 
rotate about A, with a velocity 
to and there will be an impulsive 
thrust at A = X (say). 

Hence the moment equation about A gives 

m.(2a) 2 u)-\-ma 2 io=*P % 2a, 

i. e, m Saoi=>2P 

IP 

or °“= Jfk- 





374 


Dynamics of a Rigid Body 


The velocity communicated to C 

=2acj since C describes a circle about A of radius 
2a, hence its velocity perp. to AC— 2at» 


4P 

5m' 


Hence the kinetic energy communicated in this case is 
i-P.(velocity ofC)=iP.|£= = T, (say) 


T, _ 5P 2 j 1 2m _ 25 
T 2 2P s l5m 24* 

Hence the ratio is 25 : 24. 


Ex. 23. Four equal uniform rods , AB, BC, CD, DE are freely 
jointed at B, C, D and lie on a smooth table in the form of a 
square. The rod AB is struck by a blow at A at right angles to AB 
from inside of the square. Show that the initial velocity of A 


is 79 tines that cf E, 

Let AB, BC, CD, DE be 
ti e rods jointed freely, so as 
to form a square. An impulse 
equal to I has been applied at 
A from inside. 

Since the blow applied is 
perp. to AB, the impulsive 
actions at B, C. D which are 
jointed freely will also be in the 
same directions. 

Let the linear velocity of 
the rod AB be u, and angular 
velocity w x . 


(Agra 1953, Punjab 55, Delhi 58) 



Then the velocity of the C. G. of BC is the same as that of B 
=velocity of velocity relative to G x 

= i/,— ato x . 

BC and DA have no angular velocities, because the impulsive 
reactions are along these rods themselves. 

Let the angular velocity of CD be w t as shown. 

Since the velocity of C is equal to that of B, i. e. 

Wj flco,=velocity of C=velocity of G 3 -{-velocity of C rela. to G 9 

=velocity of G x +au) U 
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• • 


or 


i.e. 


or 


...(0 

..( 2 ) 

••(3) 

..(4) 

..(5) 

..( 6 ) 


the velocity of G 3 the C G. of CD=u 
Velocity of D = velocity of G 3 + velocity relative to G 3 

= U — Qoj^ — Ocoo — OOJ2 
= U — Qco^ — 2^7 co g. 

And the velocity of G, the C. G. of£is the same as that 
of D, 

*• u—a ajj — 2atu 2 . 

Hence, we have 

For rod AB, mu x = I-X x . 

Moments equation about G x is 

bmau> x =I+X x . 

For rod BC, X x -X 2 =m (u x -aa> x ). 

For rod DE , X 3 =m (u—au) x — 2aut z ). 

For rod CD, X 2 —X 3 =m (u-au> x -au> 2 ), 

X 2 ~t~ X 3 — $niQ(j> 2 . 

From (4), (5) and (6), we have 

X 3 — tn (U x — Qoj x — Ooj 2 ) — tHQa >2 

= X 2 -X a -3{X 2 + X 3 ) 

5X 3 =-2X 2 . 

Similarly from (3\ (5) and (6), 

X 3 — X 3 =m (u—acu x )—mau) 2 

= X x X 2 3 (X 2 -\-X 3 ), 

5X t +2X 3 = X x 
or in virtue of (7) 

X x = 2X 3 - V X 3 = - VA'a 

Putting for u x and w x from (1), (2) in (3), we have 

I—X x —3 ([+X x )=X x —X x 

21 = X 2 —5X x , 

2I = X 2 +WX 3 
=-$x 3 +ip X 3 
= 50X 3 . 

Hence we have from (7), (9) and (11), 

X x _X 2 _X 3 _ I 
21 5 - 2 ~ — 50 * 


...(7) 


...( 8 ) 

...(9) 


...( 10 ) 


...( 11 ) 


Velocity of A velocity o f G x +velocity relative to G t 
Velocity of £ = velocity of G x 

_ u l -\-aw 1 — I—X x - f-3 ( I +X x ) 4/+2X x 

u-aoj x —2aw t X 3 ~ x 3 
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or 


have 


Putting the proportional values of /, X lt X at we have 

velocity of A 20 04-42_^^ 
velocity of E —2 

Aliter. Taking moments about C for CD and DE , we get 

Q~to 2 - 

(w 1 —2a-f (w A — aoj i — acu 2 ) a — — = 0 

9^^1—9060^-}“ 16flwj. •••(A) 

Similarly taking moments about A for all the four rods, we 


CO 

(r/j—tfojj — 6 cu 2 ) —^ a +(Wi— aw x ) 2a-fUja— — *=0 




or \2u x = \0aoj 1 + 2aio 2 

Or 6u 1 = 5(2uj^-hCla}2‘ 

Solving (A') and (B'), we have 

Qoj^ Qcx)2 
'ST—=9 — 71- 

u l -\-oo) l 71 +87 




Hence 


___ 121 = 79 . 

u 1 — aco l — laio i 71—87-f-18 2 


Hence as before. 


Ex. 24. Two equal uniform rods AB , BC, hinged together 
at B, fall vertically as one straight rod AC without rotation and 
inclined at an angle a with the vertical. The lower end comes in 
contact with a rough horizontal floor when the common velocity of 
the rod is V. Assuming that A remains at rest just after striking 
the floor, and that the hinge is perpendicular to the vertical plane 
containing the rods , to find the motion after the impulse. 

Let the velocity of G x 
the centre of mass of BC 
be u just after the blow, 
which is perpendicular to 
BC. Also let tu, u> 1 denote 
the angular velocities of the 
rods AB, BC respectively 
just after the impulse. Clear¬ 
ly the velocity of G is aw 
perpendicular to AB. 

The change in the moment of momentum ab »ut A is equal 
to the moment of the impulse. Hence tnc ai.i'crence in the 
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moment of momentum of the two rods about A is equal to the 

sum of the moments [about A of all the impulses on all the 
particles, which reduces to the moment of the external impulses; 
since the reactions between the particles will disappear from the 
sum. But the only external impulse is the reaction of the floor 
which has no moment about A. 


Hence there is no change in the moment of momentum 
The moment of momentum of the two rods about A before 
impufse was clearly 2m . 2aV sin o. After the impulse the moment 

of momentum of AB about A is m o> or \ma 2 oj, and 

the moment of momentum of the rod BC is 3/mru-f \ma 2 w l . 

Hence equating the sum of the moments of momentum 
before and after the impulse, 

AttiaV sin a=|wa ? cy-f 3mau + w i 

or \2V sin « = 9M-facu 1 -f 4aco. ...(1) 

Since the impulse on the rod BC is acting at B, hence the 
moment of momentum of this rod about B is constant i.e. 


ma 


i.e. 


maV sin <x.=mau-j- ^ 
2>V sin a=3w-f aoj.. 


' ••( 2 ) 


Since B is attached to each rod, hence 
the vel. of B due to the rod AB= the vel. of B due to the rod BC, 


i»e. 2aoj = u—au» l . ..,(3) 

Hence eliminating w from (I) and (3), 

\2V sin x=2 (u —oco,)-f 

= 1 lu—au) t . ...( 4 ) 

Hence solving (2) and (4), we have 

M= i* ^ sin a, 

auj^—fty sin a, ...(6) 

Substituting the values of u and in (3), we have 

2aoj = t%y sin a 

or aw=-?iV since. ...(7) 


Let X and Y be the components of the impulse at A along 
AB and perpendicular to AB. They are equal to the total 
increase in the momentum of the two bodies in the same two 
directions. Thus 
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X=2mV cos a 

Y= — (mu -f- moat)-\-2mV sin a 
=— m [li — 2] V sin a. 



V sin a 


Examples 5 (a) 

A uniform rod of mass M and length 2a is lying on a smooth 
table and struck a blow P perp to its length at one extremity. 
Show that the velocity with which the two ends of thq rod 


begin to move are 


4 P 
M * 


2 P 


[Hint. Proceed as in solved Ex. 1.] 

A uniform rod moving perpendiculary to its length with 
out rotation receives a blow in the same direction at one 
end which doubles the velocity of its centre. Prove that its 
kinetic energy is increased in the ratio 7 : 1. 

Two uniform rods of the same material and cross-section, 
but of lengths a and b are jointed together by a smooth 
hinge and laid out in a straight .line. An impulse Pat right 
angles to them is applied at the hinge. If m be the mass of 
both the rods together, prove that the hinge takes up a 
velocity 4 P,m 

Two equal uniform rods AB, BC each of mass M, smoothy 
jointed together at B , lie at rest on a smooth horizontal 
table, angle ABC being a right angle Prove that if a blow 
of impulse P be applied at B in any horizontal direction, 

4 p 

the point B will begin to move with a velocity in the 
direction of the blow. 




Three equal rods AB, BC, CD each of mass M are jointed 
together and rest on a smooth table in a straight line. If 
a horizontal impulse J is applied at A perp. to AB, prove that 


then the initial speed 


of the point D is 


2 J 

15AT 


(Punjab 1953) 


[Hint. Proceed as in Ex. 16 P. 364]. 

AB, BC are two equal uniform rods smoothly jointed at B 
and lying on a smooth horizontal table; the angle ABC is a 
right angle An impulse is applied at A in the direction 
AD where D is the mid point of BC. Show that the initial 
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angular velocity of the rod BC is two-thirds that of AB. 

A rectangular plate A BCD of mass M has the corner A fixed. 
An impulse / is applied at the opposite corner C at right 
angles to the plate. Show that the plate begins to rotate 
about a line parallel to BD and that the K. II. developed is 
121*17 M (Delhi 1957) 

Four like uniform rods, each of mass m are smoothly join¬ 
ted forming a square. An impulse is applied at the end 
of one of the rods so that the end begins to move with 
velocity V in the direction of the rod. Show that the kinetic 


energy of the 


. 4 m V- 
raotion is —— 


(Punjab 1954) 


A rod BC of length a and mass m is rigidly connected at 
right angles at its mid point A to a rod AD of length 2 a and 
mass 2A/. If the body is at rest on a smooth horizontal 
table and be struck by a blow / at D, in the direction BC. 
Prove that the K E. generated in the body is 27/ s /A/ 

A uniform rod, AB, of length 2a, hai gs vertically from the 
end A which can slide in a smooth horizontal groove. 
If the end be projected with a velocity u along the groove, 
show that the mid point of the beam will move with a 

k 2 u 

velocity whose horizontal component is — a — Pi , where k 

denotes the radius of gyration of the beam about its mid 
point. Find the equation which determines the angular 
velocity of the beam at any time. 

[Hint. If we put k 2 =a*l3, the initial angular velocity 

is - \ If oj is the angular velocity when the rod is inclined 

at 0 to the vertical, then the the velocity of the centre of mass 
is auj sin 0, and the horizontal component is constant. The 
energy equation is 

ima 9 ( oj 2 — -, 9 o r/a*)-fimflV sin* Q = —mga (1 —cos 0). 


5*3. Woik done by an impulse. 

A body, whose mass is M, is acted upon at a given point P 
by a blow of impulse /. // V and V be the velocities of P in the 

direction of l just before and just after the blow, show that the 
change in kinetic energy is U (VV’) 

(Jaipur 1955, Luck. 1956, Agra 1961) 
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u 


i* v xt 

...d) 

...( 2 ) 

...( 3 ) 


Take rectangular axes through G, 
such that the axis of x is parallel to the 
direction of /. Let the blow be applied 
at the point P whose coordinates rela¬ 
tive to G are (x, y). Also let the 
velocities of G be (u, v) parallel to the 
axis of x and y respectively and D be 
the angular velocity just before the blow is applied. Also 

be the corresponding velocities just after the impulse, 
lienee the equations of motion are 

M (u x - u)=I t 
M (v, —v) = 0. 

Mk* (Oj — f?) = — Iy. 

Hence the change in the kinetic energy is 
= \ M [{u* + v,* + k*Q*} - ( W »+va + 

= *M w^ + fvj 2 —v 2 ) + A:* (/V—G*)] 

==u/ [(Uj-u) (ir x +**)+** ( 0 & + 0 )] 

= i M («, + «)--t y (l},+0)J 

— if r«i + u — j’Qj — 

Now 

y= vel. of P=the velocity of G parallel to <7*+the velocity of P 

_,, 0 . relative to G 

= u—SJ sin GPx 

=u—yCl. 

Similarly — y O t . 

Hence the change in the kinetic energy 

= §/(K'+F). 

Corollary: —Kinetic energy of the relative motion 
= f(w'—w) 2 +(v'_ v) a +** (Q 1 — 

= tA/ f(n # — (tfj— 


V = F, 


- [»+&] 


= i/ [Wi —u—Qjy-f-O) ] 

= A7 [i/j— v—(w— >-&)] i n virtue of (1) and (3) 

= a/(F'-F). 
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5.3. Problem of Impact in a Generalised Form. 

Suppose two bodies impinge on each other. Discuss the sub¬ 
sequent motion 


Let G t G x be the centres of 
gravity of the two bodies which 
are in contact at the point P. 

Suppose u 0 , v 0 be the 
velocities parallel to the tangent 
and normal at P of the mass Af 
just before the impact, and (u, v) 
be the corresponding velocities 
just after impact. Let oj 0 be 
angular velocity before impact and 
just after impact. 

Similarly let (£/„, 
velocities for the 



w the corresponding velocity 


y o D 0 ) and (U t V, Q) be the corresponding 
body whose mass is Af. 


Let R and F be the normal reaction and friction at P. Hence 
the equations of motion are. 

M {u—u 0 ) = — F, ... ( i) ) 

w /,2 r ...(2) [■ (for the mass Af) 

Mk (<o-co 0 )=Rx-i Fy t .. .( 3 ) J 

where (x, y) are the coordinates of G referred to the tangent and 
noimal at P as axes, k is the radius of gyration. 

M x (U-U 0 )=F. ...( 4 ) 

Af { v- v o)=- Rt .J 5 > 

M x k* Fy'-Rx\ ...(6)1 

where (*', y') are the coordinates of G, and k' is the radius of 
gyration of A 


(for the mass AF) 


u-yw is the tangential velocity of the point P for the body 

Af and U+y'Q that for the body Af x . Hence the relative velocity 
of sliding is 


[u—yco—(C/+y'Q)]==S say. ...(A) 

Substituting the values of u, U t Cl from (1), (3), (4), (6), in (A) 
we get 



Af 




- (il + Ff ' - \ 

} v 2u + Atjc'* J 
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(Wo J*»o> {U 0 +y'Q 0 ) F ( M +M ifc ‘*+ m&) 




iW 


VA/A* A/ 

=S 0 —a x F—b 1 R, 
where S 0 =(w 0 —ya> 0 )--(C/ 0 -j-y'Q 0 )== initial sliding velocity. "} 


Mk\ 
...(7) 
...( 8 ) 


1.1 . y 9 . v'* 


«i=i+£r+ 


+ 


M M x Mk * * A^/c'** 


b =-^ - 

JL/M 






. 

I 


• • 


( 9 ) 


A/** MJ? 1 * j 

Similarly, the normal velocity /. e. relative velocity of 
compression 

= the normal velocity of the mass M —normal velocity of mass Af x 
= V+ xQ-(v+x<v)=C say ...(10) 

Similarly, we have 

C=C 0 -fc 1 F-cr 2 /?, ...(H) 

where C 0 = F 0 -f *'Q 0 —(v 0 +xo) 0 ) the initial velocity of compression 




I . 1 - 2 ~' 2 


jr* jr 

+ —— + 

/ 1 i/i-2 1 


8 A/ ’ A/' * A/A' 2 ’ M x k ,% 
a 1 a i > £ A *. 


...( 12 ) 


There arise three cases. 


Case I. Smooth and inelastic. 

Here F=0, because the bodies are smooth ; hence we have 

w=w 0 , U=U 0 . 

Since the bodies are inelastic, hence the bodies do not 
regain their shapes after impinging on one another. Also there 
is no normal force after impact and the impact terminates after 
the greatest compression. Here the normal velocity at the point 
P is zero, 

i.e. C= V + x’Q — v— xcu =0 i. e. C= 0. 


Case II. Smooth elastic. 

Here again F= 0, which divides the motion in two parts 
such that one is during compression and the other during 
restitution. Velocity after greatest compression is zero. 

If we put F= 0 in (11), where C=0, we get R=CJa a which 
gives the normal reaction during compression. Hence the total 

normal reaction is R (1 +e) i. e. (1 + e) -°. 

a t * 

Hence the substitution for R gives the velocities. 
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Case III. Perfectly rough and inelastic. 

Here £=0, C= 0. Hence we get F and R from the equations 
(8) and (11) and then the velocities also. 

5*4. Loss of Energy. Following the same method as in 8 5 2 
we have " * 

Gain in K. Energy is 
\M f(w 2 —w 0 2 )-f-(v 2 —v 0 2 ) + A: 2 («,*— Wo *)] 

+ W [(£/ 2 -C/ 0 2 )-F(F 2 - V*) + k* (Q*-l? 0 *)] 
— l(u-u 0 ) (u+w 0 ) + (v-v 0 ) (v+v 0 ) + fc* (to—w 0 )] 

W—{U+UJ+iV-V.) ( v+v 0 ) + k ' 2 (P-D 0 ) (H-f-f?o)] 

= [2 (u—u 0 ) u 0 +{u-u 0 )* + 2 (v—v 0 ) v 0 -f(y—v 0 ) 2 

+ 2^ a (o> — O. 0 ) a> 0 -j-k 2 (to — co 0 ) 2 J 

+ \M' [2U 0 (U—U 0 )-f five similar expressions).. .(2) 

= i [-2u 0 F+£+2v 0 R+g+2„ 0 (R x +Fy)+<*L+W J 

+ i [ 2U 0 F + ^.-2 K R + «‘-, + 2n 0 (F/_ rj 

in virtue of (1) to (6). ...( 3 ) 

Hence 


-F(» 0 -^ 0 -U,-yfl 1 ) + « ( Vo+Ara , o _ (/-x'_Q 0 ) 

+ * [ F2 (M + rt'+Mk‘ + m 2 ) +R * (sr+^'+A/^+^I-O 

= -FS„-RC,+i (a^+l^FR + R’a,) ... (4) 


2 ™ GX 


in virtue of (9) and ( -2). 
Multiplying (8) and (11) of the last article by Fand R respec¬ 
tively and adding we obtain 

a.F 2 ^b^R+a^^F (S 0 -^S)-^R ( C Q -C ). 

Hence (4), becomes 


= -FS 0 -FC 0 -H_F(.S' 0 -.S) + AF (C 0 -C) 

= -h ( S 0 +S ) F-AF (C 0 4-C) 
which is of negative sign; hence loss of energy is 

*F(S+S 0 ) + AF(C-fC 0 ). 

Fand R are the total tangential and normal forces which have 
been called into play, (5 1 ,,, C 0 ) are the tangential and normal 
relative velocities of the point of contact just before the impact 
and S , C the corresponding values just after the impact. 

Hence the expression (4) represents the loss of energy in 
terms of forces and velocities. 
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Ex. 1. A light rod ABC has three particles each of mass m 
attached to it at A, B, C . The rod is struck by a blow P at right 
angles to it at a point distant from A equal to BC . Prove that 
the K. E. set up is 

1 P 2 a 9 -ah 4 b 2 

2 m tf+ab+b*' 

where AB—a , BC=b. (Agra 1955) 

Let the three particles each of mass m be placed at A f B, C of 




iO 


O 


© 





UL 


B 


a light rod ABC: and the impulse P be applied at O such that 
AO= BC= b, where AB=a , BC=b. 

Suppose u is the velocity of C and <o be the angular velocity 
of the rod just after the blow. 

Then the velocity of B is u-\-b<v , and that of A is u-\-(a-\-b) to; 
and that of the point O at which the impulse is applied is U+aut. 
Since the system was at rest initially, hence the velocity of O just 
before the impulse is zero. 

Now resolving at right angles to the rod and equating the 
total momentum to the impulse, we have 

( u-\-bw)+tn {u-\-{&+b) oj} = P 


i. e. 


i. e. 


or 


or 


3u+to (a-\-1b)=- —. 

m 

Also taking moments about O , 

{i/-h(a-f6) w} b—m («-}-6<o) {a—b) — mua= 0 

u (a — b) = b'aj 

U _ co _ 3u-\~(a+2b) CO 

b z a — b 3b~ (a 2b) (a—b) 

= _ Pirn _ 

b*A-ab+b* 
b 2 P 

U ~~ Jb--tab-\-b* m * 

_ a — b P 

<u —m 

Hence the velocity of the point O 

'P 1 

u + a«,- m -fr+p^ab 


...( 1 ) 


[b z + a {a -b)] 
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or + b z —ab P 


a s +b*-\-ab 'm' 

We know that the kinetic energy set up 

— \P. (velocity of the point O) 
P z a 2 +b 2 -ab 
* m af-\-b 2 -\-ab 

or we can find kinetic energy directly as 

K. E. = \m [{«+{a+£) <*}*+( «-f6w) 2 +- u 2 ) 

= 1 P*r a 4 aW+b* 1 

2/ft [_ (a 2 +ab+b 2 ) 2 {a^+ab + b 1 ) 2 ]' 


since 

and 


a 2 p 

w-^-(n-|-fe) cy= 2 — - - j -J 

' (P+ab+fr m 

. , ab P 

u+b<o= o ,, —r. — 
a--\-b~-\- ab m 

2/;i L ( a'+b*+abp J 

1 P 2 a=+6 2 -a6 


2 m a 2 + £r + * 


Ex. 2. rod which has a motion of translation and rotation 
in the same plane is struck by a ball whose centre of mass is also 
moving in the same plane. To find the subsequent motion, the 
impulse , and to show that there is no change of kinetic energy, 
assuming that e = l, and that the bodies are s nooth. 


Let u 0 , w 0 be the velocity and angular 
velocity of the rod and v 0 that of the ball 
before impact; and let u, oj , and v be the 
corresponding velocities in the same 
directions just after the impact. The 
component velocities perpendicular to the 
impulse remain unaltered. 

Suppose I is the impulse applied at 
the point P . The impulse on the ball is 
in the opposite direction. Let M, m be 
the masses of the rod and ball respectively 
and GP—b. 

Equations of motion for the rod are 

M (u u 0 ) = /, 

Mk 2 ( oj — tu 0 ) — bf. 
m (v— v 0 ) = — / 



...(I) 

...( 3 ) 


For the ball, 
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The velocity of approach of P the point of contact of the rod 
and ball before impact which is perp. to the rod is v 0 — (w 0 -f bu> 0 ) 
and the velocity of separation after impact is (w-f ben —v). Hence 
we have 

velocity of separation=e. velocity of approach 
or u + bco — v=e {v 0 —(u 0 -f bw 0 )}. ...(4) 

But here e=J; hence 

u-+-bcu — v = v 0 — u 0 — bco 0 . 

or (w-f u 0 ) + b (a> + a> 0 )— (v+v„) = 0. ...(5) 

Hence multiplying (5) by I, w'e have 

/ (-#- u 0 )-\-bI (co-b^o)— 1 (v + v 0 )s*0. ...(6) 

Substituting for /, lb , and — I from (1), (2), (3) respectively 
in (6), wc have 

A/(n 2 — 1 / 0 8 ) + A/ k 2 (to 2 —a> 0 Z )+m (v*-v 0 *)=0 
or A [M v 2 -fmv* -f- M k 2 w z ] = \ [A/i/ 0 2 -f-mv 0 *4- Mk*tv 0 *]. 

Since the velocities perp. to the rod remain unaltered ; it 
follows that the total kinetic energy of the two bodies after impulse 
does not change. 

Substituting the values of u, v, co in (5), we have 

/? +2l '" + Mk ' 4 ' 2 *“ o +^ - 2 >’„=0 


or 

or 


{( 1 + K) lt + 'n} =2 < u °+ 6oJ °- 

, 2 (u 0 + bio o—r 0 ) 



If e is not equal to 1, we have instead of (4), 

^ {^o-K-f 6to ft )} = (u-f but)— v. 

and /= 

Change in kinetic energy = hi ( V-\- V) 

= U [Vo — (u 0 +ba, 0 )]~c rv 0 — (m 0 +6o> 0 )] 

= hl (1— e) [v 0 —(// 0 4-Z>cu 0 )] 

= -A (1-e 2 ) (w 0 + 6a> 0 -v 0 )* {(l+^)ir + m} 

which is a negative quantity since e < 1. 

Hence it is a loss in kinetic energy. 

Ex. 3. A uniform rod, of mass M and hngth 2a, lies on a 
smooth horizontal table. A particle of mass m moving with a 
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velocity V perpendicular to the rod , hits one end of the rod . 
Prove that the impulse between the particle and the rod is 

Mm (1-\-e) V 
(M+4m) 

where e is the coefficient of elasticity. 


It is a particular case of Ex. 2. The 
particle of mass m moving with a 
velocity V impinges on the end A of 
the rod which is at rest lying on the 
table. 

Let oj be the angular velocity of 
the rod after impact. Let u be the 
velocity of the rod after impact and v 
that of the mass. Let M, m be the 
masses of the rod and the particle res¬ 
pectively. Hence the equations for the 
change in motion for the rod 

Mu—P t 
Mk}<jr=ap . 

and for the particle, 

m (v — V) = — p t 

vel. of separation = —e (vel. of approach in the same direction,, 

'• p * v—(u-\-auj)=—eV 

or (u+aoj) — v=eV. 

Substituting for u, a>, v from (1), (2), (3), j n (4)we have 



...(3) 


P a* P P 

M + k*M+m - y==eV 


or 

or 




P= 


Y(l+e) 
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Now in the case of the rod, £*= —; 


hence 


P= 


V (\+e) 


MmV (l+e) 


Energy \mpar\ed = \P.[V+{—eV)] = \PV ( 1 — e) 

y* (1 — e* ) Mm 
{4m+M) * 


= i 


Ex. 4. A thin board of mass M lies on a horizontal plane 
and a particle of mass m moving with velocity v on the table 
strikes the edge of the board normally. Prove that the impulsive 
reaction is equal to 

[(I+e) (/+£*), 

where e is the coefficient of restitution, k is the radius of gyration 
of the board about its centre of gravity G and c the distance of G 
from the line of motion of the particle . Also find the velocities of 
the point of the board struck and of the particle after impact , and 
deduce, or prove in any way , that the fraction 

>'-•> ['+?,«) 

of the kinetic energy is lost by impact. 


[Hint. Proceed as in question (3) page 387. Considering the 
board as a rod and putting a = c, we get the first result. Since 
we have found that there is a loss of kinetic energy in the impact 
which is equal to \l. velocity of the point of contact 

= U (v—ev) = h/v (\—e) 

l+£(>+£)]• 

The initial kinetic energy is imv*; hence the result follows]. 

Ex. 5. A rod, of length 2a, is held in a position inclined at 
an angle a to the vertical, and is then let fall on to a smooth inelastic 
horizontal plane. Show that the end which hits the plane will leave 
it immediately after the impact if the height through which the 
rod falls is greater than 

iV® sec x cosec 2 a (1 4-J sin* x)*. 
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Let u and (o be the vertical and 
angular velocity just after the 
impact of the rod with the smooth 
plane and V be the velocity before 

impact. 

The end which hits the plane 

is B. Also let R be the impulse 

due to the reaction of the plane. Since the plane is smooth, 

hence there is no horizontal force; therefore the centie desends 

vertically, and the rod rotates also. 

Now the equations of motion are 

m ( V- U ) = R, .. ( 1 ) 

ntk 2 a>= Ra sin a. . . .(2) 

Since the end;/? does not rise off the plane after impact (plane 

ewg inelastic), hence the vertical velocity of this end becomes 

zero /. e. 

vertical velocity of /?=velocity of G -\~velocity of B re), to G 

= u—acu sin a .. .(3) 

= 0, /'. e. oj = ula sin a. 

Eliminating R from (1) and (2), we have 

a sin a 




3 V sin a 

~o\ T+3 sin 2 a)* 
Suppose now the end to re¬ 
gain in contact with the plane and 
moving about B\ and let R' be 
uormal reaction when the rod is in¬ 
clined at an angle 0 to the vertical. 

Hence the co-ordinates of 
C. G. w. r. t. B are 



(a sin 0, a cos 0). 
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Now the motion being under the finite forces, hence the 
equations of motion are 

d 2 


m ( a cos d ) = R'—mg, 


m y 0~R'.a sin 9. 


...(D 

...(H) 


Eliminating /?', we have 


1 


-sin e y —cos 6 -r±- i)-Z 

sin 9 v a 


or 


6/' (1 + 3 sin 2 0)+3 sin 9 cos 9 q 2 = * 8 - sin 9. 

a ’ 


...(HD 


Eliminating \j between (II) and (III), we have 
3R ’ s * n 0 (1 + 3 sin 2 $) + 3ma sin 9 cos 9 Q 2 = 3mg sin 9 . 
Initially, when 0 = oc, (j = cu, R'=R, 
then R sin a (I -f-3 sin 2 a )=mg sin <x —/nacu* sin a cos a. 

The rod will leave the plane immediately if R' changes its 
sign, i.e. if R' i s negative when 9 = a, and if q is negative. 


i.e. 


i.e. 


3 sin 9 cos 6 e 2 =- g sin 9—y (1 -f- 3 sin 1 9) 


3 sin a cos a.to 2 


3g • 

— sin a 
a 


i.e. 


CO 


Hence from (5), we have 

9V* sin 2 a 


(V i) is negative when 9=a) 

g 

a cos a* 


g 


a cos a 


or 


a 2 (1 +3 sin 2 a) 2 "" 
t /2 ^ g° (1 + 3 sin 2 a) g 

V 9Tin 2 aTcos a =9 SCC a COSec a < l + 3 sin * a > S -**( IV > 


Before impact the work done is \mV i =mgh, 
ie ‘ ±V*=gh or V 2 —2gh, 

i.e. from (IV) 2 g/i > | sec a cosec 2 a (1 + 3 sin 2 a) 2 

or ,l > iV sec a cosec 2 a (1 + 3 sin 2 a) 2 , 

where h is height through which the rod has fallen before impact. 

Ex. 6. A uniform square lamina A BCD. of mass m and side 
2a. is moving in its own plane. At a given instant the corner A is 

moving in the direction AB with velocity u and the angular volocity 
is uja in the sense DC BA. 
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Prove that the impulse P of the blow necessary to bring the 
lamina instantaneously to rest is -muy/5, and find its direction 
and the point at which its line of action cuts BC. 

Let U y V be the initial linear j) 
component velocities of the 
centre of mass. 

Velocities of A = u= velocity of G 
-^-velocity of A relative to G in the 

direction of AB 
r r u 

t. e. u—U — .a 

a 

or U=2u. 

Velocity of A in the direction 
perp. to AB 

[velocity of G -[-velocity relative to G] 

= F+%=0. 

i.e. v=—u. 



Let P be the impulse applied at Q where QR=h and it 
an angle 9 with the horizon. 

Hence the equations of motion are 

P cos 9 = 2mu, 

P sin 6 = —mu, 

mk 2 .^——P ( a sin 0—b cos 9), 


makes 


...d) 

...( 2 ) 

...( 3 ) 


but k 2 = 


2 a 1 
3 



Hence from (1) and (2), we have 

tan 0= — i. 


e. 6 is negative. 


Substituting this value of 0 in any of the equations, we have 

mu _ —m.u 

P=— - a - Ti~re— mu V 3 

sin 9 —l/v/5 v 

and eliminating u between (1) and (3), we have 

d / • ,, » 2 a 2 1 P cos 9 

P ( a sin U—b cos 9) = —m 


3 a 
aP cos 9 


2m 


or 


a tan 9—h = 
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or 



i. e. 



Hence the blow is actually applied thus as given under. 



Ex. 7. A uniform inelastic rod falls without rotation , being 
inclined at any angle to the horizon and hits a smooth fixed peg 
at a distance from its upper end equal to one-third of its length. 
Show that the lower end begins to descend vertically. 

Let the peg be placed at C, where 

ac=iab=. 2 ~, 

where AB — 2a. 

Let 6 be the inclination of the rod 
to the horizon, while falling and R be 
the impulsive reaction at the peg C. Let u be the velocity of the 
centre of mass before imfact, since it is falling without rotation. 

Suppose (u lt Vj) be the velocities just after the blow, while w l 
is the angular velocity after the impact. 

Hence equations of motion are 

m {v 1 — u) = — R cos 0. ...(1) 

mu x =R sin 0. ...(2) 

and moment about G , 

2 

m ~ t o x =R.GC 



Since the point C does not rise from the peg, hence the 
velocity of C perp. to the rod is zero. 

Normal velocity of the point of contact C after impact 



= v x sin 0 — u l cos 0-f 
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Lower end will begin to descend vertically if its horizontal 
velocity is zero. 

Horizontal velocity of B = horizontal velocity of G -f- horizontal 
velocity relative to G=-u l -\-aoj l sin 6. 

Substituting from (2) and (3), we have 

—aw L sin 6+a oj 1 sin 0 = 0 

Vertical velocity of Z?=vertical velocity of G + vertical velocity 
of B velocity to G, 

= cos 0. 

R cos 0 r . . _ /14 , 

=aoj x cos 0-\-u -[in virtue of (1)] 

=ao3 V cos 0 + u—aw l cos 6 [in virtue of (3)] 

= u. 

i.e. the vertical velocity of the point B is the same as before 
striking and it is not zero; hence it decends vertically. 

Ex. 8. A light string is wound round the circumference of a 
uniform reel of radius a and radius of gyration k about its axis. 
The free end of the string is tied to a fixed point, the reel is lifted 
up and let fall, so that, at the moment when the string becomes 
taut, the velocity of the centre of the reel is u and the string is ver¬ 
tical. Find the change in the motion and show that the impulsive 
tension is muk 2 \(a‘ l +k' i ). 


Let u be the velocity of the centre of 
the reel before the jerk, and u x that after 
the jerk; also let <u be the angular velocity 
after impulsive tension T (y there will 
be jerk in the string when it becomes 
tight). 

Hence the motion is given by 

m(u x -u)=-T ...( 1 ) 

and rrk l <o=Ta. ...(2) 


7 A 



i.e . 


The velocity of B when the string becomes tight is 

— fley — 0, 

Ta 2 

Wl = _ from (2). 


Hence from (1) we have 
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To 2 T 

,, = »! = «- 

mk* 1 m 


ie+o- 




wwA : 8 

or r= a »+**- 

Ex. 9. Two equal rods AB, BC freely jointed at B rest on 
a smooth horizontal tablet AB receives a blow at its middle point, 
the direction of the blow being parallel to the bisector of the 
angle ABC . Prove that the rods begin to move as a rigid body . 

Let AB, BC each of length . 

2a be jointed smoothly at B form v yi/jP C 

an angle ABC=26. An im- I I — / 

pulse / is applied at G x parallel ' I 7S 

to BP the bisector of /_ABC. is\ | * y' ^ 

let (A', K) be the components „ \ \| / 

of the impulsive reaction at ^ I fox ^ 

Also (u lt v,, wj be the \ e / 2 

components of velocities and V-- P/ 

angular velocities of AB, \ / 

just after impulse and (« a , v 2 , «,_ , 

o> a ) those of the rod BC. * X 

Hence the equations of 
motion for the rod AB are y 

mu x = I—Y, ...(I) 

m y x = X 9 ...(2) 

a 2 

m y = —(Xa cos 0-f Ya sin 0) ...(3) 




Similarly for the rod BC, 

mu 2 =Y, 
m v 2 = X, 


...( 1 ) 

...( 2 ) 

i *) ...(3) 

(taking moments about G x ). 

...(4) 

...(5) 


m y c o 2 =a (X cos Q—Y sin 6) .. .(6) 

(taking moments about G t ). 

Since the rods are smoothiy jointed at B, hence 
the velocity of B referred to AB= the velocity of B referred to BC. 
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i. e. Horizontal velocity of (/^horizontal velocity of B relative to G t 
^horizontal velocity of G 2 + horizontal velocity of B relative to G 2 
*• e - ooj 1 cos 9— v 1 = v 2 +aci; 8 cos 0. ...(7) 

Similarly, 

vertical velocity of (?,-+ vertical velocity of B relative to G t 

= verticai velocity of G t -{-vertical velocity of B relative to G x 

*• u l -\-aoj l sin 0 = «,— aiu 2 sin 0. .. .(8) 

Substituting the values of u 19 u 2t <o lt co 2 in first equition 
(8), we have 

I—Y—3X sin 6 cos 0 — 3Y sin 2 d=Y— 3X sin 0 cos d+3Y sin 2 0 
or I=2Y+ 6Y sin 2 0=2Y (1 +3 sin 2 0). .. .(9) 

Similarly substituting for v lt v 2 , « lf a> 2 in (7), we ha/e 

— X-3X cos 2 0— 3Y sin 0 cos 0=^+3* cos 2 6-3Y sin 0 cos 0 
*• e > X~ — X; hence X=0, 

which gives Vi = V s =0, cu^ = u >2 .. .(10) 

/=m( Wl +u 2 ), ^i^i±i^ ) = _ 2 rsin 0, ...(11) 


and 


...( 12 ) 

...(13) 


If the two rods move like a rigid body, let G be the common 

C. G. and (£/, I') be the velocity components ofGand-Q the 
angular velocity. 

Hence the equations are 

2 mV=I % 

2wC/=0. 

Taking moments about G, 

2m G + sin2 *) sin 0 

l.e. 2ma (1 + 3 sin 2 0) Q = -3/ sin 0. 

Hence 2K=(u i -fu 2 ) in virtue of (11) and (12). 

And also from the second of (II) and (9), we have 

a 


..(14) 


m 


: <«,+««,)«- l?. _ 

3 (i + 3 sin- 0) 


or 


ma (1+3 sin 2 0) ( Wl + Wa ) = -3 / sin 0. 
Hence from (14) and (15), we deduce that 

<u i + °/i = 2^?. 

But oj 1 ~qj 2 , hence o>, ~<u 2 =Q. 

Hence the rods begin to move as if a ricid bodv 


....(15) 
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Ex. 10. A lamina in the form of an equilateral triangle ABC 
lies on a smooth horizontal plane and is given a blow at A in the 
direction parallel to BC such that the point A begins to move with 
velocity V. Find the point about which the lamina begins to turn 
and the velocities of the points B and C. 


Suppose P is the impulse applied at 
A such that A begins to move with a 
velocity V. Let AB=BC=CA = a as the 
triangle is equilateral. 

Let (u, v) be the components of 
velocities of G and to the angular velocity 
of G; clearly the triangle rotates about G 
due to symmetry. 

Hence the equations of motion are 

mu - P, ... (1) 

mv = 0, .. .(2) 



ma 2 

12 



a _ 

P, since 

V 3 



i. e. 


maoj 


4\/3 


: = P. 


a 

Velocity of A after impact is OJ — 

Substituting for u, a> in (4), wc have 


v=l+*r- 5 -? 

m m m 


• • 






V 4\/3K 

Hence tf — ^ and ao>= V. 

Horizontal velocity of B is 

= horizontal velocity of G -f horizontal velocity of B 

relative to G 

aco . aoj _V 2F_ V 

-u sin 30 -u 2 ^ 3 55 ^ . 


Caw ^ _ 

Similarly vertical velocity of 5 = 0+—. .cos:>0 

V ' ^ 


Qoj 

2 


2V3F 

b 
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Resultant velocity of B= J 


-V( 


13L 2 \_ Vy/(\3) 
25 ) 5 


Similarly for C, 

Horizontal velocity of C=u — 2 ^ 2 = —as before, vertical 

velocity of C=0-f = • 

Hence both C and B have got the same velocity. 

Ex. 11. A square plate of side 2a is falling with velocity V, 
a diagonal being vertical. When an elastic string attached to the 
mid. point of an upper edge becomes tight in a vertical position, 
show that the impulsive tension of the string is $MU where M is 
the mass of the plate. Find the loss of K. E. and verify by $ 5'2. 

(Nagpur 1954) 


Let ( u, v) be the components 
of the centre of mass and to the 
angular velocity just after the 
jerk when the string becomes tight 
and vertical. 

Let T be the impulsive tension. 
Then the equations of motion are 
m (u—U)= — T -(1) 



D 


U being the velocity before the string becomes tight. 
Taking moments about G 

Ta 


mk 2 io = T a cos 45°= 


or 


2 a 

m—oj 


T 

vr 


V2 


since k-— 


2 a 2 


3 

...( 2 ) 

...(3) 


mv — O, 

(since there is no force and there was no motion before jerk). 
Vertical velocity of £=vertical velocity ofC + vertical velocity 

of E relalative to G 

— u—aui cos 45° 

Qoj 

" =,<— V2 =0 ‘ 

(since the string becomes tight after the jerk). 
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Hence substituting for u and from (1) and (2) in (4), we get 

T 3 T 

m 4m 

IT 4 

'• * T =r‘ u • 

Substituting for Tin (1) and (2), we get 

33-v/2 
u=-U, aoj= Z. u. 


The loss of kinetic energy = Imf / 2 —yn ^u*+ 

= (1 —A—f.il) 

Also from $ 5 2, we have 

^.Px (F-f- F])=i.|./w£/.(f/— 0) = }mU* t which verifies the result. 

Ex. 12. /owr uniform rods , each of length 2a and mass m, are 
smoothly jointed together and lie in the form of a square on a 
smooth table. A horizontal blow of impulse / is applied at one 
corner in the direction of the diagonal there . Shew that the initial 

angular velocity of each rod is and the kinetic energy gene - 


5/ 2 

rated is , 

I6rn 


ABCD is a square formed of 
four equal rods jointed smoothly. 

An impulse / is applied horizon¬ 
tally at B Let the velocity of the 
centre be u, and each rod have an 

angular velocity u> just after the 
blow. Let 2 a be the length of each 
rod. 

Obviously the velocity of the 
middle points of the rods parallel 
to BD is u and au perp. to BD. 

Equations of motion; are 

4mu = I i. e. u = //4w. -..(1) 

Let u be the velocity of the point B. Then the velocity of G is 

( 2 a sin 6) = u, 

where 0 is the /_BAG after displacement. 

Hence u' + 2a cos 6 # = */. 
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But 0 = —w and 0=45°; hence u'=--u + 2aoj cos 45% the velo¬ 
city of B. 

Also -Am (w 2 +a 2 o> 2 +^^==change in K. E. 


= \I x velocity of B. 


i. e . 


= \I (u-f a-v/2w) 
4a 2 cu 


- (“ 2 + — 3— )- 4m = i 7 (H+av^w). 


Substituting for w in (3), we have 
/ 2 4fl 2 o > 2 


( 


16m 2 


+ 


” )^ m ~ l (^L +ay/i ") 


or 


1 6ma 2 w 2 


— Idy/2 u) 


• • 


.(3) 


or 


Qoj = 


3 ty/2 
16 m 


and the kinetic energy generated is 

V4 mAlm) 1 16m* 

Ex. 13. Three equal uniform rods AB, BC. CD each of mass 
m and length 2a, are at rest in a straight line being smoothly 
jointed at B and C. A blow I is given to the middle rod at a 

distance ^ from its centre G in a direction perp. to it; find the 


initial velocity of G and the initial angular velocities of the three 
rods and show that the resulting kinetic energy of the three rods 
is (if) I 2 \m. 

Let the three rods AB, 

BC, CD each of length 2a arc 
smoothly jointed and lying ^ 
in a straight line. An impuhc 


I 




• u>. 


B 


t ^ 

-SKq , 

A C 

fl 


k 


u) 


D 


/ is applied to BC at O at a distance \ from the centre of gravity 
of BC. 

Let u be the velocity of the centre of the rod BC and the 
angular velocity just after the impulse; let Ml and be the 
angular velocities of the rods AB, CD. 

The velocity of the point B from the rod £C=velocitv of ( 74 - 
velocity of B relative to G=u-at». ^ 

Hence the velocity of G t 

=velocity of B+ velocity of G x relative to B 
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Similarly velocity of 

= velocity of C+velocity of G 2 relative to C 
=velocity of G + velocity of C relative to G+velocity of G a 

relative to C 

= u-\-ao> — awm. 

For the rod AB take moments about B. 

Her.ce the anguiar momentum about B= 0. 

. a 2 

m (u — Qu) — oojj) a — m —- co, = u 

•s 

i 4 u — Oco — t^ OJ i = 0 . 

For the rod CD taking moments about C, we have 

ma 2 n 

m (w-f am — aw 2 ) a -— <o 2 =u 

or M-f- Qui—\a o> 2 =0. 

For all the three rods momentum about O is zero 

5 a ma* a Q% 

l, e. m (u—Oco — Qojy) j w i~^ mu 2~~ m 3 w 

3 a ma 2 __ 0 

—m {u+aot—ato 2 ) -^--F ^ ‘"a 


...( 1 ) 


...( 2 ) 


i. e. T 0. ...(3) 

Resolving perp. to the rod and equating the total momentum 

to the impulse, we have 

//i [w-f-u —a to — + fla> 2 ] = / 

or 3 u—aat x — aoj t — 1 jm. 

Adding (1) and (2), we have 

2u=$ (acoj-fo oj 2 ) 


...(4) 


or 


l **=(aw t -}- auj 2 ) . 


...(5) 


Hence from (4), we have 


3m / 
3 M “2 = A/ 
21 

i-e. u ~ 3 m ’ 

Subtracting (1) from (2), we have 

oij—-OJi = f w 

and from (5) and ( 6 ), 

/ 

ocuj-f au) t — • 


...( 6 ) 


...(7) 


...( 8 ) 
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=1 cuo —. 

■ a a 


/ 

m 


•• •(’-') 


w ^ ^ 

Hence from the equation (3), substituting for «, we havc 

L-\}„ 17// \ 11 

m 3 a “ 6 0" ~ a “0 + ‘6 a " 2=O 


or 


or 


or 


or 


or 


/ 13 17/ 28 

_11/ 13 7 /3 / x 

S«— J«-+3( 7 «»+ s )-0 

-l 1 7 ,7/ 13 .law „ 

6 ni 3 m~ 3 a “ + - 2 -=0 

Saco ,31 

“■ 6 ~ + 6 m ==0 


<7cu 


[using (9)] 


\5m/ 

Velocity of 0=velocity of C+velocity of O relative to G 

n 


—w + 2 ( ° 

— 2/ i 1 3/ = 29/ 
3m 2 * 5m 30m * 


Hence change in K. E.= >/. velocity of O 

.a 29/ 29/2 


— i / ' 


= 29/ 2 
30//; 60m* 

^TVZy^f b !: ur “> u °‘r dun ,form 

COJ 2 0 \ /2 

/ A? 


K'+ 




(Agra 1954) 


tZrtJncTlZ,'ST" "• “ '■ "■ — - 

Let / be the impulse applied 
at 2 g be the side of each rod of 
the rhombus, and w be the linear 
velocity of the centre < 7 , ^ the 
angular velocity of each of the 
rods, just after the blow • 

By symmetry there will be 
impulsive reaction at C at right 
angles to the diagonal. 
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The velocity of the point E, the mid point of AB is com¬ 
pounded of u, parallel to AC, and aw perp. to GE t as marked in 
the figure, and similarly for others 

If V is the velocity of A after the impulse, tie velocity of G is 

V+j t (2 a sin 0) = V+ 2a cos 9 0 =m. 

But 0 = <*>. 

Hence V=u-2a cos 8 m GJ • • • • (0 

Now we have the following equations of motion, considering 
the whole system as one, 

Mu—I. ...(2) 

The components of the velocity of the centre of BC are 
(u + aot cos 0)Jparallel to AC and aw sin 9 perp. to AC in the down¬ 
ward direction. Hence taking moments of momentum about B 
for BC, we have 

R.2o sin 0 —( u-\-aw cos 9) a cos 0 — am sin O.a sin 9. 

...(3) 

and similarly the components of the velocity of E are (u—aw cos 9) 
parallel to AC and aw sin 9 in the downward direction. 

Hence taking moments of momentum about A , we have 

R 4 a sin 8=—~ (u-\-aw cos 9) a cos 9 —— ( u—aw cos 9) a cos 9 

4 ** 

— ^ aw sin 9 {a sin 0+3a sin 0)... (4) 

4 

Eliminating R from (3) and (4), we have 

m ua cos 0 = o 

(A: 2 -fa 2 ) w= —lua cos 8 

2ua cos 9 


i. e. 
or 


a w= — 


fa*-f &*) 


Hence the velocity of A 

Aua 2 cos 2 8 


V=u f 


3S - 9 _1 ( 
a 2 ) M\ 


1 + 


4a 2 cos* 9 


(A:*-fa 2 ) M\' ' **+ 

in virtue of (2). 

Hence the energy communicated is 

4a 2 cos* 9 


3S* 0\ 
a 2 ) 
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Aliter. The co-ordinates of E with reference to G are 


(—a sin 0 , a cos 0), hence its energy is — (tf° + A. 2 ) or and similarly 

for other rods. Hence the total kinetic energy is 

\.M [«* + (£*+«*> cu 2 J=change in kinetic energy 

= ^/.velocity of A 
= 4/ (u—2cioj cos 0 ). 

Substituting for u, we have 

2 ^-^ 4 - A/ (A: 2 -bn 2 )o > 2 J = ^~ — 2a<o cos 0 ^ 

. _ //,•> i °\ 2 ^ • 2 o<jj cos 0 

or (k-+a-) to 2 = -, y - 

2n 2 cos 0 / 

( **+o*j- A/* 

Hence the K. E. = 4/ (u-2aoj cos 0) 

_y.fi , 4n 2 cos 2 0 / \ 

Va/ (k*+a*J'M) 

. /- / 1 , 4a 2 cos 2 0 \ 

= J aA‘J 

same as before 


ato= — 


-vf-4- 4 " 2 cc 
2 Va/ + (/c 2 + 


Ex. 15. Four equal uniform rods AB, BC , CZ>, DA, ear/i o/ 
wow A/ and length 2a, are smoothly jointed together and form a 
rhombus A BCD. A particle of mass m is in the line CA produced , 
and is connected to A by an inelastic string, which is originally 
slack, The rhombus is moving on a smooth horizontal table, on 
which tie also the string and the particle, with uniform velocity V 
in the direction AC. The angle BAC is equal to *. Prove that 
when the string is tightened, the loss of kinetic energy is 

1 V* 

2(113 . . \ 

l + Aii + 'JTi S,, ‘ a I 
\m 1 4M 1 4M ) 

and also find the impulsive tension. 

Hence deduce the results when m = M . 

Here m is the mass of the 
particle attached to a string in 
the line CA produced. 

Let I be the impulsive 
tension in the string, 2 a be the 
length of each rod forming the 
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side of the rhombus; also let u be the linear velocity of G and to 
the angular velocity of each rod just after the jerk. Due to 
symmetry, there will be the impulsive reaction at C which is at 
right angles to AC. 

The velocity after the jerk of the middle point E of AB is 
compounded of u parallel to AC t and aw perpendicular to GE as 
marked in the diagram. 

Let u ' be the velocity of A just after the impulse. Since the 
co ordinates of G with A as origin and AC as axis of x and a line 
perpendicular to AC through AC as y-axis are (2 a cos a, 0); 
hence the velocity of G is 

velocity of A A- velocity due to A 

(2a cos a) 
at 

i e. =u’ — 2a sin a « =m. 

But a= — to, m'=w— 2aw sin a. 


The components of the velocity of the centre E are 
(u—aw sin o) parallel to AC ard aw sin a perpendicular to AC; 
similarly for others. 

Hence the equations of motion are 

4Af (u-V)=-f, ...(1) 

iff (w— 2aw sin a)=7. ...(2) 

By taking moments of momentum about B for BC, we get 
R.2a cos o.=Mk*w+ M (u— V) a sin * 

— Maw cos a.a cos a-f Maw sin a .a sin a* .. .(3) 

Similarly taking moments about A for AB and BC jointly, 
we get 

R.Aa cos a.= — 2M (w— V) a sin a— Maw cos a (a cos a-f-3a cos a). 

...(4) 

Eliminating R between (3) and (4), we have 

(m— V) sin a= — | aw t since k 2 ==-. •••(5) 


With the help of (1) and (5). — 


I 
4 M 


sin a= — 


2a w 

3 


3 / 

AM 


sin a=2aw. 


or 
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From (1) and (2) after eliminating u, we have 


— F-f- 2auj sin a = — ~— r _ — 

4A/ ni' 


Substituting for aw from (5), we have 


• • • ( 6 ) 


_ 1/ i 3/ j I I 

— y ~r 7~r~, Sin* a =-— 

4 A/ AM m' 


t.e. 


i.e. 


F= 


/= 


II 3/ 

4A/ ' m^~4A/ 
F 

r“7 / I 


sin* a. 


r~+- 

[_m ^4A 


4A/+4A/ 


sin 2 a 


J 


anH rr th r J ^'" 8 haS beCOms ,ight the veloci ‘y of * 'S zero; 
ana the loss of kinetic energy is 

j/.K = K— , ^ -- - 


GW 


=* 


_r /M r 4A/ 

F 2 

13. 


sin 2 


+ m sin2 a 

If the particle be also of the same weight as the rods, then 
Loss of energy = * —-1- _ 

4A/ + 4A/ S ' nJ a 
2A/F* 

5+3 sin 2 «* 

, EX * 16 ‘ Four f reel y J oin ‘ed rods, of the same material and 

un, 5 ' f ° rm a rectan & le °f sides 2a and 2b and of mass V 
ten ying in this form on a horizontal plane an inelastic particle of 

T SS ™ movlng with veloci ‘y y in a direction perp. to the rod of 

zv:,zizi"c::r / ™" "* -*• 

Let AB be a rod of 

length 2b and mass m 2 ^ |-—---—— g 

and BC that of 2a and mass 


A 

Let u be the linear 
velocity of G\ the C. G. 
of BC and w the angular 
velocity just after the par- 


G,(M) 
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tide of mass M strikes at E such that G 1 E=c • Initiaily the 
particle is moving with a velocity V. Let / be the impulse 
applied. 

Now the two rods AB and CD will not rotate and remain 
parallel. 

The velocity of AB —The velocity of B. 

=The velocity of velocity of B rel. to G x 

—u—aw 

The velocity of CD= Velocity C 

= Velocity of G x + velocity of C rel. to G x 

= «-f aw. 

Velocity of the point E just after the blow 

= Velocity of G x +velocity of E rel. to G x 

= u-\-cw. ...(A) 

m i m - w i + m » 

Also 2^—2b~2(a+b)~4 (fl-f-6)’ 

Now equation of motion for all the four rods is 

M'u=J; •••( , > 

for the particle, 

M (V - u—cw)=I. ..«(2) 

Now taking moment of momentum about G the centre for 
all the rods we have 

WjW.fc+m, ~ w—m l ub-\-m x j w—m % ( u—aw ) a 

+w 2 a (u-\-au>)—Ic 


/ e. 

2 (m j j w + 2m t a‘ i w\=Ic. 


i.e. 

la ’ W [m, +3m,] - Tc 


i.e. 

f Ara + 3 M'J ? ~\=cM (V-Cw-u ) 

3 L a “i“ b J 

in virtue of (2) and {A ). 

i.e. 

M'a’o, a+3b_ cU (K _ Ca) _ u)> 

3 a+b 

...(3) 


Also from (1) and (2), 



M'u — M (V- Coj—u) 


i e 

u=MV- Mccj. 

...(4) 


Substituting for u in (3) from (4), we have 
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M' ?o,. a +2*=cM (K-*»)_ C ^j 

3 a-\-b v A/-j- M 

=cM (V-cco) (A 1+At'—M)fc\f+M’) 
cMM' (r— ecu) 


Cco 


Coj = 


\_M + M' r 3c 2 
MV\ 


A/ a 

•/ + 


(Af-f A/') 
2 a-M&l 
fl-f A 


VM 
A/-*-A/' 


, v 3e- a-f-6 

where A = - - 

a 2 


M (1+A) + Af..a* (a + 36)* 

(A/+A/') u— M f V— ■ JO™ . - + 

L A/(i-fA) +A*'J M (1 + 

MV 

U =M (1+A) +AT* 

Loss of kinetic energy=loss of the energy of the four rods 

-floss in energy of the particle 
= .[V+(u+C<o)]—\I X(U-f Coj) 

since the impulse on the particle 

and rod are equal and opposite, 
= \IV=\V M [V-(u+cco)] 


I MV T V _ -MU (!+A) 

* ■ M (1 -f A) -f M 


L 


] 


v 2 


_ MM’ V 2 
A/( 1 -f A)-f A/' 

^>(l+A)+^ 2 L^ + ® i {‘ + aM<l + 36)}] 

Hence the result. 


Examples 5 (b) 

A rectangle formed of four uniform rods freely jointed at 
their ends is moving on a smooth horizontal plane with hori¬ 
zontal velocity K in a direction along one of its diagonals 
which is perpendicular to a smooth inelastic vertical wall on 
which it impinges; shew that the loss of kinetic energy due 
to the impact is 

_ V* __ 

f~ * 3 cos 1 a 3 s ; n 2 a 1 

Lw,-f w* 3/w,-f m? m v + 3m t \ 

where m x and m 2 are the masses of the rods and a is the 
angle the above diagonal makes with the side of mass m,. 
[Hint. Proceed on as in question no. 14], 
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2. Four uniform rods of mass m are freely jointed together to 
form a square. An impulse J is applied at the mid. point of 
the rods along a line which makes an angle a with the rod 
and lies in the plane of the square. Shew that the kinetic 
energy created is 

J* (5-3 sin 2 a) 

16 m 

3. Four like uniform rods, each of mass m, are smoothly jointed 
forming a square. An impulse is applied at the end of one 
of the rods, so that the end begins to move with velocity V 
in the direction of the rod. Shew that the kinetic energy of 

the motion is —-—. 

4. A rhombus of mass A/, formed of four rods jointed together, 
is moving in the direction of a diagonal with velocity w, and 
suddenly a particle m tecomes affixed to one end of the 
diagonal; prove that if 2a be the length of each rod, the 
angular velocity w suddenly acquired by each rod is such that 

2aw[M-\-m (1-4-3 sin 2 a)]=?mu sin a 
and the kinetie energy lost i 9 

iA/mu* [Af + m (1+3 s i n a a jj- 
[Hint. Proceed on exactly as in question no. 14] 


5*5. Impact of a sphere on a plane. A uniform sphere , 
rotating with some angular velocity about an axis perpendicular to 
the plane of motion of its centre , impinges on a horizontal planet 
find the resulting change in the motion. (Delhi 59) 


Let us first consider the case when the 
to prevent any sliding. 

Let (u, v) be the components of 
the velocities in the two assigned direc¬ 
tions and oj be the angular velocity just 
before impact, while u\ v\ «*/ be the 
corresponding velocities just after the 
impact with the plane. Let R be the 
normal impulsive reaction and F the 
impulsive friction. 


plane is rough enough 
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Hence we have the equations of motion 

M (u'—u)= —F, ...(1) 

A/ (v' + v) = /?, ...(2) 

Mk~ (a/— cu) = Fa. ...(3) 

Since P the point of contact is instantaneously brought to rest, 
there being no sliding, hence 

u' — Quj' ~ 0 . ...( 4 ) 

By Newton’s Law, 

Velocity of separation = —e. velocity of approach 
ie. v' = ev. ...(5) 

Eliminating F between (1) and (2), we have 

M (u' — M) = — M ~~ (a/ — to) 




since U = Quj 


u =a oj = 


m 4 --. aoj 
a * 


5u+2<7to 


...( 6 ) 


2a 2 


where k 2 = y for the sphere 


and F=M after substituting for u' in (1), 

M 

ie • F=- (2u-2au>). ...(7) 

Case I, If u*=aoj > (7) gives F= 0, / e. there is no friction. 
Hence u — u\ co=co\ which means that u and <o are unchanged. 

Case II. If u < aco. 

Hence F is negative l e. it acts from left to right i.e . from 
(6), we find that to' < to and u' < u. Since u < aoj the velo¬ 
city of the point of contact u— a<u is negative i.e. the point of con¬ 
tact is moving from right to left before impact Hence when the 
point of contact P before impact is moving <-, the hoiizontal 
velocity is increased, but the angular velocity is decreased after 
impact 

Case III. u > au>. 

In this case F is positive and acts as shown in the figure 
from right to left; hence to' > to and u' < u. 
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Hence when the point is moving -> / e. from left to right, the 
horizontal velocity is diminished, while the angular velocity is in¬ 
creased after impact. 

Case IV. In this case the angular velocity is \ i.e. anti¬ 
clockwise. Hence the sign of w is changed, and we have 


and 


u =au> = 


5u — 2aoj 
7 


F=Mj ( u+au>) 


Now there are further two cases : 


...( 8 ) 

...(9) 


(i) If w=——, w'=0=o/ i.e. after impact the horizontal 

velocity and the angular velocity both are zero; there remains 
only the vertical velocity. 

Hence the sphere rebounds vertically from the plane without 
rotation. 


(ii) If u < —— , in this case u' is negative, and hence the 

sphere after impact rebounds in the direction from which it came. 

In each case the velocity in the vertical direction is ev and 
hence R=^M (1 +e) v. ...(10) 


Case of Pure Roiling. In the case of pure rolling the velocity 
of the point of contact should be brought to rest; hence in all the 

F 

three cases I, II and III, we must have ^ < /i, the coefficient of 

friction. Hence from (2), (5) and (7), 

} (m — aw) < n (1 + e) v. 


If ? (u—aw) > ^i(l-fe) v, in that case the friction is not 
sufficient to bring the point of contact P to instantaneous rest. 
Then the equation (4) will not hold good and for equations (1), 
(2) and (3), we must have 

M (u' — u) = — nR, ...(I) 

A/ (v'-f v) = R, ...(II) 

A/A' 2 (o/ — ui) = fiRa. ...(Ill) 


and 


From (I) and (II), we have 

u' = u — (1 + e), •/ 

o/=w + 5^ v (1-f-e). 



...(IV) 
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In case IV the friction can bring the point of contact to 
rest provided F < pR. 


We find from (2), (5), (9) and (10), 

? <. (l + e )- 


If f (u+atu) > /xv (1-f e), ...(V) 

the friction is not sufficient; and then we have the similar type of 
equations as (I), (II) and (III), but the sign of is changed, i e. 


M (u' — u)= — fiR, 
A/(v' + v) = /?, 
Mk 2 (co'-J -<u) = fj.R(i. 



Solving these equations, we have 

u' = u—fjv(\+e) and 


and 


CO 


' = —^ + 2^ 0 . 


v’=ev as before 


Therefore in virtue of (V) it will be possible for u to be less 
than /xv (1+^) in this case, provided w is large enough; hence if 
the ball has sufficienely large enough undercut, u' can be 
negative, i.e. the ball rebounds backwards. 

Ex. 1. An imperfectly elastic sphere descending vertically comes 
in contact with a fixed rough point , the impact taking place at a 
point a from the lo west point, and the coefficient of elasticity 
being- e. Find the motion and show that the sphere will start 
moving horizontally after the impact, if 

,ona= \/(y)- 

(Agra 1957, 59, Lucknow 57, Nagpur 58) 

Just after impact let u, v be the compo¬ 
nents of the velocity of the centre parallel 
to the tangent and normal at the point P 
the point of impact. R is the impulsive 
reaction and m is the mass of the sphere. 

Let V be the velocity of the centre before 
striking with the fixed rough point at P 
and this velocity makes an angle a with the radius passing 
through P. 

Velocity of the centre along OP before impact= V cos a. 
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the velocity of the centre after impact =eV cos «, 
since normal vel. of separations times the vel. of approach 
or relative vel. after impact in the direction of the common 
normal after impact=(-e) times that in the same direction before 

impact. 

As P the point of contact is instantaneously at rest, hence its 
tangential velocity is zero, i. e. 


u—aio—O. 

Hence the equations of motion are 


• • • 



m (u — V sin ot) = —F, 
mk~uy= Fa , 
w (v+Fcos x)=R. 



Eliminating F between ( 1 ) and (2) and putting **=^-, 
we have 


u— V sin a=— y <*>= —y in virtue of A' 


/. e. 


= V sin x 


or K 5 -^)- ■..«> 

Also v=eV cos a. *..(5) 

The sphere will start moving horizontally after impact if the 
vertical velocity of the centre is zero i. e. 

v cos a—u sin a =0 


or 

aX / _5 V sin 2 a . 

eV cos* a- - -=0 


in 

or 

tan* a=~^ 

or 

,an «=\/j 

i. e. 

a = tan- y/ll. 


Ex. 2. If a hollow lawn tenls ball of elasticity e has on 

striking the ground supposed perfectly rough a vertical velocity U 

and an angular velocity to about a horizontal axis, find its 
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angular velocity after impact and prove that the range of the 
rebound will be - ~ eg. 

(Agra 1961, 50, Jaipur 53, Punjab 57) 
Let (u lf v x ) be the horizontal and 
vertical velocities of the centre and co l the 
angular velocity after impact whereas u 
and to are the vertical and angular velo¬ 
cities of the same just before impact. 

Hence by Newton's law, 

v i =eu. ...(1) 

Let F be the impulsive friction and R 
the impulsive reaction. 

The equations of motion are 

mu x = F t 
2a 2 , 

(oj L —w)= —Fa, 



m 


3 

/ 2 a 2 

V = ~ 3 ~ s * nce ball is a hollow spherical shell^. 

Also tangential velocity of the point of contact after impact 
is zero, since there is no sliding. F 

Mj — <70^ = 0. 

Eliminating F between (2) and (3), we have 


• • • ( 2 ) 
...( 3 ) 


...(4) 



2 a 


u i -y (oj 1 — co) 

or 

u .2a 2 a 

<*>x= ^ w 

or 

5 < 2 a> 1 =— to in virtue 

/. e. 


and also 

F 

~ = f («—«,). 


...(5) 


We know that the range is 

2 x (horizont al velocity) x (v ertical velocity) 

g 

Hence from (1), (5) and (4), 

1 4oco eu 

— — l.%aoi.eu. =-=. — 


g 


is the required range. 


g 5 g 
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Ex. 3. A billiard ball is at rest on a horizontal table and 
is struck by a horizontal blow in a vertical plane passing through 
the centre of the ball/ if the initial motion be of pure rolling , find 
the height of the point struck above the table. 


As in article no. (5*5), since 
the motion is one of pure rolling, 
hence there is no impulsive friction. 
Let L be the point of application 
of the blow where AL—y and its 
magnitude be / (say). Let v be the 
velocity of the centre and to the 
angular velocity after the impact. 
Because of pure rolling, there is no 
motion perp. to the plane. 

Hence the equations of motion are 

rnv=l , 



...O) 

change of momentum = impulse. 


Moment equation, 

2a* 


rn 


co=I (y—a) 


...( 2 ) 


moment of momentum = moment of impulse 
The sliding velocity of D is zero as the motion is of pure 
rolling; hence 

v=ato. •••(3) 

Eliminating /, we have 

2 ar 1 2up . . , e ji\ 

=—-i in virtue of (3) 


v— - -• w 

5 y—a 


5 (y-a) 


or 5 (y — a) = 2a 

or 5y=la 

or 

Hence the impulse is applied at a height from the table. 

Ex. 4. A tennis ball of hollow spherical shape is given an 
* undercut ’ and hits the ground at the other side of the net at a 
distance d from it. If u, v be its horizontal and vertical velocities 
and cu its angular velocity when it hits the perfectly rough ground , 
show that the ball will turn back towards the net if 2am > 3u. 
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Further show that it will rebound over the net if 

, 2ev (2aoj — 3u) 

d < a ’ 

and will touch the net overhead if 

5d 2ev (2aw—3u)-Sgd 
1 < ~2 (2au>—3uf 

where e is the coefficient of restitution and h is the height of the net, 
while the ball is taken to be a thin spherical shell of radius a. 

Suppose (u, v, oj) be the velocity 
and angular velocity before impact 

and (u\ v', a/) the corresponding 

velocities after impact as shown in 

the two figures. Let F be the friction 
and R the normal reaction at A the 
point where the ball hits the ground. 


Before 

impact l 

... ( 

r 

* 

^ — 

. _Vj 



net 


are 


Hence the equations of motion 

M (u'-u) = -F, 
M (v'+v)=J?, 

M («/ — a>) = — Fa. 



since k z = 


...(3) 

2a 2 


As the point of contact is brought to rest instantaneously, 
hence its tangential velocity is zero, i. e. 

=velocity of G-f velocity of A relative to G 
= w'+ao/=0. ...(4) 

Also by Newton’s law, 

velocity of separation = e times velocity of approach. 
Hence v' = ev. ...(4) 

Eliminating F from (1) and (3), we have in virtue of (4), 

(i/ —w) = § ( — u'—aw) 

or \u'—u — \aoj, 

, , 3u—2aoj 

i, e. u = —^-• •• (5) 

Case I. Clearly when 2aoj > 3 u, we see from (5) that //' is 
negative, i . e. the ball will turn back towards the net. 

The time taken by it to rebound back to the net 

__d _ 5.d 

~ u'~(3k — 2aoj) * 
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* 


We know that the total time laken to strike the earth by a 

2V 

projectile describing a parabolic path is — where V is vertical 

8 

velocity. 

Hence here it will be 


lev 

~8 


Sd 


3u — lam 


lev 

8 


or 


2ev 

d < (3u-law). 

The height to which it rises is say h; hence 

h=evt—\gt 2 , where f= ^ 


2 tua—3u 


ev.5 d 


- 8 /«■*. 


15d 2 


2a<jj — 3u 26 (2ato—3u) 9 

ev. 3d. 2 ( 2ato-3i4)-g.2 5d 9 
2 (2aoj — 3u)* 

.*. heigh t of the net to be touched overhead 

5 d lev [2ao) — 3u) — 5dg 
~ 2 (2au>-3u)* 

Hence the height of the net must be less than this 

• 5d lev (2aw — 3u)—5dg 
‘ e * T (2ato—3u) 2 

Ex. 5. A uniform sphere falls vertically upon a smooth hoop 
of equal mass which is free to turn in its own vertical plane about 
its highest point, the centre of the sphere moving in the plane of the 
hoop. Prove that for the sphere to rebound horizontally it must 

strike the hoop at an angular distance tan~~ l [ V (j)J from ,he 
highest point , e being the coefficient of restitution. 


Let (m, v) be the component 
velocities of the centre of the 
sphere parallel to the tangent and 
normal at the point of impact just 
after striking. Since the hoop is 
smooth, hence there is no force 
which will rotate the sphere; hence 
there isno rotation. Let qj be the 
angular velocity of the hoop about its 


A 



highest point A . 
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Let AQ=p , and if Q be the point of contact, then the velo¬ 
city of Q of the hoop is pa> along QB. 

Let R be the impulsive reaction. Let 0 be the angular dis¬ 
tance from the highest point at which the sphere strikes. 

Hence the equations of motion are : 

For the sphere; 

m (u— V sin 0) = O, ..•(!) 

m (v-f- V cos d) = R. ...(2) 

For the hoop, taking moment about A t 

m (A 2 -f b 2 ) u)= R. b sin 0, ...(3) 

where k 2 =b- and b is the radius of the hoop. 

Eliminating R from (2) and (3), we have 

2bai = (v+V cos 0) sin 0 

= v sin 6 + u cos 0. ...(4) 

[using (1), V //= L sin 0]. 
Normal velocity of the point Q after impact along OO' 

= v+puj cos BQO 


= v+pcu cos 


Q 


But < BQO = 


0 


or 


2 * 2 ’ 
Velocity of approach is V cos 6 along O'O. 
Hence by Newton’s law, 

9 

v+pw cos 2 = ~' e ^ cos 

0 

v-f/?co cos ^=eV cos 0. 

Substituting from (1) for V, we have 

0 


...(5) 


v sin 0+pw cos ^ sin 6=e (V sin 0) cos 6 = eu cos 0 .. .(6) 


From the triangle AOQ, we have 

~ P b 
sin 0 


sin (^O-^) 


cos 


0 * 


i. e. 


9 


p cos 2 = b sin 0. 


Hence (6) becomes 

v sin Q-\-bu> sin 2 Q=eu cos 0. ...(7) 

Since there is no friction hence the tangential velocities is at 
Q are not equal, so there will be sliding. 

Sphere will start to move horizontally after impact provided 
the vertical velocity of its centre is zero /. e. 

v cos 0 —u sin 0=0. ...(8) 
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Substituting for boo from (4) in (7), we have 

2v sin 0-\-{v sin 0 -\-u cos 6) sin 2 0=2eu cos 0. .. .(9) 

Eliminating v between (8) and (9), we have 
2 sin 2 0-f-(sin* 0+cos 2 0) sin* 0=2e cos* 0 
or 3 sin 2 0=2e cos* 0 


or tan 9= (£) , 

that is, the sphere strikes horizontally at an angular distance 

9 = , an-.\/( 2 /). 

Ex. 6. Of two inelastic circular discs with milled edges , each 
of mass m and radius a, one is rotating with angular veloc ty to 
round its centre O which is fixed on a smooth plane, and the other 
is moving without spin in the plane with velocity v directed to¬ 
wards O. Find the motion immediately after wards and show thit 

the energy lost by the impact is \m ^v 2 -f 


The disc with centre O is fixed and rota¬ 
ting with to. Let w , be the angular velocity 
of this disc after impact. The seconJ disc 
whose centre is O l is moving towards the 
first disc with linear velocity v. Let u be the 
velocity of the centre O x perp. to the line of 
centres and u> 2 be the angular velocity in the opposite direction to 
the first one just after the collision as shawn in the figure. Let F 
be the friction. The friction for the disc whose centre is O is 
in the upward direction. 

Hence the equations of motion are 


m 2 (to l — u>) = —Fa 

(Moment labout O). 

...d) 

a~ 

m j co 2 =Fa. 

(Moment about O t ). 

...(2) 

mu—F. 


...(3) 


The relative tangential velocity of the point of contact should 
be zero. Since the bodies are rough and inelastic, 

u-f ato 2 —ato x =0. ...(5) 

With similar reasoning the velocity of separation is zero. 
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Substituting for u, aj 2 , oj t in (5) from (I), (2 ), (3), we get 

/ r -f 2F= — 2F-\-mauj. 


i. e. 


SF=maw or 


- cn • 


'loco 2 <u 

Guj l = _ 5 +aaj - y , OJ 2 =~. 


Hence the loss of kinetic energy is 


Qp Q~ 

\mv 2 -\-\m — or— \m — (w 2 *-f-cu, 2 )-^m 2 

= \m £v 2 + ° “ J, the required result. 

Aliter. Loss of kinetic energy can be directly found by the 
general method of § 5‘4. 

Loss of kinetic energy = *F (S-f S 0 ) -f $R (C+C 0 ). 

Here S=C= 0, S^acu, C 0 = v, 

Hence loss of kinetic energy 

, maw , 

= (aco)-f $mv (v) 



7. (a) A uniform circular disc, of mass M and radius a, is 
rotating with uniform angular velocity to, on a smooth horizontal 
plane and impinges normally on the middle point of a rough rod, 
of mass m, resting on the plane. Find the resulting motion of the 
rod and the disc, and show that the angular velocity of the latter 

is immediately reduced to —( M fm) k 2 io _ 

[ma l j-(M+m) k 2 V 

Let u be the vertical velo¬ 
city of the disc and to its angu¬ 
lar velocity before impact, 

(«i. v ’i) be the component velo¬ 
cities of the centre of the disc u- 
and a >, its angular velocity just 
after impinging with the rod. 

Also (u 2 , v 2 , cu 2 ) be the 
corresponding velocities of the 




420 


Dynamics of a Rigid Body 


rod after impact. Let R be the normal impulsive reaction and F 
be the impulsive friction. Hence the equations of motion are : 


For the disc, Mu x = F, ...(1) 

Mk 2 (w l — oj)=— Fa, ...(2) 

M (v x — u)= — R. ...(3) 

For the rod, mu 2 =—F ...(4) 

and mv 2 =R. .. (5) 


Geometrical equation gives [/. e. relative tangential velocity 
is zero] 

the velocity of the point of contact referred to the disc 

=that referred to the rod 
i. e, u i —aco l =u 2 . •••( 6 ) 

Newton's law gives 

V|— v 2 = —eu. ...(7) 

Substituting in (6) from (I), (2) and (4), we have 

F Fa 2 F 

M~ aw+ Mk‘ - m 

( 1 1 1 a 2 \ 

M+m+Aik*) =a< " 

F __ aw.Mmk 2 _ 
c ' ~k 2 (M+mj+ma 2 * 


Substituting this value of Fin (2), we have 

v aruiMmk* 

Mk 2 (a>i-c-) = -ry, T 


(A/ + m) k-+ma 2 


or 


W 


= io |^I — 


a 2 m 


(M + ni) k 2 + ma 

_ (A/+ m) k*ut 

~~\M+m) k 2 +ma 2 ' 


.] 


(b) A uniform circular disc of mass M , radius a and moment 
of inertia about the centre mk 2 , is spinning with angular velocity at 
on a smooth horizontal plane and impinges normally with some 
velocity upon a rough inelastic rod of mass m resting on the plane. 
Show that the velocity just after the impact is (MAm) uij(M 4- 3m). 

[Hint. This is a particular case of 7 (a); here e the coefficient 
of elasticity is zero, hence in equation v x — v,=0 i. e. v 1 = v 2 and 
putting k-=a 2 l2, we get the required result ] 


Ex. 8. A sphere of mass m falls with velocity V on a per¬ 
fectly rough inclined plane of mass M and angle « which rests on 
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a smooth horizontal plane. Shew that the vertical velocity of the 
centre of the sphere immediately after the impact is 

5 ( M-\ m) V sin 2 « 

7M+2m+5m sin * a* 

the bodies being all supposed inelastic . (Agra 1956) 

Let C be the centre of the 
sphere whose radius is a and V 
be its vertical velocity before 
impact, there being no horizontal 
velocity or rotation. 

Let u, be the velocity of the 
plane, u. v be the horizontal and 

vertical velocities of the sphere and tube its angular velocity just 
after the impact 

Also let R and F be the impulsive normal reaction and 
friction. 



Now the equations of motion are : 

For sphere, m (v— V)= — (R cos a + F sin a), ...(1) 

mu= — Fcos a+ R sin a. ...(2) 

2a 2 

— oj = Fa (taking moments about C). ...(3) 


m 


...(4) 

...(5) 


For plane, Mu t = — F cos a + F sin a. 

Hence mw = A/u 1 . 

The geometrical equation gives as follows : 
vertical velocity of the point A 

— vertical velocity of C+vertical velocity of A relative to C 
= v—aaj sin a=0. ...(6) 

Since the bodies are inelastic, hence the velocity of sepera- 
tion is zero. 

The horizontal velocity of the point of cotaact P referred to 

sphere 

— horizontal velocity of Preferred to the plane. 

Hence = — (u—au> cos a) 

u — aco cos a = — 1 /,= — mulM from (5). •. .(7) 

Substituting from (1), (2) and (5) in (6) and (7), we have 

(R cos a4- F sin «) 5 F . 

V - 2m s.n a=0 


or 


m 


or 


2mF=(2 R cos a-f-7Fsin a ) 


...( 8 ) 
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and 

or 

or 


sin a— F cos a) 5 F _ 

™ - cosa -^=° 

2 (Af-f-m) R sin <x=F (7M+2m) cos a. 

R _ F _ 

l 7M-j-2m) cos a 2 ( M-\-m) sin a 

__2 /? cos «- {-IF sin a 

2 ( lAi-\-2m) cos 2 a + 7.2 \Ai+m) cos 2 a 


___ mV 

[1M-\-2m + 5m sin 2 aJ * 

% 


Now 




R cos a-f-F sin a 
m 


( 7A/-f 2m) cos 2 a + 2 (M+ m) sin 2 a 

sin 2 a 



{ {lM+2m) sin 2 a—2 M sin 2 a-f 3w sin 2 a 

{1 M+2m)+5m sin 2 a 


i 


5 V (Af+m) sin* a 
(1M -4-2m) 4 -5m sin 2 a* 


Hence the result. 


Ex. 9. A sphere , o/ jj m, /$ resting on a perfectly rough 
horizontal plane. A second sphere , of mass Af, falling vertically 
with velocity V, strikes the first / both the spheres are inelastic 
and perfectly rough and common normal at the point of impact 
makes an angle a with the horizontal. Shew that the vertical 
velocity of the falling sphere will be instantaneously reduced to 

V (m+AI)Him sec 2 a + A/+?M tan* fir/4+a/2^}« 

Let the upper sphere whose 
radius is a be falling with a 
velocity V and let ( u , v) be the 
velocities of the centre O' of the 
upper sphere parallel and perp. 
to the tangent at the point of 
contact just after impact. 

Let o> be its angular velocity 
just after impact. Also let u x 
be the horizontal velocity of 
the centre O of the lower sphere and w x its angular velocity after 
impact. Because of inelasticity, v 1 =0. 

Let F and R be the impulsive friction and normal 
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reaction on the spheres and F x be the friction between the lower 
sphere and the plane Equations of motions for the upper 
sphere are M (u - V cos <x) = — F t ...(1) 

M (v-Ksin *) = -R, ...(2) 

u 2a ! 

M ~5 w==Fa - ...(3) 

Since the point of contact B is instantaneously brought to 
rest, hence 

Ui-boj^O ...( 4 ) 

[b being the radius of the lower sphere] 
To avoid F l the implusive friction, taking moments about B 
for the lower sphere, we have 

m (bu^ lb*uj l ) = — Rb cos a + F (l + sin a) b. ...(5) 
Geometrical equation gives, 
the tangential velocity of A referred to lower sphere 

— the tangential velocity of A referred to upper sphere, 
i. e, u l sin a + btu l — u —am 

or (1 + sin *) = «-aw [using (4)] ...(6) 

The normal velocity of A referred to lower sphere 

= normal velocity of A referred to upper sphere, 

e - —Ml COS X = v. ... (7 ; 

Since the bodies are perfectly rough and inelastic, hence the 

relative velocities (tangential and normal) of the point of contact 
are zero. 

Now v (1 + sin 7.) = — u x cos a (1 + sin a) 

“—cos a (u-aoj) in virtue of (6) and (7), 
v (l+sin a) + cos oc (u — au>) = 0. ...(8) 

Substituting for v, u, oj from (1), (2) and (3) in (8), we have 

(l + sin *) *+^sin aj + cos * ^-~ + y cos £J = 0 


or 

or 


V (l+sin a ) S i n a +Fcos 2 7 = ~ (l+sin x)+ cos a 


2MV (1 +sin a) = [2/? (1 +sin a) + 7F cos a], ^ 

Substituting in (7), we have with the help of (2), (4) and (5) 

-M+ Vsm a = — j m — l — R cos a+^G+sin a)] 

or ImMV sin a =F(7m + 5A/ cos 2 a) — 5FM cos a (1 +sin a)...(10) 
Substituting for Ffrom (?) in (10), we have 

ImMV sin a = F (7//» -h 5A/ cos 2 * 1 + f 1 (R - MV) 
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or [49 MmV sin a-f 10A/ 2 F (I + sin a)*] 

=R [49/W-H35A/ cos* a-f 10 A/ (1-fsin* a)], 

I _ MV [49m sin a-f- 10A/ (1-fsin a) 2 ] 

49/M-f 35A/ cos* a-J-10A/ (1-fsin 2 aj* 

Vertical velocity required = v sin a-f u cos a. 

Substituting for v and u from (1) and (2), we have 

>• sin a + „ cos «=(V-*- sin * + 

__ R sin a 2R (14-sin a) — 2A/F(l-fsin a) 

~ M H 7 M 

in virtue of (8) 

F(7A/-2A/-2A/Fsina)-f/?(2 + 2sin a-7 sin a) 
~ 1M 

MV (5-2 sin a)-f/? (2-5 sin a) 

- 7 A/ 


j^F(5-2 sin a) 

(2 — 5 sin a) V f4 sin a4-10A/ (1 4-sin a) 2 }"! 

49/m -f- 3 5A/ cos 2 a-}- 10A/ (1-f-sin a)* J 

F [5 {4 9/m + 35A/ cos* a-f 10A/ (1-fsin a) 3 
— 49/m sin 2 a— 10A/ (1-f-sin a) 3 sin a} — 2 (49/m sin a 
-f 35A/ cos 2 a sin a-f-10A/ sin a (1-f-sin a) 2 } 

_ — 49m/ sin a— 10A/ (1 -f-sin a) 2 ] 

49/n-f-35A/ cos 2 a-f-10 M (1-f-sin a) 2 J 


V [5 {4 'm cos 2 «-f-35 M cos 2 a 
-f 10A/ (1-fsin a) cos* a} —2 {35A/cos 2 a sin x 

— 10A/ (1-fsin a) cos 2 a}] 

= 7 [49/M-f35Af cos 2 a+ 10 W ~(\+sin a) 2 ] 

_ V r5 {49/m cos 2 a-f 45A/ cos 2 a-f 4A/ cos* a}"l 

~ 7 [_ 49/M-f 35A/ cos 2 a-f 10A/ (1-fsin a)* J 

7F 35 cos* a.(Affm)_ 

— 7 x 4y/M-f 35A/cos 3 a-f 10A/ (1-fsin a) 2 

_ (Af-f mi) F 

= 7 2 , w i 2 /H-sin a\^ 

_mj sec 2 a-f A/-f = I- — 1 

5 7 V cos a y 

_ (A/4-;m) F 

^/M sec 2 a-f A/-f ? tan 2 Q + 5) 


since 


1 -f sin a_ 1 — cos (7r/2-f a) 
cos a sin (ff/2-f a) 
sin 3 (w/4-f a/2) 


sin (7r/4-fa/2) cos (7r/2-f a/2) 


=ta; 
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Examples 5 (c) 

A ball of mass m moving in the plane of a thin rectangular 
board, of sides 2 a and 2b and mass M, impinges norm illy on 
an edge of the board at a distance c from the middle point of 
that edge. Show that the ball will be reduced to rest if the 
coefficient of elasticity between the ball and the board is 

('+*-&> 


m 


M 


A hollow sphere spinning about a vertical axis moves on a 
smooth table ; it impinges directly upon a perfectly rough 
vertical surface and rebounds at an angle 6 with the normal. 
Prove that the ratio of the final to the original kinetic energy 
is e 2 (6+10 tan 2 6) : (6-f-25e 2 tan* Q ), 

where e is the coefficient of restitution. 

An inelastic sphere of radius a, rolls down a flight of per¬ 
fectly rough steps; shew that if the velocity of the centre in 
the first step exceeds y/(ga), its velocity will be the same on 
every step, the steps being such that, in its flight the sphere 
never impinges on an edge. 


Miscellaneous Solved Examples 
Ex. 1. (a) A rectangular lamini. whose sides are of lengths 2 j 
and 2b, is at rest when one corner is caught and suddenly made to 
move with prescribed speed V in the plane of the lamina; show 
that the greatest angular velocity which can thus be imparled to 


the lamina is 


_ 3V 

4y/(a*+b*)' (Delhi 1959, Jaipur 54) 


Since the end A is caught, 
therefore there will be an impulse 
applied at A; say its components 
are X and Y along and perpen¬ 
dicular to AB. 

Let the corner A be suddenly 
made to move with a velocity V 
in the plane of the lamina, 
making an angle 0 with the side 
AB. 



Suppose (w, v) be the velocities of G the centre of mass of the 
body parallel and perpendicular to AB just after impulse. Also 
let oj be the angular velocity of the lamina. 
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and 


Equations of motion are 

mu = X % ...(1) 
a 2 +b* 


m 


mv—Y 
u>=Xb+Ya. 


...( 2 ) 

...( 3 ) 


Now horizontal velocity of A (i.e. parallel to AB) 

= horizontal velocity of G-f horizontal velocity of A relative to G. 

V COS d=u+ y/(a?+b*) to. COS « = u+ y/{a*+&). to. .. 

y/(a*+b l ) 

= u+ bco. ...(4) 

Similarly the velocity of A perpendicular to AB 
= ve). of G perpendicular to AB+\e 1. of A perp. to AB rel. to G f 

i.e. V sin 0=v-f y/(a' l +b t ).to.smoL = v + y/(a 1 +b t .w) — y 

= V-ftfa>. ...(5) 

Eliminating y and y from (3) with the help of (1) and (2), 
we have 

0 * 4 - />* 

—-— c o=ub + va=[b (V cos d—bto)-\-a {V sin O—aoj)] 

[using (4) and (5)] 


or 


| (a 2 -\-b 2 ) <v= V (b cos Q+a sin 0). 

For maxima or minima, 
dto 3 V 


...( 6 ) 


or 


i.e. 


dO 4 (a*+b*) 

cos 0 sin 0 
~b 


[—b sin 0-\-a cos 0]=O 
1 


-Via'+bV 


a P . a a 

cos 0=- 77 —sin 6= ---- -- 

V(a*+b*y Vi a +b*) 


Hence from (6) after the substitution for cos 0, sin 0 , we have 

„ (a 2 + b 2 ) f , „ , . 3F 

4(U __ = KV( 0 *+*>) or »- 4 - (a . +yjM . 

Obviously, it is max. since ^ is negative for this value 
of 0. Hence the desired result. 

Ex. 1. (b) A square lamina A BCD rests on a smooth hori¬ 
zontal table. If the corner A is made to move with velocity U 
along the line BA produced , then determine the initial angular velo¬ 
city of the lamina. ( Agra 1956 j 

^Hint. It is a particular case of the Ex. 1 (a) above. 
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Put U for V and b = a, 6 =tt in equation (6) of thj E<. I (a). 
We have 

3V "I 

4 (a 2 +6 2 ) <v=y (a cos ir + a sin *■) = — g —. 


Ex. 2. An equilateral triangle, formed by uniform rods freely 
hinged at their ends, is falling freely with one side horizontal and 
uppermost. If the middle point of this side be suddenly stopped, 
show that the impulsive actions at the upper and lower hinges are 
in the ratio V 13 : /. (Agra 1 60, 58, 48) 

Suppose the equilateral tri¬ 
angle ABC is falling with BC the 
uppermost side as horizontal. 

Suddenly G 2 the mid-point of BC 
is stopped. Hence the impulse 
is applied at G t . 

Since all the rods are freely 
jointed, hence there will be impul¬ 
sive action between the rods at 
B and C, and the impulsive 
actions at 3 and C will be equal. 

Let its components be X x and Y x as marked in the figure. 
Obviously, due to symmetry, the impulsive action at A will be 
horizontal. Let it be say X as marked. 

Before the jerk the system was moving with a vertical velocity 
downward, and after the jerk the system has beea stopped; hence 
there will not be any type of velocity. 



For the motion of the rod AB or AC, 

X t —X=*0, ...(1) 

(since there is no horizontal velocity before or after impulse). 
Taking moments about <7 lP we have 




...( 2 ) 


(There being no rotation of AB before or after impulse) 
2 a being the length of each rod. 


Solving these equations, we have 

X x =X and Y x = 2y/i X 


Required ratio = 


reaction at B ■y/(A\ 2 -f- T, 3 ) 
reaction at A~~ X 


y/(X*+\2X*) 

X 


V13. 
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Ex. 3. A rough imperfectly elastic ball is dropped vertically, 
and, when its velocity is V, a man suddenly moves his racket 
forward in its own plane with velocity U, and thus subjects the ball 
to pur e-cut in downward direction making an angle a with the 
horizon. Show that on striking the rough ground , the ball will 
not proceed beyond the point of contact , provided 

(U— V sin ct) (l — cos a) > (l-\-e) V sin a cos a.. 

Suppose the point P of the 
ball is hit by the man Evidently 
the plane of the racket will be 
tangential to the ball. Since the 
man moves the racket in its own 
plane with velocity U , hence the 
velocity of the point of contact 
v, ill also be the same viz. U along 

the tangent. 

Let (u, v) be the horizontal 

and vertical velocities of O the C. G and w the angular velocity 
just after the blow, where V is the only vertical velocity before 
the impact. 

Since the moment of momentum about P remains 
unchanged, hence by making use of the formula. 

Moment of momentum = mk t Q + mvp, 
we have for the motion of the ball 
moment of momentum about P after impact 

=mk*iu—mUa cos a+mva sin a 

and before impact, moment of momentum about P—mVa sin a. 
Change in moment of momentum 
== (mk 3 u> — mila cos a -\-mva sin a)—mVa sin a 

=° ...d) 

[(since the impulse is applied at /*and its moment about P is zero)]. 

Since P is the point of contact, both of the racket as well as 
that of the ball, 

.*. Velocity of P the point of contact of the racket 

= velocity of P the point of contact of the ball 
ie. U=u cos a — v sin a+aa>. ...(2) 

Also, by Newton’s law, 

//sin a-l-v cos a=f^cos «. ...(3) 
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Eliminating u, v from (1) and (2), we have 

(k 2 -\-a 2 ) oj~a (U—V sin oc) 
or to=a ( U—V sin a )/(&*+a 2 ). 

Again multiplying (2) by cos a and (1) by sin a and adding, 
we have 


_ Uk 2 cos a-f V sin a cos a { a 2 -\-e (/c 2 -f-a 2 )} 

w— (k 2 +a 2 ) 

Suppose after striking the ground u lt v lt oj 1 be the horizontal, 
vertical and angular velocities. 

Taking moments about the point of contact with the ground, 
by the same principle of 

change in moment of momentum = moment of the impulse, 
we get (ntk i oj i — mu l a)—(mk t ui — mua) = 0. ...(1) 

Also, the point of contact clearly has no horizontal velocity 
now. 


.*. u t +a<o != 0 . 

Eliminating <u x from (I) and (II), we get 



...(ID 

...(III) 


It is clear from (III) thit u, < 0 if 

k 2 

U < — OJ. 

a 2 


or 

or 


i e. the ball will not proceed beyond the point of contact if 

k 2 

U < — to, 

a 

. Uk 2 cos a-f- V sin a cos a [a*-f e (Ac® k 2 

• - -- -- - - ^ 

k 2 + a 2 a 

Uk 2 cos a.+ V sin a cos « [a 2 - f g ( k 2 -\-a 2 )] kr a ( U—V sin a) 

k ' l -\-a * ^ a k -+a - 

k 2 ( U—V sin a) > Vk 2 cos a + £7 sin a cos a [a 2 -\-e i k 2 -\-a 2 )\ 

= Uk 2 cos a— Vk 2 sin a cos a-f- Vk 2 sin x cos a 

-f V sin a cos a [a 2 + e (Ac 2 -I- a*)] 
=k 2 ( U—V sin a) cos a 

-f- V sin a cos a [a 2 -\-k 2 + e (/c 2 -f-a 2 )] 

= k 2 ( U—V sin a) cos a 

-f (A: 2 -f-a*) (1+e) V sin a cos a 

i.t, if (U — V sin a) (1—cos a) > ^1 (1+e) V sin a cos a 

Hence the desired result. 
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Ex. 4. A disc of any form moving in its plane without 
rotation with velocity V at right angles to a fixed plane strikes the 
plane so that the distances of its centre of gravity from the point of 
impact and from the plane are r and p. Assuming the plane to be 
elastic and sufficiently rough to prevent sliding , show that the 
impulsive pressure and friction are respectively 

m(lA-e) V(p*+k') m (1+e) Vp (r*-p')'* 

r’+F ° na r*+k* 

where k is the radius of gyration . (Agra, 1960) 

Also show that the loss of kinetic energy is 

m (1-e) (k*+p*) V* 

(r*+k*) 

Let the disc strike the plane 
at O. Suppose (u, v, a>) be the 
velocities and angular velocity of the 
disc after impact. Angular velocity 
of O relative to G is rw perp. to GO 
as shown, where GO = r t 

Equations of motion are 
m (v+ V)=R, ...(1) 

mu — F t ...(2) 

mk t a>= — Fp-\- R.r sin 6 
= -Fp + R x /(r'--p*) ...(3) 
p being the perp. from G on the 
tangent at O. 

Also since there is no sliding, hence the tangential velocity of 
the point (^velocity of <7+ velocity of O relative to G 

= #-^r = 0 ...(4) 

and Newton’s rule gives 

v+V(r s -p*)<o=eK ...(5) 

Eliminating u, «» from (4) with the help of (2) and (3), we 

have 



or 

or 

and substituting 


m f ‘ V mk* mk « ) 

F ( x iP*\-RpVlr'-pP) 

m\ k 9 J ' mk* 

F (**+/»*)« */>\/(r B -p*). 

for v, iu in (5) from (1). we have 


...(6) 



Impulsive Motion in Two Dimensions 


431 


or 


or 


or 


or 


~-V+V(r 
m 


F P P*) 


mk 2 1 mk 2 

* 1 1 . Fpy /lr*-p') 

k * J w* s 


1 


= eV 


— V (1 + e) 

• ^ ,V ~ J fflK~ 

mk' £.~£ !- HHO 


mk 

J. [**+(»*->■) (l-^JJ-Kd+e) 

[ ,+ F*£l“ K(,+ ' ) 


mk 1 
Rk 2 

wF 


nr ^wiKd+eJ.^V) 

A -F+r* * 

r _Rp \f (r 2 - p r ) _mV (\+e)y/(r t —p-) 

r - F+/>* F+F 

Now Loss of K. E. = $I.{velocity of the point 0 in the 
direction of impulse before impact + the velocity after impact) 

= *K [V-eV] = h (1 —e) RV 

[since the velocity in the direction of F is zero, hence there is no 

loss of kinetic energy in that direction]. 
Hence the total loss of K. E. 


Ex. 5. An elliptic disc, of mass m, is dropped in a vertical 
plane with velocity V on a perfectly rough horizontal plane ; shew 
that the loss of kinetic energy by the impact is 

Ul-e') „V' **±£. 

where r is the distmee of the centre of the disc from the point of 
contact, p is the central perp. on the tangent, and e is the coeff. of 
elasticity (Agra 1955; Lucknow 1956) 

[Hint. Proceed on in the same way as Ex. 4 above ] 

Ex. 6. A lamina of mass M moving in any manner in its own 
plane which is horizontal, impinges on a fixed vertical plane which 
is smooth and in elastic. If P is the point of contact, and Mk 2 the 
moment of inertia of the lamina about the vertical axis through the 
centre of gravity G. Prove that the loss of kinetic energy due to the 
impact is 

__ Kf _ 

(K 2 -\-r* cos * a/ 


\MV 2 
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where r is the distance GP, a the angle which GP makes with the 
wall and V is the component of the velocity of P perp. to the wall. 

Let ( U, V) be the components of velocity, 
before impact and let G be the centre of the 
lamina and P the point of contact after 
impact. 

Let (u, v) be the velocities of the centre 
of gravity G parallel and at right angles to 
the vertical wall just after the impact, w be 
its angular velocity. 

Let R be the impulsive reaction. There is no friction as 
the bodies are smooth. 

Hence the equations of motion are 

M(v-V)=-R, ...(I) 

M (u—U)=0, ...(2) 

Mk l (co—0) = R.r cos a. .. .(3) 

Since there is no sliding, hence the vertical velocity of the 
point of contact /. e. u—raj sin ot=0, 

where raj is the angular velocity of P relative to G and is perp. 
to GP. 

Also because the bodies are inelastic, hence by Newton’s 
experimental law. 



v—raj cos a=0. ...(4) 

Substituting for v and w from (1) and (3) in (4) we find 

__ P | r/ Rr cos a _ 

M~ V r cos a - 


* fi4/* cos * *\ v 


R= 


Hence R= _ MK* V 

AT 2 -f r* ccs* 

And loss of kinetic energy 

= $/?x[sum of the velocities of the point P 

before and after impact] 

= i (K+0) 

r- cos- a v 17 
= AfK*V* 

■ **+/■* cos* a 

From (2), we conclude that there is no change in the vertical 
velocity. 


(F+0) 
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Ex. 7. A uniform circular disc of mass m touches internally 
a uniform circular ring of mass M. An impulse is applied to the 
ring, directed towards its centre; at a point the angular distance 

of which from the point of contant is a ( < y). Show that if the 

bodies are inelastic and rough, the disc will at first roll or slide 
according as 

M+m 

or < 3 M + 2m tQ 

Let the impulse be applied at A 
which is at an angular distance a from 
the point P the point of contact and 
its magnitude be /. Also R and F be 
the noimal impulsive reaction and 
impulsive friction. 

Let ( u, v) be the velocity compo¬ 
nents and w, the angular velocity of 
the ring after the impact: also let to' be 
the angular velocity of the disc about 
P in the direction oppsite to that of to. Let the radii of the ring 
and disc be a and b. 

Horizontal velocity of /4 = horizontal velocity of G-f- 

horizontal velocity of A relative to G 

= u + aoj. 

Let the horizontal velocity of the centre of the disc be u'. 

The velocity of P referred to the ring = vlocity of A referred to disc 

u -f- a oj —u' — bto , 

Hence u’=u + aco + but’ 

and vertical velocity of the centre of the disc will be v. 

Equations of motion for the ring 


A/u=7 sin a + F, 

...d) 

Mv=I cos a— R, 

..(2) 

Ma 2 u>=Fa. 

...(3) 

m (u+ato-\-bto') = — F, 

...(4) 

mv=R, 

...(5) 

m \b*to'=Fb. 

...(6) 



For the disc. 
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or 

or 


Substituting for u, in (4) from (1), (3) and (6), we have 

I sin a+F , F 
M 

—Im sin a 


m 


H sm cc+F F ,2F1 


M 

(2m+3M) 

M 


-“? +3 F 

M 

Im sin a 


F=- 


M 


P_ _ (Im sin a \ 

\3Af+2mJ' 

Eliminating v from (2) and (5), we get 

MR , „ r 
~ +-R — I cos a 


or 
i e. 


n _fml cos a\ 
V M+m ) 


F_ _ M -f -m 

R 3 Ad -\-m 


tan a. 


i. e t 


ar 


Pure rolling commences if ~ < M numerically 

M+m 

JM+m ,an “ < ** 

M+m 




3M+tn 


tan a. 


Ex 8. Four equal rods each of length 2a and mass m are 
freely jointed at their ends so as to form a rhombus. The system 
falls freely from rest with a diagonal vertical under the action of 
gravity and is moving with velocity V when it hits a fixed horizontal 
inelastic plane. Find the subsequent motion , and show that the 
angular velocity of each rod is 

3 V sin a 
2a (1+3 sin* a) 

where a is the angle each rod makes with the vertical. 

(Agra 1952, 59) 

Show also that the direction of the impulsive action at one of 
the two hinges in the same horizontal line makes with the hori¬ 
zontal an angle 

tan-' {(3 sin- a -2) cot a}. 

Further prove that the impact destroys a fraction --—=— 

1+3 sin % a 

of the A'. E. just before the impact. 
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Before impact let V be the velocity of 
the rhombus formed of four equal rods 
jointed smoothly. Let a be the angle of 
each rod which it makes with the verticil. 

Suppose (w, v) are the horizontal and 
vertical velocities of G x the C G. of the 
rod BC and w x the angular velocity just 
after impact. Let X be the impulse at C, 
which is horizontal because of symmetry 
(since C moves vertically after impact). 

.\ The horizontal velocity of C should be zero. 
i. e. horizontal velocity of B -fhorizontal velocity of Creative 

to B = 0, 

L e - 2aio t cos a — 2ao> l cos a = 0 or w x — cu 2 

m (v-— V) are the effective forces on BC acting vertically 
and mu horizontally at G x , also a couple mk % w x in the sense to 
increase a. 

Taking moments about B for the rod BC , we have 
mk 2 w x + m (v— V) a sin a—ntua cos a = — X 2a cos a. .. .(1) 



Any of the lower rods begins to turn about the end A as a 
fixed point. The moment of momentum about A just after 
impact is m w 2 , and just before is mVa sin a, where uj 2 

is the angular velocity after impact. Hence taking moments 
about A for the rod AB and BC both, we have 

m (/c 2 -{-a 2 ) oj 2 —mVa sin x— mk.*u> i -fm (v — V) a sin a 

-f mu. 3a cos ct = 4aX cos x. ...(2) 
Since the rods are connected at B, the velocities of their extremities 
must be the same in directions and magnitude. 

Resolving horizontally and vertically, we have 
The horizontal velocity of B referred to BC. 

= the horizontal velocity of G x -f horizontal velocity 

of B rel. to G x 

-u-\-aoj x cos a. 

The horizontal velocity of B referred to AB = 2aoj i cos x. 

.*. u-\-au* x cos a = 2aou 2 cos a = 2flw t cos a, 

L U=Quj x cos x. 


Similarly the vertical velocity of B referred to BC 

= Vertical velocity of vertical velocity of B rel. to G x 
= v—ca> x sin a. 
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Vertical velocity of B referred to AB=laoi l sin <t—2ato x sin «. 

v— am x sin a=2 aw x sin a, 

/. e. v=3aco l sin a. 

Eliminating X from (1) and (2), we have 
2 [mk*w x -\-m (3 aw x sin a— V) a sin ct—md*a> x cos* a] 

= —m (&*+a 2 ) co l -\“tnVo sin a.-\-mk % w x 

—m (3fla» 1 sin <x—V) a sin a—3ma*«o 1 cos* a 
or co 1 (2A* + 6a* sin* a —2a 2 cos* a+a*+3a* sin* a+3a* cos* a) 

=4 aV sin a 


or 


or 


8coj y [1 + 3 sin* a]=4aV sin a 

. / V sin a \ 

' 7a ' 1 “ 2 Cl+3sin* a) 


From (1), we have 

— X.2a cos <x.=mk t w l +m (3am x sin a— V) a sin a— ma 9 <u l cos* a 

=mco 1 £y+3fl* sin* a—a* cos 2 a]J—mFa sin a 

! £j-+4a* s » n * *—n*J —mVa sin a 


m w 


ma 

T 

2ma* 


w x [12 sin* a—2 ]—mVa sin a 
[6 sin* a—1] a ) X —mVa sin a 


~ ma [6 sin" a-1] ( ililwa) ~ mVa Sin “ 

maV sin a [6 sin* a — 1 — 1 —3 sin* a] 

= 1+3 sin* a 

maV s in f3 sin* g — 2] 

(1+3 sin* a) 

—maV sin a (3 cos* a —1] 


X= 


(1+3 s«n* a) 
maV tan a (3 cos* a— 1) 


2 (1 + 3 sin * a) 

The equations of motion for BC give, 

niu=X 1 -\- X, 
m (v-V) = Y x . 

Hence X 1 =m.aw l cos * —X f 

3 V sin a mV tan a (3 cos* a — 1) 


=m. cos a 


2 (1 + 3 sin* a) 


2 (1 + 3 sin* a) 
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and similarly, 


mV sin a |”3 cos 2 a —3 cos 2 a 4- 
2 |_ cos a (1 + 3 sin 2 a) 

mV tan a 
2(1 + 3 sin* a) 


mV 1 —3 cos 2 a 


y >=t (1 + 3 sin 2 a) * 

_ • , , . Y x (1—3 cos* a) 

Required angle tan 1 ^ = tan 1 tan^t— 


The final K. E. 




+ v* + 


“¥)] 


= m |^|a*ctf I *+<j , a» 1 * cos 2 a-f 9o*a; 1 * sin* a +J 


, 2 ... 2 


= -°~ [5 + 3 cos 2 a+ 27 sin* a] 

ma 2 oj. 2 .. , _ . . „ _ _ ma 2 oj. 2 .. . _ . „ . 
«=— 3 — [8 + 24 sin 2 a] = 8 — j — * - (1+3 sin 2 a) 

- 3 (1+3 sin a > 4 (1 + 3 sin * a)2 


3m F 2 sin* a 


3 sin* a 


.imP* 


" 2 (1 + 3 sin 2 a) ""(1 + 3 sin* a)*- 
3 sin 2 a . . if* 

,= rri+3W^r or,8,nal k,net,c enerey * 

Loss of K. E.=*( | ^- 3 , -“4~-^-l)x original K. E. 


1 +3 sin 2 a 


. 2 - — X original K. E. 


Hence the result. 


Ex. 9. A uniform hollow cylinder of radius b is at rest inside 
a cylinder of internal radius a, the axis of both the cylinders being 
horizontal; the system is started impulsing from rest so that the 
cylinder of radius a moves in a horizontal direction at right angles 
to its axis, with velocity V and it is then forced to continue moving 
horizontally with the same velocity and without rotation. The 
cylinder of radius b rolls without slipping on the inner surface of 
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the cylinder of radius a . Prove that it makes complete revolutions 
right round the surface , if 

V* > J2g (c-b). (Agra 1962) 


Suppose at any time the inner 
cylinder is rotating with an angular 
velocity equal to u> and 6 is the 
angle the line of centres makes with 
the vertical and let CN a line fixed 
in the body makes an angle p with 
the vertical. 

Since there is no slipping bet¬ 
ween the cylinders, hence 

ad=b (6 -I- p) or (a—b. 6=bp. 



i.e. (a—b) $=bp 

and (a-b) (j=bp. 

Let the co-ordinates of the centre C at any time be(x, y)\ then 

const., *=0 and y=C, 

i. e. the accelerations of C are zero; it simply describes a circle 
about O of radius (a — b). Hence the equations of motion are 

m (a—b) q*=R— mg cos 0, ...(2) 

m (a—b) (j=F— mg sin 0, ...(3) 

and mb r p = — F.b. ...(4) 


The point of contact P was initially at .4 and the inner cylinder 
is set in motion impulsively; hence there is an impulsive action 
at A. So the moment of the impulsive forces about A is zero, 
i.e, moment of momentum is the same about A before and 
after impulse, 

i e. mb*p -f mb ( a—b ) q -f mb P=0, 

i.e. (a—b) q b) q -f V=0, from (1) 

or (a—b) Q = initially. ...(5) 


Eliminating F between (3) and (4), we have 

m (a—b) jj+mb$=—g sin 0 
or ( a—b) y'-\-(a — b) y = —mg sin 9 

or {a—b) o — — lg sin 9, - . ..()5 

Integrating, we have 

(a-b) = g cos 9 A- C x . 
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But when 


0 = 0 , 6 = -i 


C x +g= 


C,= 


2 (a-b)' 
(a-b) V s V * 

4 ( a—b ) 2 4 (a—6) 

F 2 


4 (a—b) 


~g- 


Hence, we have 


(o-6) e’=g cos g-g+ 4 — a _ fc) . 

Hence we get the value of R after substituting 
of 0 2 in (2), 

tn V “ 

i.e. R=mg cos 6-\-mg cos 6—mg+- -— . 


---- 4 (a—b)' 

The condition that the inner cylinder should make 
revolution is that R should be positive, when 9 = n 

,.e. _ 2wir - mg+4l -_^ > o 

or F 2 > 12g (a—b). 

Hence the result. 


the value 


complete 


Ex. 10. A circular disc of radius R end mass M can turn freely 
about its centre which is fixed in a smooth plane; another disc of 
radius r and mass m moves in the plane with velocity v without 
rotation and impinges on the former. If both discs are inelastic 
and have milled edges , shew that the K. E. lost by impbet is 


\mv 2 cos 2 a + 


i V* SirV a 


[ZO^) 


Ri L 

Mk 2 


L.- ' ’ * 

where a is the angle of incidence and k , K are the rad i of gyration 
about their axes of symmetry for the discs of masses m and M 
respectively. (I. A. S. 1955) 


After the impact let o> and O. be 
the angular velocities in opposite direc¬ 
tions of the discs whose masses are M 
and m respectively. Initially the disc of 
mass m was moving horizontally 
and when there is an impact this 
velocity makes an angle a with the 
line of centres. Let R' and F te the 
impulsive reaction and friction. 
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Since the bodies are inelastic, hence the velocity of sepa¬ 
ration is zero; but the disc of mass M can rotate about O which is 
fixed; hence the velocity in the direction of the common normal 
is zero after impact and R' =■ 0. Let u be the velocity of O 
parallel to the tangent at P, the point of contact. Hence the 
equations of motion are 

MK*w = -F.R, ...(1) 

mkr Cl=Fr, ..*(2) 

m (w+ v sin &) = F. ...(3) 

Also the relative velocity of sliding of P is zero; hence 

u-\-rQ= Ru), •••(4) 

Substituting for u, Q, u> in (4), we have 

F . . r-F R~F 

— V sin a -f = — Tsisi 
m k-m MK 3 

F ( r* \ R 2 F 

m U 2+ l ) + MK* =V sm * 



Hence by $ 5*4 the loss of K. E. 

= lmv- cos* a + lF (rel. velo. in the direction of F before impact 

+ rel. velo. in the direction of F after impact) 

= Jmi’ cos 2 a+hF sin o.-\-u-\-rQ—Ru)) 

= bnv 2 cos 2 *+\Fv sin a [using (5)] 

v* sin* a 

= |mv* cos 2 a + \ ft~? - 7 7 Y~T'R z X 

(m MA'/ 

Hence the desired result. 


Miscellaneous Examples 

1 A uniform circular disc of mass M moving without rotation 
in its own plane which is vertical, strikes a horizontal flour 
the direction of its velocity V just before impact making an 
angle a with the vertical. If the flour be sufficiently rough 
to prevent any slipping during contact, investigate the motion 
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immediately after impact, and prove that one third of the 
K. E. just before the impact is lost, if the square of the 
coefficient of restitution between the flour and disc is f. 

2. An inelastic uniform square lamina is held in a vertical 
plane, the diagonal through its lowest point making an 
angle a with the vertical. It is allowed to fall through a 
height on to a horizontal plane which is rough enough to 
prevent any slipping. Show that the lamina will leave the 
plane immediately after the impact if h is greater than 

a (1 +3 cos 2 g) 

9 sin 2 a cos a * 

where a is the length of the diagonal of the square. 



If a body can turn only about a smooth horizontal axle end 
when the body is at rest, the axle is given an instantaneous 
horizontal velocity v in a .direction perp. to its length. 
Show that the centre of the mass will start olT with a velocity 

r/ti ■ a * 


K*—h* 


K 




and that the initial angular velocity will be 


v*/i 


k 3 


If 


where h is the distance of the centre of gravity from the 
axle and K is the radius of gyration about the axle. 


4. A solid cylinder and a solid sphere, both uniform and having 
the same mass and the same radius; are at rest on a plane 
horizontal board which is rough enough to prevent sliding 
Prove that if the board is suddenly moved in its own plane 
and in a direction perp. to the axis of the cylinder, the 
resulting velocity of the centre of the sphere will be ? times 
that of the axis of the cylinder. 

5. A solid hemisphere, of mass A/, has its curved surface rough 
and its plane surface smooth, and rests with the latter in 
contact with a smooth horizontal table A rough sphere 
is dropped without rotation so as to strike the hemisphere. 
Show that the K. E before impact is to the kinetic energy 
after impact in the ratio 

+ — 

\ a* M+m 

where a is the angle the common normal at the point of 
impact makes with the vertical. 


sin 


a ) 
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6 . Two uniform circular discs with rough edges lie flat on a 
smooth horizontal plane; one of them,;of radius a and mass 
m ; is in motion along the line of centres with velocity V and 
angular velocity Q so as to impinge on the other, whose 
mass is m'. Shew that if the discs are so rough and in 
elastic that the relative velocity of the points of impact 
is zero just afier the impact, the line of motion of the centre 
of the moving disc is deflected through the angle whose 

. m'aQ. . 
tangent is y-y . 



CHAPTER VI 


CONSERVATION OF MOMENTUM AND ENERGY 


6 *1. Principle of Conservation of Linear Momentum. 

If the external forces , acting on a system , be such that they 
have no component parallel to a certain fixed straight line through¬ 
out the motion , then the linear momentum resolved alonz this line ic 
constant. 


Let the fixed line be taken as x-axis and X be the resolved 

part of the external forces parallel to x-axis, acting on a particle 

of mass m whose coordinates are (x, y, z) after timer. Then the 
first equation of motion is 


i. e. 


dt Em 


..(i) 


If ZX=0, the equation (l) gives 


d dx 
dt*"'*-*- 


i e - ^constant. ...<2 ) 

The equation (2) shows that the total momentum of the body 
parallel to x-axis is constant througout the motion. 

Also it follows from (2), 

Af ^constant, ...(3) 


where X is the x-coordinate of the C. G. of the body of mass Af. 

6-2. Principle of the Conservation of the Moment of Momcn- 
turn (or angular momentum). 

If the algebraic sum of the moments of all the external forces 
acting on the body about a given line is zero throughout the motion 
then the mom?nt of momentum (or angular momentum) of the body 
about that line remains unaltered throughout the motion. 


(Agra 53, 61 ; Punjab 57) 
Let ( x , y , z) be the coordinates of a particle of mass m at 
time t. If X t Y, Z be the resolved parts parallel to the coordinate 
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axes of the external forces acting on m, then we have by 
D'Alembert’s Principle, 

*- (/ $-* SO' 1 

If Z (yZ-zY)= 0, this equation becomes 

« i o JO.. V 


Zmly 


o 




Hence 


Zm 


...( 1 ) 


di 2 2 di*) °* 

(»a- - ?, 

This shows that the total moment of momentum of the body 
about x axis is constant throughout the motion. 

6*3. Conservation of Linear Momentum. (Impulsive forces). 

In this case the forces are impulsive. Let T be the time 
during which the impulsive forces act on the body. As before, 
wc take the fixed line as x axis. Then the equation of motion is 

d 2 x _ y y 

E m j.* — ZX % 


i. e 


d „ dx 
a E " x T,= EX ' 


Integrating this, we get 

j e m (v — u)=ZX l , ».*(1) 

where u and v are the velocities of the particle just before and 
just after the impulse and X x is the resolved part parallel to 
x-axis of the impulsive forces acting on m. 

If ZX x = 0, the equation (1) becomes 

w(v-m)=0 i. e. mv=mu. ...(2) 

Hence if the sum of the impulses parallel to x-axis is zero, the 
total momentum in that direction is unchanged. 

6*2. Conservation of angular momentum (Impulsive forces). 
Let T be the duration of impulse. By D’Alembert’s 
Principle, we get 

z{y%-^) =E(yZ - zY) - 
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Integrating this, we get 

K-S- 4 ) 1-1 



Z (yZ—zY) dt 
(. yZ l —zY l ). 



Hence if the sum of the moments of the impulsive forces 
about x-axis is zero, then we get from (1), 

Angular momentum after impulse —Angular momentum 

befere impulse = 0, 


i.e. Angular momentum after impulse = Angular momentum 

before impulse. 


6*5. Solved Examples. 

Ex. 1. A heavy uniform circular disc is revolving in a horizon¬ 
tal plane about its centre which is fixed. An insect, of mass jh that 
of the disc, w alks from the centre along a radius and then flies away. 
Show that the final angular velocity is times the original angular 


velocity of the disc. 

Let oj and u> be the initial and final angular velocities of the 
disc. The forces acting the disc either pass through the centre O 
of the disc or are vertical, so that their moment about a vertical 
through O is zero. Hence the moment of momentum about the 
vertical through O remains unchanged. 

a , , m , , a 2 
• m.- cj H— .a-oj —m. oj, 

2. ti 

where a is the radius of the disc 



9 

in 


n 


oj n-\- 2* 


Ex. 2. A bead , of trass m, slides on a circular wire, of mass 
M and radius a, and the wire turns freely about a vertical diameter. 
If oj and oj be the angular velocities of the wire, when the •bead 
is respectively at the ends of a horizontal and vertical diameter, 


show that 



M + 2 m 


Let AB and CD be the horizontal 
and vertical diameters of the circular 
wire. The angular velocities of the 
wire at D and B are given to be ' oj and 
oj' . The external forces acting on the 
system are the weights of the wire 
and the bead and the action of the 
vertical axis AB. The moment of each 
of these forces about AB is zero, so 
that the moment of momentum about 
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AB remains unchanged. 

Hence .o)-j-ma t w— M 

u) Af -\~2nt 

* e - 

Ex. 3. A small insect moves along a uniform bar , of mass 
equal to itself and of length 2 a t the ends of which are constrained 
to remain on the circumference of a fixed circle , whose radius is 

2a , jf the insect start from the middle point of the bar and 

move along the bar with relative velocity V, show that the bar in 

, / i Vt 

time t will turn through an angle tarr q . 

(Agra 1949, 59, Nagpur 1958) 

Let AB be the initial position 
of the rod and A'B' its position 
after time /, when A'B' makes an 
angle 0 with AB. Let O be the centre 
of the rod and C the mid-point of 
A'B'. If \P be the position of the 
insect after time t, then 

CP= Vt. 

Also 0C=/y/[(*,") +«’] 

a 

= V3’ 

so that OP= 

Now the external forces on the system are (i) the weight mg 
of the rod, (ii) the weight mg of the insect, and (iii) the reaction 
of the circle passing through O. Hence the moment of these 
forces about a vertical axis through O is zero throughout the 

motion. 

The angular momentum about the vertical through O is 
constant i. e. zero, since there was no angular momentum in the 
beginning. 

Hence m (OCKb+*a* 0 )+m (OP*.e + V.OC)=0 

i. e. W.d + ia'd + Ua' + Wl-e + V -^-^ 0 
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i. e. 


or 




0 


dt 

0 V*t'+# 


aV p 

V3 Jo 

aV i r* -i Vt ~\* 

— V3-aVl tan aj 0 


or 


V 3 a. 


Negative sign shows that the rod turns in a direction opposite 
to that of the insect. 


Ex. 4. A uniform circular wire , of radius a , //« o/r a smooth 
horizontal table , and is movable about a fixed point O on its cir¬ 
cumference. An insect of mass equal to that of the wire , starts 
from the other end of the diameter through O and crawls along the 
wire with a uniform velocity V relative to the wire. Show that at 
the end of time t the wire has turned through an angle 

Vt 1 _ / / Vt\ 

2a y/3 arr \^/3 ° n 2a)‘ (Agra 1944) 

Let OA be the diameter through the fixed point O. L^t the 
insect starting from A along the wire 
be at P after time t such that /_PCA=0, 
where C is the centre of the circle and 
suppose during this time the diameter 
OA has turned through an angle <t>. 

Draw ON perpendicular to the 
tangent at P. Then 

ON=OP cos ^ = 2 a cos ?.cos ^ 

Q 

= 2 a cos* ^ . 

Now the insect has a velocity V along the tangent at P and 
a velocity OP.<f> perpendicular to OP due to rotation 

Hence the angular momentum of the insect about a vertical 
through O 

=m ( V.ON+OP.<j>.OP) 

•t) 

and the angular momentum of the circular wire about the vertical 
through O 


= m (^2aV cos 2 ^ + 4 a 2 cos 2 


0 

2 
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— the angular momentum of a mass m moving with the centre of 
gravity-f angular momentum about the centre of gravity 
[c^.a+a'if J [formula mvp+mk 2 () § 4‘3}. 

The angular momentum of the whole system 

= t r j^2 aV cos*^ + 4n*^ cos 2 \+2a 2 <j> J=0, 

since the moment of all the external forces about the vertical 
through O is zero, so that the angular momentum about this line 
is unaltered i. e. zero. 


This gives 


- Fcos i 

dt a ^1 + 2 cos 2 0 


But arc AP=a6=Vt, so that 0= 


Vt 

a 


• • 




from (1), 


~:r 


o Vt 
cos- 

2 a 


1+2 cos 2 


Vt 
2 a 


dt 


—?r r*-» 

« Jo 


1 


L 


1+2 cos 2 — 


v?\ d ' 


—n r 

2fl Jo 


o Vt 
sec- 

2 a 


i 

L 


tan *&+ 3 


2aj 


dt 


V r, 2a 1 , / 1 # Fr\T< 

= -24 r "f' • V3 tan 1 W3 tan 2-JJo 


f r 2a , / 

2n[/ FV3 tan ” ( 


V3 


tan 


3] 


=~r / - 

l_2* 


j 

V3 


tan 


- (£ «“ S)J 


...( 1 ) 


Negative sign shows that the wire moves in a direction 
opposite to that of the insect. 


Ex. 5. A uniform circular board, of mass M and ndius a, is 
placed on a perfectly smooth horizontal plane end free to rotate 
about a vertical axis through its centre / a man, of mass M', walks 
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round the edge of the board whose upper surface is rough enough 
to prevent his slipping, when he has walked completely round the 
board to his starting point, show that the board has turned through 


/ M ' A 

an a "S' e M+2W ■ 4n ‘ 

Let the man start from A and let P 
be his position after time t, where 

L POA = 6. 

Let be the angle turned by the 
board during this time in the opposite 
direction. 

Now the external forces on the system 
are (i) the weight M'g of the man, (ii) the 
weight Mg of the board and, (3) the reactions of the axis through 
the centre O. Therefore the moment of these forces about the 
vertical through O is zero. 



Hence by the principle of conservation of angular momentum, 
we get 

M.~4~M’a 2 g=0. 


Integrating, \M<f>—M'0 = 0; ...(1) 

the constant of integration vanishes since initially both 9 and <f> 
are zero. 

When the man has walked completely round the board to 
his starting point, we have 

Q + <fr = 2n. ...(2) 

Eliminating 9 from (1) and (2), we get 

i M‘f> — M' (2v — <f>) =0, 

. 4 M'rr 

'■ e ‘ ‘t’-M + lM" 


Ex. 6. A circular ring, of mass M and radius a, lies on a 
smooth horizontal plane and an insect of mass m, resting on it starts 
and walks round it with uniform velocity v relative to the ring. 
Show that the centre of the ring describes a circle with angular 

velceity 
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Let O be the centre of the ring and 
P the position of the insect. Let G be 
the common centre of gravity of the 
ring and the insect. Hence if OG=x 
and PG=y; then 

M.OG=m.PG, 

i. e . ~= y - x +y — a 

m M m-\-M m+M* 


so that x= 


am aM 

m-YM and y ~m+M' 


V 



Since there are no horizontal forces on the system, the centre 
of gravity G of the system will remain at rest. Hence the centre 

O of the ring will describe a circle of radius x——~ about G. 

m + M 

Let cu be the 'angular velocity of the ring about G. Since 
there are only vertical forces acting on the system, their moments 
about the vertical, through G vanish. Hence by the principle of 
conservation of angular momentum, we get 


r. e, 
or 


or 


/. e. 


or 


M (a*+^ a ).ft>4-wv (a—x)+my*o>^ 0, 
u>[Ma t Y-Mx l Y my* J . a>=— mv (o—x) 

f\- * . mV , M*a' "1 

L (m+M)* + 

Afa 2 {m-YM) amMv 

(M+m) 2 ,<u (nv+M) 


m 


CD— — 


MY 2m' a 


The — ve sign shows that the disc' will turn in a direction 
opposite to that of the insect. 

Ex. 7. A circular disc is moving with an angular velocity <0 
about an axis through its centre perpendicular to its plane. An 
insect alights on its edge and crawls along a curve drawn on the 
disc in the form of a lemniscate with uniform relative angular 
velocity lw, the curve touching the edge of the disc . The mass of 
the insect being th of that of the disc, show that the angle 
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turned through by the disc, when the insect gets to the centre, is 


24 

V7 


tan -1 


y/7 * 

3*4* 

(Agra 1947, 56 ; Raj. 1959) 


Let A be the initial position 
of the insect and P its position 
on the lemniscate after time /, 
where /_ POA = 0. Let OP=r. 

Then the equation of the leranis- 
cate referred to OA as initial 
line is 

r-=a l cos 20. ...(1) 

Suppose the disc turns 
through an angle’<A in time t. 

Now the angular momentum of the disc about O, before the 
insect alights on it—*A/a 2 cu. 

And the angular raomentum’of the system after time t 

=*\Ma 2 ^>-(r*<j>-\-r 2 $w). 

Since the 'moment of all the external forces about the verti¬ 
cal through O is zero, - the moment of momentum about this 
line remains unaltered throughout the motion. 



\Ma 2 u)= b Ma 2 <f> + M (r*</.-f £r 2 cy), 

64a 2 aj = 64fl-<^-|-fl 2 ,cos 29 (8^-fcu), from (1) 

or (64—cos 2 0). w 

dt 8 (8 + cos 29) 

d<f> d0__( 64—cos 20) w 
dQ' dt ~8 (8-fcos Toy 

dj> x __ (64—cos 20) <jj 

OF du’ BOJ ~ 8'(8 + cos~2^r* 

since 0 — e"- 


Now when the insect gets to the centre of the disc, 0 = tt/ 4 
and then <!• is given by 


-/ 


n/4 64— COS 20 


o 8-fcos 20 

f*/4 ( 72 

J 0 \8f cos 20 
•»/4 / 72 


dO 


r fc 


2 cos 2 0 


-) 


-1 
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i. e. 


<t> = 


k/ 4 / 72 sec* 0 
9 + 7 tan* 6 

»- (f 


-r c 

Uh 


?1 tan-i ^- 7 -- 
V7 1 3 4 



Ex. 8. A particle, o/ num m, moves within a rough circular 

tube, of mass M, lying on a horizontal plane and initially the tube 

is at rest while the particle has an angular velocity round the tube. 

M 

Show that by the time relative motion ceases, the fraction 
of the initial kinetic energy has been dissipated by friction. 


Let O be the centre of the 
tube and P, the position of the 
particle. Then the position of 
their common centre of gravity 
G is given by 

M OG=m.PG. ...(1) 
If OG=x and PG=y, we get 
from (1), 

x _ y _ x+y __ a 
m M m-\-M m -f Af ’ 
where a is the radius of the tube. 



or 


am 

X ~m+M 


and 


aM 

y m+M' 


Let u be initial velocity of the particle when the tube is at rest 
and v the velocity with which the common centre of gravity (? 
begins to move. 

As there is no force on the system in the horizontal direction, 
the total momentum remains unaltered in that direction. 

Hence (A/+/w) v=mu. ...(2) 

Let u-'i and be the angular velocities of the tube and the 
particle about G, when the system begins to move. 

Now the moment of momentum about the vertical through 
G remains unaltered since the moment of all the external forces 
about this line is zero. 

Hence muy=M ( 0 3 <y 1 + x 2 a> 1 )-f my f ai a . 


...(3) 
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The relative motion will cease when o* 1 =c o 2 . In that case, 
we get from (3), 

muy=a> 1 (Ma 2 +Mx 2 +my 2 ) 

muy 


u e. 


w i= 


M (a 2 +x 2 )+my 2 ‘ 

At this time, the K. E. of the'system 
= \my 2 w x 2 +\M ( a'+x^'w^ + h (M+m) v 2 

= i (mf +Ma*+ Mx-). {my , + Ma , + Mx ^ 

-f* i (A I+m). 

substituting the values of w x and v. 

\m u £ m y 2 _j_ Ma 2 + Mx 2 M+ mJ’ 


...(4) 


m*u* 
(M + m) 


2 » 


• • 


Loss of K. E. 


-\mu 2 Im’u* [ w> .2 + ^ a 2 + A/x 2- + J 


= \mu 2 f" i- ”4 

[_ my 2 + M a 1 


m 


= }.mu 2 


[ 


-{-Mx 2 A/+hi 
M (a 2 -\-x 2 ) ' m 


] 


my 2 + M (a 2 +x 2 ) M + m 
(a 2 + 


] 


f 


A/ 


a*m* 


(m4 A/) 2 


) 


. a'-m 3 \ 

^(m + M ) 2 + Af (, + |i»+M]V 

_j 2 r 2m 2 + 2mM+ Mf _ m 
= i "' U L™A/+2m 2 +2>wA?+A/ 2 M + m 

m % M + 2mM 2 + A/ 3 



] 


— IWJM* 


= \mu 2 . 
= \mu *. 


A/ 


M+2m 


£(mM4-2m 2 4-2mA/4- A/ 2 ; (M + m) 

_ M (m + M ) 2 _ 

(m-}-A/) (2m + A4; 

Af 

A/+ 2m 

of the initial K. E. 


i 


Ex. 9. A rod OA can turn freely in a horizontal plane about 
the end O and lies at rest . An insect whose mass is one-third that of 
the rod, alights on the end A and commences crawling along the 
rod with uniform velocity V . At the same instant the rod is set in 
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rotation about O in such a way that the initial velocity of A is VI 
when the insect reaches O, prove that the rod has rotated through a 
right angle, and that the angular velocity of the rod ts then twice 

the initial angular velocity. 

Let OA' be the initial position 
of the rod and OA its position 
after time t, where /_AOA'=9. 

Let Pbe the position of the 
particle at this time, then 

AP=Vt so that OP=2a— Vt, 
where 2 a is the length of the rod. 

Sioce the initial angular velocity of the rod is ^ the angular 
momentum of the system about O when the insect is at A' 

-M.W-5+T'W'Si 

=$MVa 

and the angular momentum after time t 

AT 

=M.U*.9 + J (2a-Vt)* o. 

Since the moment of all the external forces about the vertical 
through O vanishes, we get by the principle of conservation of 

angular momentum, 


M.Wq+^ (! 2 a-Vt ) 3 .0 = tMVa 


dO 


4 Va 


or 


dt ~4a 3 +(2a—Vtf 


...(0 


2 a 


Since the insect will get to the point O in time y % the angle 9 

described by the rod during this time is given by 

l2alV 4a V 

Mo 4fl*+(2a-K0 3 

~ ! HK 

/. e. the rod has turned through a right angle. 
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Putting t—~ in (1), we get 


. 4aV V 
°~4a 2 ~a‘ 


Hence the angular velocity of the rod when the insect rea¬ 
ches O, 



=twice the angular velocity in the beginning. 

Ex. 10. A uniform disc of mass M and radius a can turn 
freely in a horizontal plane about an axis at right angles to a plane 
through its centre . It is set rotating with angular velocity <u and 
an insect of mass nM crawls along a radius with uniform velocity 
V relative to the disc starting close to its centre. Show that when 
the insect reaches the edge of the disc , tne disc has turned through 
an angle 

{aoj tan-' y/(2n)}\{Vy/(2n)}. 

Let P be the position of the insect 
after time / and let the disc turn through 
an angle 0 during this time. 

Then OP= Vt. 

Now the angular momentem of the 
system at the commencement of the 
motion about 0 = \Ma 2 .w. 

And the angular momentum of the 
system after time t about O 

= \Ma*.b+nM.OP 2 .o 

= \Ma'.d+nM.V*tKd. 

Since the moment of external forces about O is zero, we get 
from the principle of conservation of angular momentum, 

bMa*Q + nM. V t t 2 .^ = kMa 2 .co 
dd a 2 ui 

Le - di^a'+lnVW 



Now the particle will reach A in time Hence the angle 
turned through by the disc during this time is given by 

0=J”' dt 


aiv a 2 w 
0 a'+inVUl 
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1 IV- '/M.VtWV 

=a 2 (jj m -^- T J tan 1 

0 # V(2/i^FL a Jo 


Qoj 


tan -1 y/(2n). 


~~ VV(2n) 

Ex. 11. A horizontal wheel with buckets on its circumference 
revolves* obout a frictionless axis. Waterfalls into the buckets at 
a uniform rate of mass m per unit of time Neglecting the mass of 
the buckets, find the angular velocity of the wheel at time 1 1 if « be 
its initial value, I, the moment of inertia of the wheel and the 
buckets about the vertical axis and a the radius of the circumference 
on which the buckets are placed, the wheel at time t has turned 

through an angle 

After time t, the mass of water fallen into the bucket is mt t 
so that the total moment of inertia about the axis is 

1+mt.a 1 . 

The angular momentum after time t about the vertical axis 
through the centre 

0 . 

And the initial angular momentum 

= /. CO. 

Hence (I+mta*) 0 =*/.«, 

since the moment of the external forces about the axis is zero, 

dd = I.w 

*• e ‘ dt l+mta 2 


or 


6= [' dt 

J o I + mta- 

Ia, r y 

= ma> L l0fi 


= ~ 2 n°g (/+mte*)-log I] 

I* ( mta 2 \ 

= —Jog ( H—). 
ma- °\ I ) 

Ex. 12. A uniform, square plate A BCD of mass M and side 
2a lies on a smooth horizontal plane. It is struck at a point at a 
distance c from the middle point of AB by a particle of mass m 
moving with velocity V perpend cular to A B If the particle adheres 
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to the plate , show that the angular velocity of the plate after the 

SmcV 

impact is 2Mar -f- m ( 50 * +3c 2 ) * 

Let E be the mid. point of AB and P 
the point where the particle strikes, the plate, 
so that PE=c. 

Let l_OPE=6 . 


Then 


a 


tan Q=- , sin d= 
c 

cos 6 = 


V(<> 2 + c*) • 
c 


V(a 8 -fc 2 )* 

If G be the common centre of gravity of 
the plate and the particle, then 

x = y = x+y = V(a 2 + <^) 
m M M+m M+m * 

where OG—x and PG—y, 

so that V(°’-+c') 



Let w be the angular velocity of the plate about G after 
impact. 

Since the moment of all the external forces about the vertical 
through G is zero, the angular momentum of the system about 
this line remains constant throughout the motion. 

a 2 "I 

— \-x 2 I oj + m.y*uj 

=mV.y cos 0. 


Hence M J 


Substituting for x, y and cos 6 , we get 

I rn* M 2 



-mV M V(a 2 +c 2 ) c 


’ M+m * y/{a*+c*) 

i . e. 

("2a 2 m {a 2 + c 2 )~l mVC 

03 L 3 M+m J M+m 

or 

w [2Mar+m (5a* -f 3c 2 )] = 3mVC 

or 

_ 3 m VC 

03 L 2Ma* + m (5a 2 -t-3c 2 )] 


t 


(a 3 +c")J 


Ex. 13. A circular ring of mass m and radius r lies on a 
smooth horizontal table. An insect of mass M alights vertically 
on it and crawls round the ring with a velocity v which is uniform 
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relative to the ring. Prove that the angular velocity of the ring is 
Mv 

(m+2M) r' 


Let G be the common centre of 
gravity of the ring and the insect. 

Then _1_. 

M m A1 -f m Af + m 

Let oj be the angular velocity of 
the ring in a direction opposite to that 
in which the insect begins to crawl. 

Then by the principle of conser¬ 
vation of angular momentum about G, 
we have 



/. e. 


[ 


(,rnr+mx 2 ) aj—Mv.y=0, 

1 


Af*r 2 , _ _ 
m r-+m.- vy -—-+M 


mV 2 


”o l.to 


(M+m)* T (M+/n)*J 


= A/v. 


mr 


or 


/. e. 


M+m 
(2 AI-\-m) cur—Afv, 
Mv 


iu= 


(m+2M) r* 

Ex. 14. A small ring of mass m is strung on a smooth uniform 

circular wire of mass M; if the system rest on a smooth horizontal 

table and the ring be started with a velocity V in the direction of 

the tangent to the wire, show that the wire will not rotate, and that 

its centre will describe a circle relative to the centre of mass of the 

system with un form angular velocity, and that the velocity in space 

r i . . 2m V sin . 

of the centre will be YM+ni) " Wl€re l ^ e ra ^ lus f rom the wire’s 

centre to the ring makes an angle 6 with its initial direction. 


Since the wire is smooth, the reaction 
of the ring will pass through the centre C 
of the wire. Hence the wire will not 
rotate. 

As there are no forces in the hori¬ 
zontal direction on the system as a whole 
the linear velocity of the centre of gravity 
G of the system remains constant. Let 
u be the velocity of G. Then 
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u=m V 
mV 


or 


u= 


(m+AJ ) * 


mV 


Hence G moves with linear velocity f in the original 

direction of projection of the ring. 

Let P be the position of the ring at any time where 

/_PCA = 0. 

Since CG is constant and equal to . the centre of the 

wire will describe a circle of radius about G. 


Again, since there are no forces on the system as a whole the 
angular velocity of CP about G remains constant. This angular 

V 

velocity is — initially. 


Now the velocity of C is the resultant of u and CG.e, 

mV , ma V (__ mV ^ 

’ a \ 


i. e . the resultant of 


- r . and , 

m 4-4/ Al 4* m 


rn + AfJ' 


• • 


the velocity of C=2u cos h (n - — 0) 

2m V . 

= , sin A 9. 

A1 4- m 


6 6. Solved Examples (Impulsive forces). 


Ex. 1. A circular plate rotates about an axis through its centre 
perpendicular to its plane with angular velocity cu. This axis is set 
free and a point in the circumference of the plate is fixed ; show that 
the resulting angular velocity is Jco. (Punjab 1953, 56) 

Let the axis through C be set free 
and the point O of the circumference be 
suddenly fixed. Let a/ be the angu¬ 
lar velocity after fixing O. Since the 
impulse will act through O , the moment 
of the impulse about O is zero. It follows 
that the angular momentum about the 
axis through O is the same before and 
after the fixing. 



I. e. o*' = Jc u. 
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Ex. 2. A circular plate is turning in its own plane about a 
point A on its circumference. Suddenly A is freed and a point B, 
also on the circumference, is fixed. Show that the plate will be reduced 
to rest if the arc AB is one-third of the circumference, (Agra 1945) 
Ler oj' be the angular velocity just 
after fixing B. Let /_ACB=9, where C 
is the centre of the circle. 

Now the impulse will act at B and 
so the moment of impulse about B is 
zero. Hence the moment of momentum 
about B remains the same before and 
after the fixture. 



m 


or 


aj ' =m co-haco.acos 
(o'—s (1 -f-2 COS 9),(o. 


The plate will come to rest if to'—0. 

.*. 1+2 cos 0=0 


or cos 0= — h i. e. . 

2 ^ 

.*. Arc AB=a9=a.-£ = $.2an 

= $ x circumference. 

Ex. 3. A uniform circular disc is spinning with angular velocity 
to about a diameter when a point P on its rim is suddenly fixed. If 
the radius vector P makes an angle a with this diameter , show that 
the angular velocities after the fixing about the tangent and normal 
at P are $<o sin a and to cos a. 


Let AB be the diameter about which 
the original angular velocity is to. Clearly 
to sin a and to cos a are the resolved parts 
of to about the tangent and the normal 
at P. 

Now let the point P be suddenly 
fixed and the diameter AB set free. 
Suppose w lt to 2 are the angular velocities 
about the tangent and the normal at P 
after the fixture. Since the impulse is at P 
now, the moment of the impulse about P 



is zero. Hence the 
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moments of momentum remain unchanged about 
normal at P respectively. Thus 


’f! 

_4 


m — cu l -{-ma-<j) l 


]- 


a* 

m .— co sin a 
4 


or 

and 


tu l = Ico sin a 

a 2 a a 

m.— w 2 =mco cos a 


the tangent and 


cu 2 = to COS a. 

lamina in the form of an ellipse is rotating in its own 
one of its foci with angular velocity co. This focus is 

at the same instant is fixed ; show that 
with angular velocity 

(Agra 1955, 60; Punjab 1956, 57) 


or 

Ex. 4. 

plane about 

set free and the other focus, 
the ellipse now rotates about it 

2-5e * 

" ~2+3e*- 
Suppose the ellipse is rotating 
about the focus S with angular 
velocity co. Now let S be set free 
and S' be suddenly fixed. 

Let to' be the angular velocity 
of the ellipse about S' after the 
fixture. Since now the impulse 
will be at S' the moment of the 



impulse about the axis through S' must be zero. It follows that 
the moment of momentum about this axis remains unaltered. 


Hence m <** + J =m £ 


a*-f 6* 




— are 2 o»J 


or 


(a 2 -f 6 2 -f 4a a e 2 ) = ^- (a 2 f 6 2 — Aa 2 e 2 ) 


or 

or 

or 


a/ [a*fa* (1 — e 2 ) + 4a 2 e 2 ] = <o [a 2 -fa 2 (1 —e*) — 4a*e 2 J 

[V 6 2 =a 2 (l-e*)] 


co' (2 f 3e 2 )=<o (2 —5e 2 ) 



2 —5e 2 
2+3e z ’ 


Ex. 5. An elliptic area, of eccentricity e is rotating with 
angular velocity co about one latus rectum; suddenly this latus rectum 
is loosened and the other fixed. Show that the new angular vela - 


city is 


l-4e 2 
7 + 4e* * 


(Agra 52, Raj. 1960) 
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Suppose the ellipse is rotating 
about the latus rectum LSL' with 
angular velocity w. Let this latus 
rectum be set free and the other 
latus rectum through the focus 
S' be suddenly fixed. Let «*>' be 
the angular velocity about this 
latus rectum after its fixture. 
Since now the impulse is at this 



it is zero. Hence 
through S' 


latus rectum, the moment of the impulse about 
the moment of momentum about the latus rectur 
is the same before and after the fixture. Thus 


m 


(j- oj'+a 2 e z to'^ = m to—a 2 e*w^ 


or 


CO = 


1 -4e 2 
1 -f 4e 


.r oj . 


Ex. 6. An elliptic lamina is rotating about its centre on a 
smooth horizontal table. If u> i% w !t w 3 be its angular velocities when 
the extremity of its major axis, its focus and the extremity of its 
minor axis respectively become fixed, prove that 

_7 6_ 5^ 

(Agra 1947) 

Let cu be the angular 
velocity of the ellipse about 
its centre before fixture. 

Let the centre be freed f 
and the end A of major axis \ 
be fixed. Then the moment 
of momentum about an axis 
through A is the same 
before and after the fixture. 

Since oj 1 is the angular velocity after the fixing of A, we have 

... P- + b* , - ~| a 2 +b 2 

w I 4 wj Aa*w 1 l=m .—-—oj 



or 


a'Ab* 


£t 'i == - : — 


OJ. 


5 a*+b* 

Similarly when focus S' is fixed, we shall have 


m 


r- 


2 + b 2 




o t T a' 
are-w 2 l = m.~ 


+ b* 


OJ 


• • • 


% 



4 



Conservation of Momentum and Energy 


463 


i.e. 


a z +b 2 

w *~a'-+b~ + 4a-e 2 

a 2 +b 2 


<jj 2 =tu 


a*+b *+4 (b z —a*) 


a'-+b 2 
5a 2 -3b- " 

[V b'—a 


...( 2 ) 

J. 


And when an end of the minor axis is fixed, we shall have 
ra'- + b* . . 8 "1 a 2 + fc 2 

W \=m- — 4 — 

- fl2 + 62 m 

or ^ 3= 56*+a 2 tw * •••<•*' 

From (1), (2) and (3), we have 

-Z—.A_A = * - [35a 2 + 76* —30a-+ 186 2 —256 2 —5a 2 ] 

ajj a»2 a> 8 J to 

= 0. 

Ex. 7. /I rod of length 2a. is moving about one end with 
uniform angular velocity upon a smooth horizontal plane. Suddenly 
this end is set free and a point, distant b from this end. is fixed} 
find the motion, considering the cases when 

, _ 4a 

b <~> J • (Agra 53, Pb. 56) 

Let the rod be rotating _,_ a ~ b ,__ 

with angular velocity a> about a c G 'B 

the end A. 

Let this end A be set free and a point C of AB be suddenly 
fixed where AC=b. Let a/ be the angular velocity of the rod 
after the fixture. Since now the impulse is at C, the moment of 
the impulse about C is zero. It follows that the moment of 
momentum about the axis through C is the same before and after 
the fixture. Thus 

to £2" <*> -f-(a —by euj=m .cu-|-aa>.(a — &)J 


a—b 


, *a z — 3ab 

w ~a'-+T~(a-b)*' w - 

The equation (1) determines the motion. 


... 0 ) 


*T If 

If b > ", oj' is —ve. It means that the angular velocity 

after the fixture is in opposite sense to the angular velocity before 
the fixture. 
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If b= j* a/=0 /.e. the rod is reduced to rest after the 
fixture in this case. 

4 a . 

And if b <. j-, to' is positive l.e. the rod will rotate in 
the same direction after the fixture as before. 

Ex. 8. A rectangular lamina , whose sides are of length 2a and 
2b t is at rest when one corner is caught and suddenly made to move 
with prescribed speed V in the plane of the lamina. Show that the 
greatest angular velocity which can thus be imparted to the lamina is 

3V _ 

^ a V(a 2 +b n ) ’ (Raj 54, Usmania 54) 

Let A BCD be the rectange 
whoso corner A is made to move 
with velocity V at an angle 0 with 
BA. Let u and v be the compo¬ 
nents of linear velocity parallel 
to BA aDd BC respectively and a>, 

the angular velocity after the seizure. Since the impulse is at A, 
the moment of momentum about A is constant. Hence, we get 

mav + mub-m.\ (£ 2 +6*) a>=consta.it = 0, ...(1) 

where AB=2a and BC=2b. 



or 


or 


Also for A , we get 

M-f bw— V cos 0 and v + ato^ V sin 0. 

Substituting for u and v in (1), we get 

a (V sin 6—au>)+b (V cos 6—bio)— fr (a*+6 2 ) co 

__ 3 V (a sin Q+ b cos0) 

4 (a*+fc a l ’ 


=0 


Now io is maximum when 


dut 

dd 


0, 


i e. when 


a cos B—b sin 0 = 0 
tan 0=f. 


Substituting for sin 0 and cos 0 in (2), we get 




_ 3V • r 

4 (a 2 -f &) l a ' 
3V 

4\/(«HA 3 ) • 




1 


X / (a 2 +b 2 )^ ^ (a*+b*)J 


..( 2 ) 
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/ EX \ 9 / l A SqUQre amina AB ^D rests on a smooth horizontal 

Pl ane . If the corner A is made to move with velocity u along the 

lamina^ Pr ° dUCed ' determine the initial angular velocity of the 

(Agra 56) 


Let 2a be the side of the 
square. 

Let u x and be the linear 
velocities of G parallel to BA 
and BC respectively and a> its 
angular velocity about A after 

the seizure. Then as in Ex. 8 
above, 

u=u x +a<o t ...(?) 

0= Vl +auj ...( 2 ) 

and ntu l a+mv l a’- m.$a 2 . <o 

These give, 



constant=0. ...(3) 


or 

or 


a (u—ato)—a.a(xj—%a 2 to=0 

$aw = u 
3 u 


Ex. 10. A uniform square lamina , of mass M and side 2a is 
moving freely about a diagonal with uniform angular velocity oj 
when one of the corners not in that diagonal becomes fixed, show 
that the new angular velocity is fco, and that the impulse of the 
force on the fixed point is \y/2Mau>. (Lucknow 54) 

Let ABCD be the square 
which is revolving about the dia¬ 
gonal BD. When this diagonal is 
set free, let the corner A be sud¬ 
denly fixed. The square now 
begins to turn about the line AL 
through A parallel to BD. Suppose 
40 ' »s the angular velocity about 
AL . Clearly the moment of the 
impulse about AL is zero so that 
the moment of momentum about 
At remains the same before and after the fixture. Thus 

M [AW+AG 2 .k’a>. 
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2 2 

Now k z about cos 2 45°+|- sin 8 45° 

- a l 

“3 

and AG=yJ2 a. 

M r~ w'+2a*.a,' J = <" 

/ <° 

or oj = 

After the fixture the velocity of the centre of gravity G is 
aV(2) a! perpendicular to AG. 

Impulse = Change of momentum in M 
— M (ay/2 ta'-O) 

= M.a^2.~. 

Ex. 11. A uniform circular d ! sc of radius a is rolling without 
slipping along a smooth horizontal plane with velocity V when the 
highest point becomes suddenly fixed. Prove that the disc will make 
a complete i evolution round the point if V 1 > 24ag . 


A 




Initially the disc has rolled through a distance x and turned 
through an angle 6 , when A was not fixed, such that 

x=aO, = ap V. ...(I) 

Now A is suddenly fixed, therefore the angular momentum 
about A is constant, 

i.e. Angular momentum before fixing /l=angular momentum 

after fixing A 


or 


— m — Q + mVa=m 




where w is the angular velocity after fixing A, and we have made 
use of the formulae, 
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angular momentum about any point 

=mvp+mk 2 e. 

Eliminating e between (i) and (ii), we have 

r/ Va 3a 3 

Va ~*T w 

ie. V=3ato. 

When A, the highest point of the vertical diameter, is fixed, let 
the disc have turned through <t>. 

.*. the equation of energy gives 

\m + ( <j> 2 — uj 2 )=—mga (1—cos «/>) 


i.e. 


(j> 2 = aj 2 — (1—COS <f>) 


The disc will make a complete revolution if <£ is positive 
when <t>=7T, 


i e. 


i e- V 2 > 2 4ag. 

Ex. 12. A heavy ring of radius a is moving in its own plane , 
which is vertical. At a certain instant when its velocity is V hori¬ 
zontal}’ from left to right , and angular velocity is clockwise, the 

2d 

highest point of the ring is suddenly fixed. Prove that the ring will 
describe a complete rev dution about the point of fixing if V- > 32ag. 

(Agra 1962, Punjab 58) 


J2 =( 2 

* 3a~9a n -'~3a 



Before fixing A, the highest point of the ring, it was moving 

with a velocity V (from left to right) and angular velocity ^ in the 

clockwise direction. Let be the angular velocity after fixing 
the point A, and suppose it has turned through an angle </>. 
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i.e. 

or 


Angular momentum about A must be constant 
angular momentum before fixing A 

=angular|raomentum after fixing A, 

V 

mV.a—ma 2 .~=m (a a +a 8 ) to. 


V . 

2"=2 acj 

V=4aaj. 

Now the energy equation gives 

\m (a-+a z ) {(j> t —w 2 )~—mga (1—cos 0) 

n-cos = (1-COS 4). 


The ring will make complete revolution |if <f> is positve 
when 0 = 7r, 



V 8 , 

16a 2g 
Hence the result. 


0 or V‘ > 32 ag. 


CONSERVATION OF ENERGY 


6*7 Principle of conservation of energy. 

If a system moves under the action of finite forces and if the 
geometrical equations of the system do not contain time explicitly , 
the change in the kinetic energy of the system in passing from one 

configuration to any other is equal to the corresponding work done 
by the forces. (Agra 1953) 


Let x, y, z be the resolved parts parallel to the axes of the 
external forces acting on a particle m whose co-ordinates are 
(*, y, z) at the time t. Then the forces 


v d 2 x v d 2 y 
X-m ~r.Y» Y-m 


dt 2 


dt 2 


Z—m 


d*z 

dt v 


acting at Ihe point (x, y t z) and (similar forces acting at other 
particles of the system, form a system of forces in equilibrium by 
D’ Alembert’s principle. Therefore by the principle of virtual 
work, we get 

*[(*-'"£) 8 * + ( y -' n s0 8 ' 

+( z ~ m sf) Sz ]=°> •••(*> 

where S.y, 8 z\ denote arbitrary small displacements of the 

particle m consistent with geometrical conditions at any time f. 
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If we express the geometrical conditions by means of equa¬ 
tions which do not contain time explicitly, then the conditions 
which hold at time t , will hold throughout the time 8t; therefore 
we can take the arbitrary displacement 8x, Sy, Sz to be 

respectively equal to the actual displacements - St dy St — St 
. , dt * dt ’ dt 

of the particle in the time 8t. 

Substituting these values in (1), we get 
S m(^~ ~ 4 .^ z d _f 


dt) 


dt 2 ' dt + dt 2 ' d& dt 2 
Integrating this, we get 

J ( Xdx+Ydy + Zdz). 

The above relation shows that the change in the kinetic energy 
of the system from time to time r 2 is equal to the work done by 

the external forces on the body from the configuration of the 
body at time t l to the configuration at time t 9 . 

6*8. Vis-viva. Vis-viva of a particle is the product of its 
mass and the square of its velocity. J 

energy f ° H ° WS vis " viva ° f a P artic,e ™ equal to twice its kinetic 

6*9. Principle of Vis-viva. If a system moves under the 
action of finite forces, and if the geometrical conditions of the parts 
of the system be expressed by the relations which do not contain 
time explicitly, the change in the vis-viva of the system in passing 
from any one position to any other position is equal two twice the 
corresponding work done by the forces. (A gra 51, Pb. 60) 

Proof is the same as given in $ 6‘7. 

6*10. Conservative forces. If the forces acting on the body 

be such that J (Xdx+Ydy+Zdz) is the complete differential of 

some quantity V, the forces are said to be conservative. 

Thus when the forces are conservative, we have 


J (X dx+Y dy+Z dz)=dV 
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£ j {Xdx+Ydy+Zdz)= j dV. 

This shows that the potential of the forces is V. 

Hence the quantity £ j* (X dx-\-Y dy+Z dz) is independent 

of the path followed by the body in going from one position to 
another and depends only on the configuration of the body at 
time /j and r 2 

Hence if A and B are the configurations of the body at times 

t x and t«. then we have by § 6*7, 

K. E. at time t 2 — K. E. at time t x 


= j"</ >'=K b -F a . 

Theorem. When a body moves under the action of a system 
of conservative forces, the sum of its kinetic and potential energies 

remains constant throughout the motion. 


As shown above, we have 

K. E. at time t 2 — K E. at time t x 

-\1 J V-Vb-V a . 


• • • 



Now the potential energy of a body in any position A is the 
work done by the forces in moving the body from this position A 
to some standard position C, say. 


P. E. at time / t = (X dx+Y dy+Z dz) 

= dV= v c~ V K 


• • • 



and potential energy at the time 

= j C (Xdx+Y dy+Zdz)= 



= V C -V . 

Subtracting 13) from (2), we get 




P. E. at time /j—P. E. at time t 2 

==(fc-^A)-(K c -F B ) 

= V*-V X . ...(4) 

Comparing (1) and (4), we see that 
K. E. at time / 2 — K. E. at time t x 

= P. E. at time P. E. at time t 2 
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or K. E. at time f 2 +P. E. at time / 2 

= K. E. at time /j-f-P. E. at time t x . 

Hence the sum of the kinetic and potential energies is the 
same at all times. 

This proves the proposition. 

6-11. The kinetic energy of a rigid body, moving in any 
manner, is at any instant equal to the kinetic energy of the whole 

mass, supposed to be collected at its centre of inertia and moving 

with it, together with the kinetic energy of the whole mass relative 
to its centre of inertia. 

Eet (at, y, z) be the coordinates of a particle m, of a body, 
at time r and (.*, y, s) the coordinates of the centre of gravity G 

of the body; also let (*',/, z') be the coordinates of the particle 
m relative to the centre of gravity, then 

*=*+*', y=y+y, z~s+z\ 

The formula for the coordinates of centre of gravity gives 

£ nix'—O, £ my' = 0 and £ rnz' — O. 


Hence £ m ~r-= 0, 


£m^L=:0and£m^0. 


...( 1 ) 


Now the total K. E. of the body 

»[©•+($)■+(§)■] 

V) ■ ( 


= \£ m 


~\£ m 


4- 


( 


CCS 
[( 


+*■ 

+ dt 


dx\2 
d,) + 


( d ?\ 


dt+dt 


dzdz 
dt + dt 


dy\ 


dt) 


-f 


dt) + 


mi 


-Mi? m 


yj 

m 


d *Sm d 4 + 2‘ ,v 


dt 


dt 


p dy‘ 
£ m ~ 

dt 


= h£ m 




+ 


©•] 


4.0 <*3 dz ' 

dt dt 


1 


+ >*'[(gy+(%y->(gy] 


from (I) 

\£ m [square of the velocity of G] 

+ hZ m [square of the velocity of m relative to Gi 
■=1 (square of the velocity of G) £ m ' 

m (square of the velocity of m relative 
+ (square of the velocity of m relative to G) 
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where v is the velocity of G and M is the total mass of the body. 

To sum up : 

The total K. E. of the body=K. E. of mass M supposed 
collected at G + K. E. of the body relative to G. 

6*12. Solved Examples. 

Ex. 1. A smooth wedge , of mass M and angle a, rests with 
one face in contact with a smooth horizontal plane , and a particle 
of mass m is placed on the other face so that it lies in the vertical 
plane through the centre of mass of the wedge perpendicular to its 
edge. The system is allowed to move freely. Find the motion. 

Let V be the horizontal velocity of 
the wedge and v, the velocity of the 
particle relative to the wedge i. e. _ 
down the line of greatest slope. Then 
the actual velocity of m is the resultant 
of v and V. 

Since there are no horizontal forces on the system as a 
whole, the principle of linear momentum gives 

m (v cos a— V) — M F=const.=Initial value=0. ...(1) 

And the equation of energy gives 

\MV* + Int [V s + v 2 + 2Fv cos (tt— a)]— 0=mgx sin a. .. .(2) 
where x is the distance described by m along the line of greatest 
slope [V change of K. E =work done]. 

If a be the initial distance of the particle from the edge of 
the wedge, then the velocities of the particle and the wedge 
when the particle reaches the edge of the wedge are given by 



m (v cos a— V)—MV 

and \MV % +\in [V*+v z —2Vv cos a]=mga sin a. 

Squaring (3), we get 

m* [v 3 cos 2 a— 2vV cos a -f- V 1 ]=M i V i 

A1 2 V* 

or v 2 — 2vV cos a-f V 2 =—-^- + v 2 sin 2 a. 


...(3) 

...(4) 


Substituting from the above equation in (4), we get 

mag sin a 


[ M 2 V 2 1 

m «- -}- v * sin* a 1= 


or 


or 


\MV* (l+^ saWfl !f sin sin* 


\M. 


mV cos 2 
(m +A/) 


a /m + A/\ . i * . a 

- I — m — )= mag sin a — tmv* sin 2 a 


from (1) 


or 


or 


or 
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* v " [_~m+ m -*~ w sin2 a \ =ma S sin a 
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.2 


[ M+m sin 2 g 
m -f- M 


Q- 


ag sin a 


v 2 = 


(m-j-4/) sin a 


and 


F 2 = 


V/ + m sin 2 a 

w 2 v 2 cos 2 a 2agm* cos 2 a sin a 


• • 


...(5) 

(m + M) 2 = (m + M) (M~+m sin 2 a)* * • • ( 6 ) 

Hence the actual velocity of the particle down the inclined 
face of the wedge on reaching its edge 

= v— V cos a 
.. my cos 2 a ^ 

= V_ m+W from 0) 

— v (M+ m sin 2 « \ 

\ m+M ) 

= . / f^S (M+m sin 2 a) sin a\ _ 

V V (m+M) - ) from (5) 

= ^i, say. 

And the acceleration of the particle along the inclined face 

=g sin a. 

The time to reach the edge of the wedge is given by 
^i=0+g sin a./ 

/ —_*JL_= / ( 2a (M+m sin 2 a)\ 

S sin a V \ (m+M)g sinT - / ---t 7 ) 

Let/be the acceleration and s, the distance moved bv the 
wedge during this time; then y 

V=0 + ^t 

f= T- 

And S=0+lf.i* 

=1 K 

2 ' t 9 1 ~ 2 

__ma cos a . 

- m+hT from < 6 > and (7). 

Ex. 2. /! wn/brm rod, of length 2a, has two small rings at it* 

ends which can respectively slide on thin smooth horizontal and 
vertical wtres Ox and Oy. The rod starts at an angle a to the 

horizon with angular velocity (1-sin «,}, anJ „, ov „ 


or 


or 
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(Agra 1947) 


downwards. Show that it will strike the horizontal wire at the end 
of time 

2 \/(Jg)' og [ eo '(H) tan s} 

Let the inclination of the v 

rod AB to the horizon be 0 at 
time r. Then the coordinates of 
the centre of gravity G are given 
by 

x=a cos 0, y—a sin 0. 

.i} =—a sin 0.0 
and y=a cos 0.0. 

Then the velocity of G 

= V(* 2 +> ) ')=<*6- 

Hence the K. E. of the rod at time t 

2 



it 


=2 m (j- 0*+o*0 , ^=? ma 9 $*. .. .( 1 ) 

Since the initial angular velocity = \Zg (, —ma)]. 

follows from ( 1 ) that initial K. E. 

1 4a 2 3g . 

=2 m - 3 * 2 a (I “ s,n a) 

= mag (1 — sin a). 

Therefore the equation of energy gives 

4 a - 

£ m. ^ 0 2 —mag (1—sin a )=mg (a sin a— a sin 0) 

2 a 2 

y 0* — °g (1—sin a)=og (sin a—sin 0) 


or 


or 


B-=\ 8 (I-sin 6) 


or 


6 = -\J (If)v(i-sine). 

— ve sign since as t increases 0 decreases. 

Hence the required time is given by 


n/(s) I 

- V © 


1 



a V(l—sin 0) 

“ dd 

0 . 9 

cos sin - 
2 2 


dd 
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-v©i: 

-v(5)i: 


dd 

sin ({t r—id) 
cosec — ±0) dd 


= 2 
= 2 


- 2 ( 3 ^) [i. tan (i-rr-ld) J* 

V(i)* 

\/ © ios [“■ “ (;-j 



Ex. 3. 7to //Are rorfj AB and BC. each of length 2a, are 
freely jointed at B ; AB can turn round the end A and C can move 
freely on a vertical straight line through A, and they are then 
released. Initially the rods are held in a horizontal line , C bein '* 
in coincidence with A. and they are then released. Show that 
when the rods are inclined at an angle 9 to the horizontal , the 
angular velocity of either is 


•y (t • 


sin 9 \ 

+i cos 2 9f 

Let A be taken as origin and hori¬ 
zontal and vertical lines through A as 
coordinate axes as shown in the figure. 

The coordinates of G lt G 2 which are 
the C. G.'s of the rods AB and BC are 
(a cos 9, a sin 9) and (a cos 9, 3 a sin 9) 
respectively. 

Now change in K. E.=work done. 



B 




r 


a 2 
3 


0 a +a 2 0 2 J + *w 0 2 + ( —a sin 0 . 0 ) 2 +( 3 a cos 0+) 2 J 

= mga sin 9-\-mg.3a sin 9, 

ad 2 (1 + 3 cos 2 9)=3g sin 9 

a = / (H _sinfi \ 

0 V \a * 1+3 c6i*e)' 

Ex. 4. A straight rod, of mass m, is placed at right angles to 
a smooth plane of inclination a with one end in contact with it ; the 


or 

i.e. 
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rod is then released . Show that, when its inclination to the plane 
is </>, the reaction of the plane will be 

3 (1 — sin <fr ) 2 +1 

Wg - (3 cos' Ui)' C ° S “• (Agra 1957) 

Equations of motion of the rod are 
d 2 

m (a sin <t>)=R—mg cos a .. .(1) 

and m ~ . 0 = — R.a cos <f>. .. .(2) 

Eliminating R from (1) and (2), we 
get 

or .. 

m.y.(f) = —a cos 0 [mg cos a -\-tna (cos 0.0 —sin 0 .<£ 2 )] 

or ^ 0 + 3 cos 2 0 ) if)— a sin 0 cos <f>.<j > 2 =—g cos a.cos 0 ...(3) 

Integrating (3), we get 

j (1 + 3 cos 2 </>) <^ 2 = —2g cos a sin 0+C 



or 


jT 

When ( t >== 2* ^ =0 so that C==2 S cos a. 


a 


Hence j (1 + 3 cos 2 0 ) <f> 2 =2g cos a (1—sin 0 ). ...(4) 

Eliminating <f> 2 from (3) and (4), we get 

^ (1 + 3 cos 2 0) <£—2 g cos a sin 0 cos 0 (I—sin 0) 

= — g cos a cos 0 (i+cos 2 0 ) 

a (I-f3 cos 2 0 ) 0 

= 3g cos a cos 0 [6 sin 0 (1 —sin 0) — (1 + 3 C os 3 0)] 

= 3g cos a cos 0 [6 sin 0—3 sin 2 0—4] 

= —3g cos a cos 0 [3 (sin 2 0 — 2 sin 0)+4] 

= —3 g cos a cos 0 [3 (1—sin </>)*+1] 

Substituting for 0 in (2), we get 

o 3(1 —sin 0) 2 4 -1 

R=mg cos a —-— -L ~ 1 

(1+3 cos 2 0) 2 * 

Ex. 5. /■! uniform red, oj length 2a, is placed with one end in 

contact with a smooth horizontal table and is then allowed to f all; if 
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a be its initial inclination to the vertical, show that its angular 
velocity when it is inclined at an angle 0 is 

6g cos ct—cos d\*'* 
a ‘ 1+3 sin 2 lj~) * 

Find also the reaction of the table. 

(Agra 59, I. A. S. 59, Nagpur 57) 
As no horizontal forces act 

on AB t the centre of gravity G 
will move down in a vertical line 
through G. Suppose this vertical 
line through G meets the hori¬ 
zontal plane in O. Then O is a 
fixed point. Now the coordinates 
of G referred to horizontal and 
vertical lines through O as co¬ 
ordinate axes are ( 0 , a cos 0 ). 




The equation of energy gives 


\ m £3 6*+a 2 sin 2 d.Q*~^=mg {a cos a —0 cos 0 ) 


cos a — cos 0 
a ' 1+3 sin 2 0 

. f 6 g cos a—cos 


...( 1 ) 


gives 


A rej cos a —COS 0~1 1/2 

L a ‘ 1+3 sin 4 0 J * •••(2) 

To get the reaction X, we take moments about G. This 


0 = F.a sin 0 


...(3) 


[since the tendency of R is to increase 0J. 
Differentiating (I), we get 

2 0 -1 _?* n * (H~3 sin 2 6 ) —6 sin 0 cos 0 (co s a—cos 9) q 

a (1+3 sin* 0 j* • 

...(4) 

Substituting for 0 from (3) in (4). we get 

37? sin 6 3 g sin 0 [1+ 3 sin 2 0 + 6 cos 2 0-6 cos 0 cos al 

ma a * (1+3 sin 2 0 ) 2 


R=mg. 


4 + 3 cos 2 0— 6 cos 0 cos a 
(1 + 3 sfn 2 ~0? 


or 
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1+3 (cos 2 a-f sin 2 a)4-3 cos* 0—6 cos 0 cos a 
~ mg ' (T+3~ain* Of 


~mg. 


1 -f-3 sin* a 4-3 (cos 6 —cos a) 2 


(14-3 sin 2 0) 2 

Clearly this value of R is positive for all values of 0, so that 
the lower end of the rod will never leave the horizontal plane. 

Ex. 6. A uniform rod % of length 2a, is freely jointed at one 
end to a small ring, whose mass is equal to that of the rod. The ring 
is free to slide on a smooth horizontal wire and initially is at rest 
and the rod is vertical and below the ring and rotating with angular 

velocity [fa') in a vertical plane passing through the wire. 

When the rod is inclined at an angle 0 to the vertical, show that its 

angular velocity is /^/ ve ^ oc ^ °f 

the ring then. (Punjab 1952, 59) 

Let AB be the initial vertical 
position of the rod and A'B' its 
position when the ring has 
moved a distance x along the 
horizontal wire. 

The equation of momentum 
in the horizontal direction gives 



M*+M (*+ao cos 0) =const. = 
where u> is the initial angular velocity of the rod. 

And the equation of energy gives 

[hM* z +\M (rf*4-a*0 s 4-2tf.* 0 cos 04-$<* 2 0 2 )] 
— \M. |a 2 <o 2 = — Mg (a-a cos 0). 

Eliminating from (1) and (2), we get 

0 2 (8-3 cos 2 0)=5o> 3 — ^ (1-cos 0) 

= 5.—— ^ (1-cos 0) 
a a 


...(i) 


...( 2 ) 


[•■• -s/m 


= (14-4 cos 0), 

a 


i. e. 


//3g 14-4 cos 0 \ 
e ~‘ v \a *8-3 cos 2 Of 
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(Agra I960) 



c 


i 


Ex. 7. A uniform rod, of length 2a, hangs in a horizontal 

position being supported by vertical strings , each of length l, attached 

to its ends, the other extremities being attached to fixed points. The 

rod is given an angular velocity <o about a vertical axis through 

its centre; find its angular velocity when it has turned through an 

a-m 2 

angle, and show that it will rise through a distance ^ . 

Prove also that the time of a small oscillation about the position 

of equilibrium is 2n 

Let AB be the initial position 
of the rod and A'B' its position 
when it has turned through an 
angle 9. Let GG' = x where G, G ' 
are the initial and final positions 
of the mid-point of the rod. Let 
<t> be the angle which either string 
makes with the vertical. 

Draw the horizontal line through G parallel to AB to meet 
AC and BD in E, F respectively. Join A'E and B'F. 

Since /_A’EC=90°, we have 

x = 00' = CA~CE = l—l cos ...(1) 

and A’E=l sin <f> from /\A’EC. 

Also A’E=2a sin \9 from A G’A’E. 

/ sin <J>—2a sin \6 .. .(2) 

so that / cos <fi.<j>=a cos \9.q. ...(3) 

And from (1), >} = / sin </*.<£ 

= / sin </»..——* .0 from (3) 
l cos 

2a 2 sin \9 cos 19 


l 


•9 


\J sin * h °) 

a 2 sin 9 

The equation of energy gives 

* m (f + oj* = -mgx, 
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i. e. 


[~a a a* sin 2 9 “I . 8 a 2 
* [_3 + /*-4a* sin* *0j 0 * 3 " g *‘ 


a 2 o>* 
6 *’ 


The above equation gives the angular velocity of the rod in 
any position. The rod will rise till 0=0 i.e. when x= 

This gives first result. 

To find the time of small oscillation we proceed as follows— 

Considering the motion of A'B' in the vertical direction, 
we get 

d a 

IT cos <£ —mg=w.V=m ^ (/—/cos <£) 

d 2 

~ m dt* s,nce ^ * s sma ** 

rf* /a* 


< 7 * fQ* \ 

==W ^7*V2/-^V fr ° m (2) 




2 


= 2 /- ('V+20 0) 


/ 


2T 7 —/;;g=0, neglecting 0 2 and 9 $, being small 

quantities of the second order. 

Again taking moments about the vertical axis through its 
centre of gravity G\ 

a 2 Q 

m y V = —2T sin <f>.a cos ^ 

2a . 9 9. 

= —mg. y sin 2 * a cos ^ from ( 2 ) 

= - W f sin *—*** 6 
3 * 

or 0 = — 9, which is simple harmonic motion. 


Time of small oscillation = 2n 



Ex. 8 . A hemisphere, of mass M and radius a, is placed with 
its plane base on a smooth table, and a heavy rod. of mass m and 
length 2a , is constrained to move in a vertical line with one end P 
on the curved surface of the hemisphere / if at any time t, the radius 
to P makes an angle 9 with the vertical\ show that 

00 * [M cos * 0+m sin * 9] = 2mg (cos a—cos 9). (Pb. 54) 
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Let G x be the C.G. of the rod AP 
and (/a, the C.G. of the hemisphere. 

Let AP produced meet the table in 
O so that O is a fixed point. Take O 
as origin and horizontal and vertical 
lines through O as coordinate axes. 

Then the coordinates of G x and G 2 are 

( 0 , a cos 6+a) and (a sin 0 , res¬ 
pectively. 

The equation of energy gives 
\m (— a sin 0 0 ) a -f \M ( a cos 0.0) 2 =w g ( a cos a — a cos 0) 
or aQ 2 [M cos 2 0 + m sm 2 6] = 2mg (cos a— cos 0). 

Ex. 9. A sphere , of radius b, rolls without slipping down the 
cycloid x—a (Q+sin 9), y=a (I —cos 6). It starts from rest with 
its centre on the horizontal line y=2a. Show that the velocity V of 
its centre when at its lowest point is given by V % = J 7 a g (2a—b). 

(Agra 1944) 

Let the point D of the sphere be initially at the cusp A of 
the cycloid. If C is the centre of the sphere, then CB is the 
radius fixed in the body. 




Let at time t, CB make an angle </> with the vertical, which 
is a line fixed in space. Let the tangent to the sphere at the point 
of contact P make an angle «/< with the horizontal where arc 
OP=s. 


Now arc OA = 4a so that arc AP=4a—s. 

Since there is no slipping between the sphere and the cycloid, 
we have arc AP =arc BP 

4 a—s=b (4‘ — if/) 

— s‘=b 


or 

so that 


...( 1 ) 
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If v be the velocity of the centre C, then 

v =velocity of P+ velocity of C relative to P, 



or 

or 

i.e. 


v=s—bip 

~—b (tj>—tj,)—bijf from (1) 

=—b(j,. 

Hence the equation of energy gives 

- W £y' , ^ 2+V *J =mg 

[|v 2 + v 2 J=mg (2a—b) from (2) 
-f = 2g ( 2 a-b) 

v 2 =^ (2a-b). 



Ex. 10. A bead of mass M can slide on a smooth straight 
horizontal wire and a particle of mass m is attached to the body by 
a light string of length l. The particle is held in contact with the 
wire with the string taut and is then let fall. Prove that when the 
string is inclined to the wire at an.angle 9, the bead will have slipped 


_ a;,.* ml (1—cos 6) . , 

a distance —-— 7 along the 

M -f- m 


wire and that the angular 


velocity a> of the string will be given by the equation 

(M-\-m cos 2 9) /lo*= 2 (M+m) g sin 9 . 


(Agra 1957) 


Let OA be the fixed horizontal 
wire and let the bead be initially 
at O. After time t, let x be the 
distance of the bead from O and 
9 the inclination of the string to 
the horizontal at that time. 

Take O as origin, OA as x-axis and a vertical downwards 
line though O as y-axis. Then the coordinates of in are 

(x-f-/ cos 9, I sin 9). 

.*. The components of the velocity of m parallel to the 
axes are .V — / sin 9. q and / cos 9.q. 

If v is the resultant velocity of m, then 

v z =(*-l sin 9.i))*+(l cos 9.0)*. 

Since no horizontal forces act on the system, the linear 
momentum in the horizontal direction remains unchanged 
throughout the motion. 

Hence M* + m (4-1 sin M) = const.=0 (initially) 

(A/-fm) .V=/w/ sin 9.q. 



or 


...(0 
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The equation of energy gives 

* * in d -0) 2 +( l cos bin 
i.e. " M^+m[^ + /V- 2 / S in 0 .^] = 2 ^/ S in(? 
or (M+m) x* —2m/ sin 0.x$ ■\-ml 2 o 2 =-2mgl sin 0. ...(2) 

Eliminating .x from (1) and (2), we have . 

m */ 2 sin* 0.^-2 m 2 / 2 sin 2 0 . 0 2 + m (Af+wi l : r = 2m (Af + m) gl sin 0 

or [-m sin* 0 + A/ + ™] / 0 2 = 2 (*/ + '") S s,n y 

or <A/+m cos 2 0) /tf 2 = 2 (A/ f m) g sin 0. 

This gives the angular velocity of the string. 


Again integrating (1), we get 

(M+m) x=—mgl cos 0 + c. 

When 0=0, x=0 so that c=mgU 

Hence (M+ m) x = — mg! cos 0 f mg/ 

— mgl (1 —cos 0) 

mg/ (1 —cos 0). 

o r x “ A/ + m 


Ex. 11. /I uniform plank of thickness 2h rests across the top 
of a fixed circular cylinder of radius a whose axis is horizontal. 

Prove that if it be set in motion, the equation of energy is 

A [fc 2 + /» a +a 2 0*] 0 2 +g [ad sin 9—(a-{-h) (I—cos Q)] = const. t 
on the assumption that the motion is of pure rolling. Hence 
show that if a > h, the horizontal position is stable and the period 
of a small oscillation is the same as for a simple pendulum of 

length k2 + hi 


a—h 


( Anra 511 


Let the figure represent the 
vertical cross-section of the system 
through the centre of gravity G 
of the plank. 

Initially the point of contact 
of the plank was at A, Let after 
time t, P be the point of contact 
when the plank is inclined at an 
angle 0 with the horizon. Let m 
be the initial angular velocity 
with which the plank is set in 
motion. Since there is no 
slipping, we get 



KP= arc AP=aO. 
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Take the centre O of the cylinder as origin and horizontal 
and vertical straight lines through O as co-ordinate axes. Then 
the co-ordinates of G are given by 

x=a sin 9-a9 cos 9+h sin 9. 
y=a cos 9+a9 sin 9+h cos 9. 

*=<*cos 9.0—£ 1 Q cos 9+a9 sin 9.&+h cos 9.$ 

=(o9 sin 9+h cos 9) q 

and y=-asin O.fi+afi sin 9+a9 cos 9.0—h sin 9.0 

=(a9 cos 9—li sin 9) o. 

K. E. after time t = \m [k*e*+a t 9 2 o'+h z d % ] 

=\m [k z +h z +a t O z ] g 2 . 

K. E. in the beginnings( k-+h 2 ) w z 

[putting 9=0 ann d—cu]. 

•• The equation of energy gives 
\m [k 2 +h 2 +a 2 9 2 ] e*-\m (k z +h 2 ) to* 

— mg [{a+h)—(a cos 9+a9 sin 9+h cos 0)] 
or A [k 2 +h 2 +a 2 9 2 ] g*=g [aO sin 9-(a+h) (1-cos 9)] 

—\m {k 2 +h 2 ) to*=constant. ...(1) 

To find the period of small oscillations, we have from (1) 
when 9 is small, 


or 


2 (A' 3 -f/j 2 ) d z +g j^a9 2 —(a+h) |-l = const. = 0 
(* 2 + /j2 ) 9*=-g ( a-h) 9\ if a > h. 


Differentiating, 

2 0 e ( k 2 +h 2 ) = -2 g ( a—h ) 9g, 
ie - y ( k 2 + h 2 ) = —g (a—h) 9 


or 


g (a—h) 
k 2 +h l 


which is a simple harmonic motion. 



The length of simple equivalent pendulum 

_A: 2 +/,* 

~~ a—h • 


Ex. 12. A sphere of radius a, and of radius of gyration k 
about any axis through its centre, roils with linear velocity v on a 

horizontal plane, the direction of motion being perpendicular to a 

vertical face of a fixed rectangular block of height h, where h < a. 
The sphere strikes the block / the sphere and the block are perfectly 
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rough and perfectly elastic. Show that the sphere will surmount 
the blocky if 

(a 2 —ah+k 2 ) v 2 > 2gha 2 (a 2 -\-k 2 ). (Agra 53, 58) 
Let P be the point where the 
sphere strikes the fixed block whose 
vertical face is PO. 

Let PO=h. 

Since the sphere strikes the 
block at P, the impulse is at the 
point P. Let a> and Q. be the angu¬ 
lar velocities of the sphere just after 
and just before the impulse. The 
sphere will begin to turn about P after striking so that the 

velocity of the centre C after impulse is at right angles to CP 
and is equal to aw. The moment of the impulse about P must 
be zero so that the moment of momentum about P must remain 
unchanged. 

Now the momentum about P after impulse 

— mk 2 w-\-n:aw.a 

and moment of momentum before impulse 

=mk 2 Q-\-mv ( a—h ) [the formula mk*d+mvp\. 

:. mk 2 Q+mv\a—h)=mk 2 w+ma 2 oj 

ie. [V v=aQ] 

or (kr-\-a 2 ) «j = (a a —a/j-f A:*).-. ...(1) 

The equation (1) gives w. 

Now the sphere will surmount the block if its lowest point A 
comes to the top of the block. This will be the case if the sphere 
has got after impact a kinetic energy which is sufficient to take 
the sphere to a height h. 

K. E. of the sphere when it begins to rise = |w (k 2 w z -\-a 2 w 2 ). 

Hence from the above discussion, we get 

(k 2 w 2 +a 2 ui % ) > nigh 
i. e. (k 2 -\-Q*) oj 2 > 2 gh 

or (a 2 —ah + k 2 ) 2 ^ > 2 gh {k 2 +a z ) 

or (a 2 —ah + k 2 ) 2 v* > 2 gha 2 (A:*-fa*). 



[from (1)] 
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Ex. 13. A thin uniform circular wire , of radius a, can revolve 

freely about a vertical diameter, and a bead slides freely along the 

wire. If initially the wire was rotating with angular velocity Q , 
and the bead was at rest relative to the wire very close to the highest 
point , show that when the bead is at its greatest distance from the 

axis of rotation, the angular velocity of the wire is and that 

the angular velocity of the bead relative to the wire is 

the mass of the wire being n times that of the bead, (Rajistban 60) 

Let the initial position of the bead 
be at B and let P be its position after 
time t. Clearly the greatest distance of 
the bead from BC will be when the bead 
is at A, i. e. the greatest distance is a. 

Also the vertical distance fallen when 
the bead is at A is a. 

Let w be the angular velocity of the 
wire when the bead is at A and w' be the 
angular velocity of the bead at that time. 

Since the forces on the system are either vertical (i.e. weights) 
or pass through O (/. e. the reactions), it follows that their 
moments about BOC remain zero throughout the motion. 

Hence the moment of momentum about BOC is the same 
throughout the motion. 

a- a 8 

wn.y Lo+ma*io=nm.^ ,Q. ...(*) 

And the equation of energy gives 

^nm.jio 2 +*m (a”oj i + a*u>' 2 )^—\nm.ha i Q*=mga. ...(2) 

From (1) and (2), we get 



OJ = 


n+2 


Q 


and 


or 


(/» + 2 ) u> i +2a>' l —nQ'= A -£ 

2co'*=nQ'—{n+2) <" 2 +^ 
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(Punjab 52) 

a u) 


rr n2 •4g 

~S+2- n + a 

Ex. 14. /4 hoop o/ radius a, rolling on a horizontal rod with 

velocity v comes into collision with a rough inelastic kerb of height h, 
which is perpendicular to the plane of the hoop . Show that , if the 
hoop is to clear the kerb without jumping, 

2 ~r h VIS (a-l'll > * > 2 2 a-h^ (gh >- 

Let the hoop strike the kerb PO 
at P where PO = h. Let ft be the 
angular velocity of the hoop before 
it strikes the kerb and let u> be its 
angular velocity after striking. 

Since v is the velocity of the centre 
before striking, we have 

v=aQ. ...( 1 ) 

Also the velocity of the centre after striking is am perpendi¬ 
cular to PC. 

Since the impulse acts at A, moment of momentum about A 
remains unchanged. 

.*. ma z oj+ma. ma = ma 2 Q+mv (a — h), 
ie - mav+mv (a—h) = 2ma*uj (from (1)] 

or 2a 2 o> = v (2a— h). ...(2) 

Let PC make an angle 9 with the horizontal after time /. The 
equation of energy gives 

\m (a*6*+a'd*)—lm (a ? o> 2 + a 2 w*) = — mg (h+a sin 9—a) 
or a 2 o*—a i m* = —g {h + a sin 0—a) 

e * d 2 =oj*— 1 2 (,h + a sin 9-a). ... ( 3 ) 

If R is the normal reaction at this time, then the motion of 
the hoop gives 

mao 2 =mg sin 9—R m # ^ 

or R=mg sin 9 — ma$ 2 



=mg sin O-^mam*—”^- (h+a sin 0—a)J from 


(3) 
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mg 


i, e. k= (h—a+2a sin 6)—man 2 . ...(5) 

Now the hoop will surmount the kerb if q is positive when 
the hoop gets to the highest point, i. e. whea 0=^. Hence (3) 


gives 

2 S 

OJ -S 

Q- 

( h+a sin > 0 

/. e. 


■Sfa 

A 

ei 

3 

or 


v 2 (2a — h) 2 gh 

4 a* > d 8 * 

i. e. 

V 2 

> 4fl2 gh 

^ (2a—h)* s 

or 

V 

> 


[from (2)] 


And the hoop will remain in contact with the kerb, if the 
least value of R is positive /. e . R must be positive when 

• /, o—h 

sin 0=-. 

a 


Hence (5) gives 

7 (/,_ a+2a .‘7 / ')-,w > o 


or 


or 


i. e. 


or 


~ ( a—h ) > aco* 

<. \ Vfe fa—<&)] 

< l VIg (*-*)] [from (2)J 
v < 2 ^ 7 , Vlg (a - A)] - 

Therefore the hoop will clear the kerb without jumping if 


2 a 


a-h^ [g > v 


2 a 


2a —h 


VW. 


Ex. 15. A uniform rod AB of mass m and length 2a is pivo¬ 
ted freely at A to a point on the circumference of a uniform hoop > 
of mass m, radius a , and centre C. The hoop and the rod lie on a 
smooth horizontal plane with AB along CA produced. A horizon¬ 
tal blow is applied to the hoop at the end of the diameter opposite 
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to A, and the hoop begins to rotate about A with angular velocity 
10 . Prove that when CA and A B have turned through angle 0, $ 


respectively, in the same sense, 

9e 2 +5<j> t +6e cos (e-<t>)=9^ 
and 9o + 5<j>+3 (d+<f>) cos (9 — <f>) = 12w. 

On account of the blow the hoop starts with linear velocity 
au> perpendicular to CA and angular velocity a>. The rod has no 
angular velocity initially. 


Let the figure represent the 
position of the rod and the hoop 
at time t. CA, AB make angles 
0, <f> with their initial positions, 
D is the mid-point of AB and G 
that of CD, By the conserva¬ 
tion of linear momentum G 
moves in a fixed straight line 
at right angles to the original 
directions of CA, AB, Take 
this line as a fixed axis of y and 
the original position of CAB 
as axis of x. 

The velocities of A are 



— *—a() sin 9 and $-\-a$ cos 9 
and those of D are 

—* —sin 9—a<j> sin 9 and y + afi cos 9 + aj> cos </». 

Since the linear momentum parallel to x-axis vanishes and 
parallel to ^-axis is maw. 


* + \ae sin e + iatj, sin <*> = 0, ...(1) 

2y-M0 cos 9 + a<j> cos <t> = aw. ...(2) 

The equation of energy gives 


\m [* i +$*+a 2 d*+(*+ad sin 9+a<j> sin <f>) z 

+ ($ + 09 cos e+ai cos £ </> 2 J = Jw (a*+a 5 )...(3) 

Substituting for 4 and } from (1) and (2) in (3) and simplify¬ 
ing, we get the first result of the question. 

Also the moment of momentum about O (the initial position 
of G) is constant. 
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-f (—rf — <70 sin 0—00 sin <t>) (y fa sin 0 f a sin 0 ) 

—(9+a$ cos 0 f a 0 cos 0 ) ( — xf a cos 04 -a cos 0 )=constant. 
Substituting as before and reducing, we get 

aw [x-\a (cos 0 f cos 0 )] — a ? 0 — ~ 0 

— 2 <*~ (0 4-0) {1-fcos (0—0)}=const. 

Integrating (1), we get 

x — \a (cos 0 - 1 -cos 0 ) = const.=O. 

Substituting and reducing, 

90 +-504-3 (04-0) cos (0 —0)=const.=A, say. 

But initially o=w t 0 = 0, 0 = 0, 0 = 0, so that A = 12a> as 
required. 



o 

• 



Examples 6 

A thin straight tube of mass m and length 2 a of small bore 
is movable about its centre oi a smooth horizontal table, 
and it contains a unifo r m thin rod of the S3me length and 
same mass whose centre of gravity is nearly at the middle 
point of the tube. The system is set in motion with angular 
velocity a»; prove that th; angular velocity of the tube when 
the rod leaves it, is fa>. 


A uniform circular wire of mass M is mounted so that its 
plane is fixed and horizontal and it can turn freely about its 
centre. An insect of miss A M starts from rest on the wire 
and proceeds to crawl aloog it. Show that, when the insect 
returns to ti e point of the wire from which it started, the 
wire has turned through the angle 2rrA/( I 4-A). 


A uniform circular disc of mass M and radius a can turn 
freely about a fixed axis at right angles to its plane and 
distant c from its centre A man of miss m starts to walk 
round the edge of the disc at a uniform speed V relative to 
the disc from the point of the edge of the disc furthest away 
from the axis. Prove that the disc begins to rotate in the 
opposite sense to that in which the man starts to walk, with 
angular velocity 


m (a4-c) V 


[m (a+cf+M (<-'+ 2 -)] 


and that, when the man has walked half-way round the disc 
the angular velocity of the disc is 


# 


( ma—c ) 



[„, ( a-cY+M ( , + 0 } 
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A uniform circular disc, of radius <7, initially at rest on a 
smooth horizontal plane, is free to turn about a fixed point 


O on its rim. 


An in«ect of ~th mass of the disc Marts 

from the other end of the diameter through O and crawls 
with uniform velocity v relative to the disc along a chord 
of the disc through this point which makes an angle of 60' 
with the diameter. Show that when the insect again reaches 
the rim, the disc has turned through an angle 

a/C2/(/i -f- 2)] tan* 1 V[2/(3n-f-6)], 
and the angular velocity of the disc is then 2r/f a (//f 2)\ / 3]. 

A right-angled triangle ACB is turning about the side AC. 
Suddenly AC is loosened and BC is fixed. If C be the right- 

angle, prove that the angular velocity is * ^ of its former 

Va,Ue ‘ (Agra 1946) 

A uniform cube is spinning freely with angular velocitv a, 
about a diagonal through a corner O , when suddenlv'the 
diagonal OP of one of the faces throueh O becomes fixed. 

Show that the new angular velocity is ^ 


5\/6 


CO. 


Tf # . r (Agra 1937, 51) 

If an octant of an ellipsoid bounded by three principal 

planes be rotating with uniform angular velocity <*> about the 

axis a, and if this axis be suddenly freed and the axis b fixed, 
show that the new angular velocitv is - ^ a ^ >OJ 

(Agra 1941, 50, 58) 

Three uniform rods AB, BC, CD freely jointed at B and C 
lie on a smooth horizontal plane. They are originally 
moving as a rigid body with velocity V parallel to CB A and 
? .being on the same side of BC and the angles B and C 
being right angles A is suddenly fixed. Prove that if 2a 
2b, 2c are the lengths of the rods and 3 m, m, 2m their 
respective masses, the initial angular velocities a,., of AB 
CD are given by 5a<o l = 20cco 3 = 3 K 

A (Agra 1961, I. A. S. 1954) 

An ordinary window-blind of length / and mass attached 

to a horizontal roller, of mass M, and having u horizontal 
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rod of mass m' fixed to its free end is allowed to unroll 
under the action of gravity. Neglecting friction, show that 
the length of the blind unrolled in time / is 

m m 1 < cosh «■» where «- \/ (f s+swi) the thick - 

ness of the blind being negligible. (Agra 1941, Raj. 1953) 

10. A uniform circular disc is free to turn about a horizontal 
axis through its centre perpendicular to its plane. A particle 
of mass m is attached to a point in the edge of the disc. 
If motion starts from the position in which the radius to the 

particle m makes an angle a with the upward vertical, show 
that the angular velocity when m is in its lowest position is 

n/C-wSs)“•*•■ 

11. A thin uniform circular wire of radius a, and mass n\f can 
revolve freely about a vertical diameter, and a bead of mass 
M slides freely along the wire. If initially the wire was 
rotating with angular velocity Q t and the head was at rest 
relatively to the wire very close to its highest point, show that 
when the bead is at its greatest distance from the axis of 

rotation, the angular velocity of the wire is Q rf+ 2 * an< * 

that the angular velocity of the bead relative to the wire is 

v '[/iG*/(/i + 2) + 2g/fl]. (Raj. I960) 

12. A solid right cone of semi-vertical angle a is rotating about 
a generating line. Suddenly an other generating line is fixed, 
the axial planes through the generating lines being inclined 
at an angle •/*. Show that the ratio of the angular velocities 

in the two cases is 

[2-f (4-f-n) cos -n) where « = tan «. (I. A. S. 1952) 

Show that this ratio is the same as 

[2 cos 2 a-f(l -f-3 cos* a) cos </»] [14-5 cos* a], 

(Delhi 1957) 
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Ex. h A right-angled triangular lamina is turning about the 
side AC. Suddenly AC is loosened and BC is fixed. If C be the 

BC 

right angle, prove that the angular velocity is h. ^ of its former 
value. (Agra 1946) 


B 


We know that the A ABC is 
kinematically equivalent to three 
particles each of mass \m placed 
at the mid-points of its sides 
where m is the mass of the tri¬ 
angle. Let oj be the angular 
velocity when the triangle is 
turning about AC. When AC is 
loosened and BC is fixed, let w 
be its angular velocity about BC. 

When BC is suddenly fixed, 

the impulse acts at BC so that the moment of the impulse about 
BC is zero. It follows that the moment of momentum remains 
unchanged before and after fixing BC. 



• • 


mfb a “1 mfb 2 , b 2 

3 |_2 • 2-“J~3 1.4 “ + 4 "J- 


i. e. 


, i a . BC 

oj = $. L oj = $. 7=r~.. oj. 


b - 2 * CA * 

Ex. 2 A cube is turning with angular velocity oj about a 
diagonal when suddenly the diagonal is let go and one of the edges 
which does not meet this diagonal is fixed. Show that the resulting 

angular velocity about this edge is 

(Agra 48, Pb. 54, Luck. 55) 

The length of the diagonal of the cube = \/3a, where a is the 
edge of the cube. 

Now the d c.’s of the diagonal referred to three contiguous 
edges are — , ^ , ~y Since oj is the angular velocity about 
the diagonal before the fixture, its resolved part about its edge 
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is — . Let oj ' be the angular velocity about the edge which is 

v 3 

suddenly fixed. The distance of this edge from the centre is 

Also about an axis through the centre of the cube, we have 

k*— a - 
K “6 * 

Now the angular momentum about the edge which is fixed 
remains the same before and after the fixture. 


Hence 


(*\co' + ^ 2 eo')=m.^ . 


V3 


to _ to\/3 


° r W ~4y/3 12* 

Ex. 3. A uniform cube is spinning freely with angular velo - 
cilv oj about a diagonal through a corner O, when suddenly the 
diagonal through O of one of the faces through O becomes fixed. 


Show that the new angular velocity is y^y o>. (Agra 1943) 

If 2 a be an edge of the cube, then length of its diagonal 

= 2y/3a, 

and the length of the diagonal of a face=2\/2 a, so that the 
inclination of the diagonal of the cube to the diagonal of the face 

= cos -1 * - =cos 1 v 

Zy/ id 

Therefore the resolved part of the angular velocity oj of the 
cube about the diagonal of the face=v/§“>- 

For the cube about any axis through its centre, we have 

2a 2 


A: 2 = 


3 * 


Also the distance of the centre of gravity of the cube from 
the diagonal of the face is equal to a. 

Now the angular momentum about the diagonal of the face 
remains the same before and after the fixture. Hence if a/ be the 
angular velocity after the fixture, we have 

/2a* , . •> ,\ /2a 2 /0 \ 


— UJ 


-f a-io' ^ = m Qy 


,_ 2\/2 

’ ‘ 5^3 



Appendix 


in 


Ex. 4 A uniform rod AB of mass 3m has a small hook at B 
and swings through an angle 60 3 on each side of the vertical about 
a fixed horizontal axis through the end A. When B is passing 
through its lowest point, the hook picks up a particle of mass m. 
Show that the system will afterwards swing through an angle 6 on 
each side of the vertical given by cos 9 = (Agra 1962) 

If oj be the angular velocity of the rod in the vertical position, 
the equation of energy gives 



In the lowest position, the hook at B picks up a mass m, so 
that there is impulsive action at A. Let at be the angular velocity 
after impulse. The angular momentum about A is the same 
before and after the impulse. 


Hence 3m ^-.o/ -t-a 2 w'^+m.2aio',2a 



i. e, a»' = fa. 

“'=i's/(4a) f r° m( l ) - •••(2) 

If 9 be the angle through which the rod turns after picking 
up m, the energy equation gives. 
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<»'*+%m.(2au>') 2 =3mg (a—a cos 0)+mg (2a— 2a cos 0), 


i e. «/ 2 =||(l-cos 0) 

or (1-cos 0) from (2) 


/. c. 1—cos 6 = o 3 0 - 

or cos 0 = J£. 

Ex. 5. If an octant of an ellipsoid bounded by the three 
principal planes be rotating about the axis of * a ' with angular 
velocity o>, and if this axis suddenly becomes freed while the axis 
b becomes suddenly fixed at the same instant, show that the new 

angular velocity is —~ ~ n 

t* (a z +c 2 ) (Agra 50, 58) 


When the axis b is suddenly fixed, the impulse will act at b 
(/. <?. v-axis) so that the moment of the impulse about y-axis is 
zero / e. the change in the angular momentum about .y-axis is zero. 
Hence, if w x , a>„, w £ be the angular velocities about >-axis just 
before and u/ z , w\ u>' z the angular velocities about the same 
axis just after the fixture, we have 


B (u>' v —OJy) — D (lu'z - OJ i )—F(lo' x — <v x ) = 0 , ...( 1 ) 

where B , D and F have their usual meanings. Since before fixture, 
the ellipsoid was rotating about x-axis with angular velocity <o, 
we have 


w x = co t a» v =<i>. = 0. 


And after fixture, it rotates about .y-axis, so that a/,=o>',=0 
and so a.,' can be determined from (1). 


Substituting in (1), we get 

Bcu' v -\- F. <o = 0 





P xy dx dy dz, 


where the integration extends throughout the octant of the 
ellipsoid /. e. the integration extends to all positive values of the 
\ariables subject to the condition 
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Putting = H /• e- x=au l/2 , dx=\au~ x,t du etc, we get 


M. 


c 2 -f- a 2 


5 — v 


abc 


O) 


8 

copa 2 b i c 
8 _ 
t uPa 2 b 7 c 


subject to w-j-v-f a» < I 


HJ* p.au' /2 .bv l,2 .u~’ i/2 v-‘ l,2 ^u- i,2 du dv doj 

JJj* o»“ 1/2 </m Jv c/o», 

__r* n n 

~ 8 'Al-H + I + I)- by Dirichlet’s Theorem 

wpa*b 2 c y/ Tt 

= "“ 8 *171 

2 

= —-fttup a 2 b 9 c= — ~ u>ab (Ip-nabc) 

JTT 

2 

= — wab M t since M=\.$p nabc. 

tl , 2aboj 

Hence ^ v - ( c 2 +a*)V 

Ex. 6. Three equal uniform rods placed in a straight line are 
freely jointed and move with a velocity v perpendicular to their 
lengths. If the middle point of the middle rod be suddenly fixed , 
show that the ends of the other two rods will meet in time 

where a is the length of each rod. 


A 



Let AB, BC and CD be the three rods each of mass m and 
length a. When the middle point G 2 of BC is suddenly fixed, 
the impulse will act at B and C. First consider the motion of 
AB. In this case the angu’ar momentum about B remains 
unchanged before and after the fixing of BC. 

mv.\a = m. &.a 2 o>, 

where uj is the angular velocity of AB just after the fixture. 
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This gives 10 = 


3v 

2a m 


3 v 

Similarly the angular velocity of CD v/ill be ^. 

Now the ends of the rods AB and CD will meet, when 

2*t 

of them has turned through an angle — (see the figure). 


each 


The required time=^~-=^ r -. 

3v/2o 9v 
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LAGRANGE’S EQUATIONS 

7*1. Generalised Coordinate. The independent variables 
which enable us to fix the position of a body or a material 
system at any given instant are called Generalised Coordinates. 

(Delhi 1938) 

Degrees of Freedom. The number of independent motions 
which a material system may have, are called its degrees of freedom, 
and the number of independent motions is the same as that of 
the generalised coordinates. Hence the number of degrees of 
freedom of the system is equal to that of the generalised coordi¬ 
nates. (Delhi 1958) 

Let these generalised coordinates be denoted by 0, <f>, 
then it follows that the cartesian coordinates (x, y, z) of any 
particle or system will be functions of 0, <f>. 0... and time / i. e. 

x=f (/, 0, 0, «/«...), 
y=F (t, 0, </>, 0...), 

z=x ('• 0 . 0 » 0 . • •)• 

It is supposed that 0, </>, 0. .. etc. are not contained in these 
functions but they may contain t explicitly. 

Holonomous system. If the functions defined above do not 
involve quantities like 0, <}>, 0 etc. or any derivative of 0, 0 ,... 
with regarded to t , then such a system is called a Holonomous 
system . 

6*2. Lagrange’s Equations for finite forces. Obtain Lagrange's 
Equations of motion for a holonomous system under the action of 
conservative system of forces. 

(Delhi 1961, 60. 59, 58 ; Agra 1961 57, 55, 52 ; 

Punjab 1960, 58, 54) 

Suppose (x, y , z) are the coordinates of any particle m of the 
system referred to any rectangular axes, and let them be expressed 
in terms of certain number of independent variables (0, 0, 0 ...) 
so that if t be the time, we have 

x=f (r, 0. 0, 0 ...) 
with similar expressions for y and z. 


...(1) 
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The reversed effective forces are the exact equivalent of 
the impressed forces, which can be said thus : “The reversed 
effective forces and the impressed forces form a system of forces 
in equilibrium.” Hence if we imagine at any instant (/ is treated 
as constant) a slight displacement of the system, the virtual work 
of the effective forces will be equal to that of the impressed 
forces, i. e. to the loss of the potential energy of the system. 
(In this displacement the time is not variable but is treated as 
const.) Therefore 


Em (x Sx+y Sy + ~ Sz) = E [X Zx+Y hy+Z Sz] 

= SK ...( 2 ) 

X, Y y Z being the components of the impressed forces, and V 
being the potential energy. 

Since V is a function of 0, j>, 0... etc.. 


But 


X=f(t, dy 0 , 0 ...). 

C V 00 


(since / is treated as const.) 


with similar expressions for Sj’ and Sz. 
Putting these values in (2), we have 


K* 8« ■> >■ I) •**(.* > *»• ■ ■] 


-(if •<•*+-) 


...(3) 


[since SO, 50, ... etc. all are independent of each other.] 
Hence equating the coefficients of SO on botn the sides, we have 

E m (x ~+y —^ —(4) 

V c0 * 30 0 O) 00 

with similar expressions in 0, 0... 

From (1), we have 


. 0 * , dx . dx . , 

^ ^~O0 * * * 


..-(5) 


e t 1 30 

Differentiation of (5) with regard to o gives 

dj*_dx 
00 “00 

[since 0, 0, 0 ... all are independent of each other]. 


...( 6 ) 
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Similarly 

00 00 00 00* 

Considering the left hand side of (4), we get 

P m ( v 3 * , ,, dy...dz\ 

Zm \ x T9+ y 30+* 30) 


•..(7) 


“' r O ' ll +y % 1 *© [ usin S 

-s*”('S«g+*S) 

- r 'a (g)«i(g)} 

-**-(* S +J I + * U)-*" {' i © 


[using (6) and (7)] 


4 iB 




(tiQ +i 4 (|e)} t usin S (6) and (7)] 
• . 3^ ; , 


nut d f dx \ 3 2 x d 2 x . , a*jc ; 

dt V00J 30 3/"*"30* ° + dd d - f > * • 

__ a/05 05 . 0X . \ 

“00 W + 30 ®“ h a5* + "- ) 

__a.v s 
~00* 

Similarly ^ ( d ?) = d l an d - 

7 dt\dOJ dQ dt\w)- d Q 

Hence (4) becomes 

T. S » {* %+* %+i *! W m (i ™ + y 3-V 3_*v 

dt >• 30 do 00/ V, 00^* y 30^- 00/ 

- 3 _T 

00 • 

Now, if T is the kinetic energy of the system, then 
2 T=E m (.v* 2 +/ 2 +5 2 ). 

. 3 j_ r m f,. 3 *,., 3 /, . dz \ 

•* 00 “ 27 00^30 ^30) 


...( 8 ) 


and 


3 J_ o w (. d.-i 0 /, . 3 *\ 
30 rm r 3 » +J, Sd + 2 0 l ) 


..(9) 


Hence the equations (8) degenerate into the following form 
in virtue of (9) : 

d_( dT\ dT_ dV 

dt V00 ) 30 ~ 00* 

Similarly U*?)- 3T._ 

dt \ d<f>) d<j>~ 30* 

with similar expressions for each coordinate. 
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These are called Lagrange’s Equations for conservative forces. 

If we use U the force function, since t/=const.— V, the 
equations become, 

d r c T\ dT 8 U 
dt UJ dO~dd •** 

If L=T— V, the difference of the kinetic and potential energies, 
because V does not contain q, etc. the equations may be 

written as, 

dt\dd) dd 

where L is called the Lagrangian function. 

Ex. 1. A bead, of mass M, slides on a smooth fixed wire, whose 
inclination to the vertical is a; and has hinged to it a rod, of mass 
m and length 21, which can move freely in the vertical plane through 
the wire. If the system starts from rest with the rod hanging 
vertically, show that 

{4M+m (1 + 3 cos 2 0)} lp=6 (M+m) g sin a (sin d-sin a.) 
where 0 is the angle between the rod and the lower part of the wire. 

(Agra 1939) 

Let OL be the fixed 
wire and the bead have 
moved through a distance 
x along the wire at any 
time t where OA=x; also 
let 9 be the angle which 
the rod makes with the 
lower part of the wire. 

Take OA as axis of * 
and O as origin; then the 
coordinates of G the C. G. of the rod are 

X=x+l cos 9, 

Y= l sin 0; 

21 being the length of the rod. 

Clearly the centre of gravity of the rod has got two compo¬ 
nent velocities, one Iq perpendicular to the wire and the other 
x parallel to the wire as marked. 

Hence the total kinetic energy of the rod and the bead is 
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= \M&+ \m {(*-/ sin 0 <?) 2 + / 2 cos 2 0 rj + ’m /-’*) 2 

4/2 

= * (A/+m) x 2 + $m. — d*—ntl$H sin 0. 

Also t/ = work function of forces 

= Mxg cos ot-f mg {x COS a + / cos (0 — a )} —mg/. 

The generalised coordinates, we have got, are x and 0. Hence 
the Lagrange's x equation gives, 

d_ (dT\_dT_ d U 
dt\dx) dx~dx 9 

*• e • d j t {(A i+m) sin 0}=g (A/+w) cos a 

or (Af+m) x—ml sin d ft—ml cos d e* = g (A/+w) cos a... .(1) 

Lagrange’s 0-equation is, 

d_ (d T \ _ dT dU 

dt \ de ) dd~dd 9 

— ml* sin 6}+mlxb cos 0= — mgl sin (0 —a) 

or iml 2 tf—ml sin OH—ml cos 0 xq-\- ml Hq cos 0=—mg/ sin (0 —a) 
or — sin 0 =— g sin ( 0 —a). ...( 2 ) 

Substituting for £ from ( 1 ), we have 
(A/+m) !/£’—sin 0 {m/ sin 00 + ml cos 00 2 } 

= —g (A/+ m) sin (0 —a)+g (A/ + m) cos a sin 0 
or /£ [4A/+m (1+3 cos 2 0)J — 3m/ sin 0 cos 0 b* 

= 3 (A/ + m) g sin a cos 0. 

Multiplying by 2o and integrating, we have 

/ 0 2 { 4 A/ + m (1 + 3 cos 2 0)} = 6 (Af+m) g sin a sin 0 + k. 

When 0=a, 0 = 0; hence k = — 6 (A/ + m) g sin 2 a. 

(4A/ f m (1 + 3 cos 2 0)}./0*=6 (A/ + m) g sin a (sin 0 —sin a). 

Ex. 2 ^ 5o//t/ uniform sphere has a light rod rigidly attached 

to it which passes through its centre. The rod is so joined to a 
fixed vertical axis thjt the angle 0 between the rod and the axis may 
alter but the rod must turn with the axis. Jf the vertical axis be 
forced to revolve constantly with uniform angular velocity , show 
that the equation of motion is of the form 

0 *=n 2 (cos 0—cos p) (cos a — cos 0). 


(Agra 1961) 
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Let OC be the rod con¬ 
nected rigidly with C the 
centre of the sphere and O 
with a fixed vertical axis OY 
say. Let 0 be the angle 
the rod makes with the 
vertical at any time. 

Now if the axis be forced 
to rotate with a constant 
angular velocity to about 
some axis parallel to OK, then the centre of the sphere will be 
describing a circle of radius / sin 0 about OY. 

The sphere has got the following types of motion : 

(i) Translatory motion along a line perp. to OC. 

(ii) Rotation about a line through O perp. to OC. 

(lii) Rotation about an axis parallel to OY with the constant 
angular velocity to. 

Since the sphere rotates with the rod about OY, hence the 
same arc of great circle remains in the plane COY. 

Hence the energy is 

T=hm [/V + *V+/* sin * *•**]. 

Work function U = C -mg / cos 0 
where (/ sin 0, / cos 0) are the coordinates of C with regard to U as 

origin, k is the radius of gyration. 

Lagrange’s 0-equation gives 



or 


d 

dt 


[{/ 2 -f ( 2 a*/ 5 » 0 j— / 2 sin 0 cos 0 o>*=g/ sin 0 

{/ a +(2a*/5)} 0 —f a sin ^ CDS d < °* = ^ s * n 


Integrating, we have 

{/ 2 -f (2<a*/5)} 0 2 + / 8 «* cos* 0=- 
where C\ is constant of integration 

or 0 * = { — /*a> a COS* 0 — 2 gl COS 0-t-Cj} 


— 2 gl cos 0 + C, 


r« * ir \ 


/•a , 2 r 

= +/* + (2a*/5) L 
which can be put in the form 




=n 3 [(cos 0—cos /?) (cos x —cos 0)] 


for here n 2 = (1+ ^, /5) . cos a+cos P=-y. and -cos * cos S-C 

where a, /3 are the values of 0 for which 0 vanishes. 

Hence the result. 
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Ex. 3. A solid uniform circular cylinder of mass m rolls on 
another such cylinder of mass M which rolls on a rough horizontal 
plane the axes of both the cylinders being horizontal and their cen¬ 
troids in the same vertical plane. Show that, if the system start from 
rest in any position , the coordinates of the centre of the upper cylin¬ 
der, referred to a fixed origin and axes, are given by the equations 

x = d ™0+ (3 MJ m ) si n± cqs e 

3 (M — m) 

d being the distance between the axes of the cylinders. 

Let a, b be the 
radii of the lower and 
upper cylinders, let the 
lower cylinder have 
turned through an 
angle 6 while the upper 
have turned through 
an angle </>. Initially 
the point N coincided 

with Q and OA and 
O'N were vertical. Since there is no slipping hence arc A A r =arc 

AQ, 

/. e. a (0+«/>) = 6 (<£ — «/-), 

i. e. a9-\-(a-\-b) ip = b<f>. ...(1) 

Differentiating, we have 

ao + (a + b) &=b<j> 

or oQ-f(a-f6) ip = ba», since o-O <j> = a>. 

Taking as fixed origin the position of the centre O of M at 
the beiginning of the motion, the coordinates of O', the centre of 
the cylinder of mass m are 

{(— a0+ (a + b) sin 0, (a + fc) cos «/<}. 

Hence the kinetic energy of the system is, 

\m (* 2 +;n + 4wA:*u, 2 + iAf (a 2 <? 2 + * 2 0-) 

= {m [(a + b) 7 ^ 1 — 2a ( a-\-b)o cos «/■*// +a 2 o 2 ]-b JwA: 2 a> 2 

+ \M (a'+k'*)#'. 

But since 0 = Q, we have 
2 T—m [(a-fW/' 2 —2 a (a + b)Qj, cos 0-fa 2 fi*J 

-\ r mk t uj l -\- M (a 2 + &' 2 )Q 2 
[(a+6) 2 ii>*+^ , -2fl cos ip 

+ * {aQ+(a + b)j,}'\+lMa*Cl' 
«=I m (a-\-b)*fy 2 +1 (Af-f w)a 2 a 2 -fmoQ (a+b)ip (1 — 2 cos 0). .. .(2) 





500 


Dynamics of a Rigid Body 


Taking 9 and ip as the coordinates of the 
equation in 9 gives. 


d nT\ dT a U 
dt vaiv d9 ~d9 ’ 


system, Lagrange’s 


• « 


0 = 0 . 


where U —force function =mg (a-\-b) (1—cos ip) which 


d 

dt 



gives 


or 



or 3 (M+m)a 3 Q+ma (a+b) (1—2 cos 0)<j»=const.=O ...(3) 


since Q and <p vanish initially in whatever position the system 
may start. 

Integrating (3) with regard to t, we have 

3 (M+m)a 2 0+ma (a+b)ip — 2ma ( a+b ) sin ip=D. 

Initially 9- f-</» = 0 and 9=0 (suppose), hence D= 0, 

2m [a+b) sin 0 —m (a4-b)ip 
3 (M+m)a • 

Hence the coordinates of the centre arc 


x= 


mdtfi—2md sin ip 


+d sin ip 


or 


x=- 


3 (M - \-m) 

md>b + (3M+m) d sin ip 
3 (M + m) 

y=d cos ip. 

Clearly ip is the 9 of the given question. 

. _ md9+(3M+w) d sin 9 

•* X 3(M+m) 

y=d cos 9. 


Ex. 4. A thin spherical shell, of mass M and radius a, perfectly 
rough outside and perfectly smooth inside , lies on a rough horizon¬ 
tal table. Inside the shell there is a uniform rod of mass m and 
length 2a sin a. If the system is released from rest in such a 
position that the rod is in a vertical plane through the centre of the 
sphere , touches the shell at each of its ends, and inclined at an 
angle p to the horizon , prove that in the subsequent motion the angle 
9 between the rod and horizontal satisfies the equation 

[(5M+3m) (3 cos 2 a.) —9m cos 1 a cos' 9] qq' 

= 6g (5M+3m) (cos 9—cos ft) cos a. 
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Let x be the horizontal distance 

moved by the centre of the shell and 

0 the inclination of the rod to the 

horizontal after time t. Since there 

is no slipping hence x=a<j,, where <j> 

is the angular velocity of the shell. 

With reference to the position of 
the centre initially /. e. O , the coordinates of G the C. G. of the 
rod are 

X=x-\-a cos a sin 0, 

Y=a cos a cos 0. 

Hence the kinetic energy of the system is given by 

2T=Af*'+MkWla*+nt {X* + Y i ) + mk 2 d 2 

= |A fx 2 -\-m [* 2 -[-a 2 cos 2 olq z -\- 2a cos a cos 9 .vfl] 

. -fm.fl 2 (a 2 sin 2 a)/3 

=(tn+%M)x- + ma 2 o 2 (cos 2 a-f-i sin 2 a) 

+ 2am.v ‘0 cos a cos 9 . . .(1) 

V k' 2 =(a z sin 2 a)/3, k*=2a 2 /3, 

and the work function U = mag cos « cos 9. 

Taking x, 9 as the coordinates, we have 

s( aD =0 " ,(2) 

[since both T and U are independent of x) 

i. e. 

0.V * 

Hence, we have 

(&M+m) si+am cos a cos 9 0 = con$t. 

= initial value 
= °- ...(3) 

Lagrange’s equation in 9 gives 
d 

J t [w (COS 2 a. + § sin 2 a) a l .d+am cos 9 .v‘ cos a]+ow 0 * cos a sin 9 

= —wga cos a sin 9 

or (cos 2 a + J sin 2 a) n^'-J-cos a ^ (jf cos 0)-+-*‘ cos a sin 9 q 


+g cos * sin 0=0.. .(4) 
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From (3) and (4), eliminating ji, we have 

(cos* <x-H sin 2 a) ag + cos a | — cos a g cos* 0 J 

3ma cos* a sin 0 cos 00 * . . A 

-(3^f5M)-+* C0S a S,D M 

or ^cos* *+—y-^ a B + cos 2 a cos* 0-2 cos 0 sin 00 2 )J 

3fl/w cos 2 a sin 0 cos 00 * , . « « 

-- 5M+3m - 

or {(5A/-f-3m) (3 cos 3 a+sin* a)—9 m cos* a cos* 0} ag 

-f 9m cos* a sin 0 cos 0 0*+(5A/+3/w) 3g cos a sin 0=0. 


or I cos 


Multiplying by 20 and integrating, we have 

[( 5 A/+ 3 m) (3 cos* a-f sin 2 a)—9 m cos 3 a cos 2 0 ] ag * 

= c +6 (5 M + 3m) g cos a cos 0 

Since 0 = 0 , when 0=£, hence c =—6 (5M+3m) g cos a cos p. 
/. [( 5M+3m) (3 cos* a+sin* a)- 9m cos* a cos* 0] ag * 

= (53/+ 3m) 6g cos a [cos 0—cos p]. 

Ex. 5. The ends of a straight uniform bar of mass m and 
length 2a are constrained to slide on a smooth fixed horizontal 
circle of radius c, and an insect of mass m crawls along the bar 
at a constant rate v relative to it. Jf 0 be the angle made by the 
bar at time t with a fixed direction , show that 

0 M (2c 1 -%a*+' , *t t )=const. 

Let AB be the rod which is cons¬ 
trained to slide on a smooth fixed 
horizontal circle. Let 0 be the angle 
the rod makes with the horizontal, a 
fixed direction, at any time /, and let x 
be the distance of the insect from G the 
centre of the rod. 

The coordinates of the C. G. of the 
rod with reference to O as origin and 
the lines horizontal and perp. through O as axes are 

[(c 2 —o *) 1 sin 0 , (c*-fl 2 )» cos 0 ], 

The K. E. of the rod is 

j (c’-* 8 ) 0 2 +i™y0*. 



The coordinates of the insect at point P with O as origin are 
X=x cos 6—a*) sin 0, Y=x sin 0+(c*—a*)* cos 0. 
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Kinetic energy of the insect is 

\m {X 2 -\-Y 2 ) = \m {x —V( c2 — fl2 ) oF+hmx* 0~ 

and x=vt. 


Here we see that the time enters explicitly in a geometrical 
equation. 

Total kinetic energy 
2a*\ . 


2 T=m 


^ § 2 +m [v — y/(c 2 —° 2 ) 0 ]’+"iv ^ 2 o 2 


and there is no potential energy. 

As it is quite evident that 6 is absent from the expression of 
the energy, hence Lagrange’s ^-equation gives 

dt V0tf ) 


i. e. 


de 


i. e. m^c 2 — 0 —m\/(c 2 —a 2 ) [v—y/(c*—a 2 ) 0 ]- 4 -m s v 2 / 2 0 =con$t. 


or 


0 ^ 2 c*— ^—v 2 f 2 ^>=wvv/(c 2 —a 2 )-fconst. 


=const. 


It is worth noticing that the principle of conservation of 
energy does not apply here in as much as the living agent is a 
source of energy of the system. 


Ex. 6 . A uniform rod of mass 3m and length 21, has its 
middle point fixed and a mass m attached at one extremity. The 
rod when in a horizontal position is set rotating about a vertical 


axis through its centre with an angular velocity equal to 



Show that the heavy end of the rod will fall till the inclination of the 
vertical is cos~ l {y/(n 2 +1) —n). 


(Agra 1952, Supp. 1947, Raj. 1960) 

Let at any time t f the rod AB make an angle d with the down¬ 
ward vertical, and let the plane through the rod and the vertical 
have turned through an angle </> from its original position. Let 
the particle of mass m be attached to the other end. 

Taking O the mid point of the rod as origin and OX, OY (a 
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line perpendicular to the plane of the paper) and Oz as axes of 
reference, the coordinate of the point P on the rod are. 

x=\ sin 0 cos </>, i.e. ?i= 5 [cos 0 cos <f> q— sin 0 sin <f> fi], 
y=Z sin 0 sin «/>, i.e. [sin 0 cos ^+sin <f> cos 0 0 ], 

r = £ cos 0 , i.e. z=—£ sin 0 0 . 

Hence the velocity of P 

= i a )=S (0 2 +<£ 2 sin* 0)*'*. 

Similarly the velocity of the particle of mass m is 

/(0 2 +^ 2 Sir. 2 •)>/*, 

because we have to substitute / for where 21 is the length of the 
rod and O is its mid point. 

3/w 

Clearly the mass of the element PQ--jf 
Hence the energy of the small element PQ 

=\. ? (e'+P sin* 

Hence the K. E. of the rod is 

= ^V+^ ! sin 1 «) dl. 

(e'+P sin* 6) I- 
and the K. E. of the particle 

= '” ,! (B J +sin*«^*). 

Hence the total kinetic energy T is given by 

T=\mP ( 0 *+sin 2 0 ^*)+*/n / 2 ( 0 2 +sin* 0 ^*) 
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Lagrange’s ^-equation is 
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- ••( 1 ) 


d_ a_T = 
dt \d<f>) dQ 


d<f> 


or 


s© =0or ^ ( sin! «*)-» 


since the energy equation does not contain <£, 
**« sin* 0 <jj= const.=,#. 


>-? *- x/Ct 8 )' 

sin 2 0 ^= (?«). 

And Lagrange’s 0-equation gives 

d /ar 


*- V'( ! r). 


or 


or 


or 


</ /07\_ar = a£/ 

dt \dd ) c6 00 

m / 2 { 20—2 sin 0 cos 0 <£*}=— w#/ sin 0. 
Eliminating <j> between (2) and (3), we hare 

21 jV-sin 0 cos 0. 2n f s J-«-J==-g sin 0 

2/ £ 0 —cot 0 cosec 2 0 

2 0=-j^ cot 0 cosec 2 0 —^ sin 0. 
Integration gives 

0 2 ~f H —* 2n cot 2 0-fcos 0 J-f-c. 


J=— g si 


sin 0 


7T 


When 0 = 2 » 0 = 0, c=0. 


g 


Hence 0 *=^- (—2n cot 2 0-fcos 0) 

* 2 / 0 2 -f 4wg cot 2 0=2g cos 0. 

The rod will move till 0=0 

or 2 n cot 2 0 = cos 0 

which gives either cos 0 = 0 or 2 /icos 0 = sin 2 0 . 

or cos 2 0 -f 2n cos 0 — 1=0 

t.e. cos 0 ==^±^^+4) _ ± , + J} 


..( 2 ) 


..(3) 


..(4) 
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Ex. 7. A uniform rod , of length 2a, can turn freely about 
one end, which is fixed. Initially it is inclined at an acute angle a. 
to the downward drawn vertical and it is set rotating about a 
vertical axis through its fixed end with angular velocity u>. Shew 
that , during the motion , the rod is always inclined to the vertical 

m ^ 3g 

at an angle which is " ^ 


or 


a, according as w* g 4 -^' 


and 


that in each case its motion is included between the inclinations a 
and cos - 1 [— n±\/(l- 2 n cos a+n*>] 


where 


n= 


aor sin * a 


3g 


2 IT 


O 



If it be slightly disturbed when revolving steadily at a constant 
angle a, show that the time of a small oscillation is 

/ ( 4 a cos a \ 

V \3g (1+3 COS 1 *))' 

The rod OA is turning about O 
which is a fixed point. Let the rod be 
inclined at an angle 0 to the vertical 
at any time t, and let the plane 
through the rod and the vertical have 
turned through an angle </* from its 
initial position OX. 

Take any point P on the rod such 
that OP=£, t and the element PQ=de,. 

Referring to O as the origin, the coordinates of P are 
x=Z, sin 0 cos <f>, y=E sin fl sin <t> , z=£ cos 0. 

Hence the (velocity) 2 of / > =^ 2 -fy , +s 2 =^ 1 (0*+^ a sin 2 0) and 

the K E. of the element=$ ~ a 5* (0 a +<£* s * q2 

the K. E. of the rod = * ( 0 2 +<£* sin* 0) f £ 2 d% 

2-a Jo 

= 2n f sin* «). 

t/=work function = C-\-mag cos 0. 

Hence the Lagrange's ^-equation gives 

d(dT\dT = dU 

dt \ d<f>J 6 </» d'b 

the negative value is admissible, since 0 canot be obtuse. 

If we substitute this value of cos 0 in (4), we find that (j is posi 
tive, hence at that time the rod will begin to rise again. 


• • 


-i©-» 
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or 


(£)- 


const. 


-.( 2 ) 


since the energy equation and the work function does no 
contain <£, 

*• e • <j) sin 2 y = const.=co sin 2 oq .(2) 

since <f =« when y=*. 

Lagrange’s ^-equation gives 

ar_otr 

«//W/ ay ay * 


d SAmar . 


K 


ay 

2/tia 2 ... _ 


\ 2/tia 2 ,, . 

1—— 3 — • 2 sin 6 cos 6 =—mag srn Q 


i. e. 


..(4) 


sin 0 cos 0 =—?! sin y. ...( 3 ) 

Substituting for ^ from (2) in (3), we have 

.. oj 2 sin 4 a ccs 0 3g . 

0 sin 3 y ~ 4a Sin 9% ...(4) 

Integration of (4) gives, 

, a . 2 sin 4 a 3g 

* +~srr - 5 C0,,+e 

“2a cose + OJ ' sin2 a 2a cos *• • • .(5) 

Sinoc ^=0 when 0=*. c =*, 2 sin 2 cos *. 

Hence y *=«> 2 sin 2 a (l — (cos y—cos «) 


_3«g/ sin 2 *\ , 3g 
- T* \}-&* 9 )+& (cos y-cos «) 


...( 5 ) 

a oj 2 sin* a 


3ng 


= n^y (COS * a “ cos2 #)+|f (cos 0 -cos a) 

_3g (cos a—cos y) 

"” 2 u sin 2 !*- ( 2n ( cos a 4 -cos 0 )—sin 2 yj 

__ az ~£ (cos a—cos y) r o - 

^ * 2 ^-sin 2 0 - [cos d + 2n cos 0 + 2 " cos a-1] .. .( 7 ) 

The above equation gives that 0=0 if either 0 = a which eives 
the original position 

or cos 2 0 -f 2 /i cos 6 + 2n cos oc— 1*0 
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or 


cos 0= 


— 2n± \/[4/i 2 -f-4 (l—2/i cos a)] 


= — n± 2» cos a) ...(8) 

[+ sign must be taken, for the negative sign would give a value 
greater than unity numerically]. 

Hence we see that the motion is included between the two 
values of die. a and 6 X where cos 0 X is the value given in equation 
( 8 ) with positive sign. 

The rod will rise higher than or fall below its original 
position provided 

0 X > or < a 

/. e. cos 0 X < or > a 

i. e. —n + y/(l—2n cos a-f-fl 2 ) < or > cos a 

i. e. (1-f/r —2 n cos a) l/2 < or > (/i-fcos a) 

/. e. l+/r — 2n cos a < or > n 2 -f 2/i cos a-f-cos 2 a 

i. e. sin* a < or > 4n cos a 


/. e. 


/. e. 


i. e. 


sin* a 
sin 2 a 
4 cos a 
sin 2 a 
4 cos a 


to 


or 


< or 


or 


n 


Oar si n 2 a 

3g 

3 g 


4a cos a 

Hence the result. 

Small oscillations about the steady motion. 

The motion will be steady /. e . 0=oc throughout the motion 
or y= 0, 

which gives from (4) 


to 2 sin 4 a 
sin 3 6 


cos 0 =—^ sin 0 
4a 


/. e. 


*» 

CD“ = 


3g 


4a cos a* 

If to has this value, then for small oscillations about 0=a, 
putting 0=a-f-0 in (4), we have 


3# 




sin** , , J4 3g . , , #x 

cos (a + 0 )—t- sin (ot+0) 


4a cos a sin 3 (a+0) ™ ’ r ' 4a 

_3g fsin^o (cos a cos </» —sin 0 sin a) 
4a \cos a (sin a cos 0~-f cos a sin 0) 1 


3 ^ 1 

— 4 ^ (sin a cos 0 +cos a sin 0 )> 
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3g t sin« a.cos a (j-f tanjQ _ sin a(1 + 0 c0 , a) \ 
4a\cos a sin 3 a (1+0 cot a) 3 J 


= ^ [sin a (1—0 tan x) (1 — 30 cot a) 


— sin x (1+0 cot a)] 

= ^ sin a [1—0 tan a —30 cot a— 1 — 0 cot a] 

4 a 

— —0 ~ [(tan a + 4 cot a)] 

' 4 2 

higher powers of 0 being neglected 

^ (1+3 cos 2 a) , 

= — 3g —- 0. 

4a cos a 

/ / 4a cos x \ 

Hence time for small oscillation = 2 tt (i q _3 C os* *)/ 


Examples 7 (a). 

A hollow circular roller, of radius a and mass M has attached 
to the centre of its axis a particle of mass m by a light rod 
of length h. The particle is free to swing about the axis in 
a plane perpendicular to this axis. The roller is at rest on 
a horizontal plane, rough enough to prevent slipping, with 
the rod held at an angle a with the downward vertical. If 
the rod is then released, prove that the centre of the roller 
will oscillate through a distance 

2 ma 2 h sin a 
{M (/c^ + a-j + ma 2 }* 

where A/A: 2 is the moment of inertia of the roller about its 
axis. 

A smooth circular tube of mass M and radius a contains a 
particle of mass m and is free to rotate in its own plane 
about a point O distant c from the centre. If <t> is the angle 
turned through by the tube, 0 the angle described by the 
particle relaltively to the tube, obtain the kinetic energy in the 
form 

$ [M (c*+a ? ) + m (c* + 2ac cos 0 -\-a z )<j> 2 

+ 2 ma (a+c cos 6 ) *)</.+/n«*() 2 ]- 

If no forces act, and if the moment of momentum about O, 
the centre of rotation, is zero, prove that the particle must 
make complete revolutions in the tube. 
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In the case when c=a, show that in a complete revolution 
of the particle the tube turns through the angle 

- H£»n 

in the opposite direction. 


7*2. Small oscillations. Explain how the small oscillations 
of a rigid body about a position of equilibrium can be investigated. 

(Agra 1950, 53; Delhi 61; Punjab 0) 

Tn this article use of Lagrange’s equations has been made in 
finding the small oscillations of a conservative system about a 
position of equilibrium. 

As x, y, z contain / explicitly, the kinetic energy will be a 
homogeneous function of q, <£ etc., where 0, 0, if/. .a r e the gene¬ 
ralised coordinates. We may write for T. 

27’=d r i 1 0“+h 1 |(£--f- .. -4-2/fj, Q<f>- f-... 

where <?„, b n -/; n are functions of 0, 0,... 

Since the system makes small oscillations about the position 
of equilibrium, hence 0, <b... are so chosen that they vanish in 
the position of equilibrium. Hence in small oscillations 0,0... 
and 0 , are all small. 

o A 

~h • * • 

=0 to the first order small quantities. 


2 dan .*, 3^11 
dti ~ dd ?0 


Similarly 

Also 


dT 


00 


,.. .etc. all vanish to the first order approx. 
dT 

jT* -==fl n0 + ^ii^+. •• # 


dT 

p/ = ^n^+^u0 + • • • 

Since in the equilibrium position 0, 0...are to be put equal 
to zero, hence a llt b lu /i n . .reduce to constants say A,, B ot ff 0 ... 
etc. 

Hence for small oscillations the Lagrange’s equations may be 
expressed accordingly 

US)+Hf=° •••<*> 

0 y 

Since Q 0 , . .vanish in the equilibrium position (as 

the potential energy is stationary in the position of equilibrium). 
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hence we may take an expression V in the form 

2V=2Y o +2A l 0+ 2fl,<A...+/T0 l + flV 2 +...+ K'0t+... 


The coordinates can be so chosen that ^l l =5 1 =...=0. 


Hence the generalised equations become 

A 0 y H &\> + . •. -i-A'O --f ..» =01 
Hod Btff) -+•... -f- H'6-\- . . . =0 J 

Put 6 =P sin (pt + P), fr — Q sin (pi+l 9).. .etc, to 
equations. Substituting these values in (2), we have 

(A’-A 0 p 2 ) /> + (//'- I/ oP 2 ) £+...= 0.1 

(H'-H Q p 2 ) P+{B'-B 9 p 2 ) <2 + ...=0. j 

• •• ••• ••• • • • 


• • • 



solve these 



Elimination of P , Q ,.. 

A’ — A 0 p* 

H 0 ’~-H Q p 2 


.gives 

H'—H 0 p~ 

B'-B 0 p- 

• • • 




Hence we get a symmetrical determinant, as the number of 
equations is the same as that of coordinates. 

The roots of this determinantal equation are real if p l% p t ... 
be the roots of this equation. The periods of small oscillations are 

2tt 

—, — .. .etc. and for 0, <t>, we have the expressions 
Pi P* 

d=P\ sin (/>!*+&) +P* sin (p 3 t+p 2 ).. .1 

<t> = Q\ sin {p x f+Pi) + Qt sin (/>*/+/9*>...J ...(5) 

7*3. Principal or normal coordinates. 


We have seen in § 7* I that T and V are homogeneous quad¬ 
ratic functions in e, <j>. . .and 0, '/».. .respectively. 

It is possible to choose 

0 = ajA-|-fl2^-t-...» 

<£ = 6 4 A-|-&2/z-f...» 

a's and b's etc. all being constants, such that, with the proper 
choice of these constants, the product terms both in T and V do 
not exist. 


Hence T and V can be expressed 


111 UJW I III 


T — Auk 2 + A lt ft- ...» 

2K-2f' 0 +* ll A« + tf I2/ ,* + ... 
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or 


Then the Lagrange’s equations take the form 

2A n \+2B lx \~0, 

2A i2 n + 2B iZ n=0, 

ft 

i-H#ij 2 A=sO where ~=/;, 2 etc. 


/t'-fn 2 V=0... etc. 
and these can be put in the form 

• • • w 

and A=— n x 2 X, p— — nfp ... 

These equations dearly are of the form of Simple Harmonic 
Motion, giving small oscillations. 

A, n .. etc. are called the Prinripal or Normal Co-ordinates. 


Ex. 1. A uniform rod of mass 2m and length a can turn 
about one end which it fixed and to the other is smoothly hinged 
a uniform rod of mass m and length 2a. If the system perjorms 

small oscillations in a vertical plane about its position of equili¬ 
brium, show that in one principal mode the inclinations to the 
vertical, measured in opposite directions, of the rods are equal. 
Determine the other principal mode and the periods of smalt 
oscillations. 


Let the rod A B 
make an angle 0 with 
the vertical and the 
other rod BC which 
is hinged at B make 
an angle <f> with the 
vertical. 

Referring to A as 
origin the co-ordinates 
of G lt G z the centres of gravity of the two rods are 

G,: x=^sin0, G 2 : x=a sin 9 + a sin <A, 



x— - sin 9, 
cos 9; 


y = a cos 9 + a cos <f>. 


Kinetic energy of AB=*\.2m 
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and that of the rod BC 


- \m |V +j>*+~ 

=Jm ^a ! (i 2 +a 2 4, 2 +2a , 04, (cos 0 cos <£+sin 0 sin <M+“ j-J 
=\m ^a 2 0 2 +-y-* ^ 2 +2a 2 cos (0—£) 


Hence 
T 


= \m £ 


5a 2 . 4a* . 


0 a + 


<f, 2 +2a 2 cos (0 — <f>) 6<j >J 


3 v ‘ 3 

— ^*q_ 2 a 2 ^J for small values of 0 and <£. 

...( 1 ) 


im [y 0 2 + 3 


Also, 


a 


V=C—2mg ^ cos 9—a (cos 0+cos <i>) mg 

= C—mga [2 cos 0+cos </,] 

= C' + mga j^0 2 + f] for small values of 0. 

Hence the Lagrange’s equations give 

W+$+ 2 {- 0=o, 

g 


• ( 2 ) 


0 + *£+z</*=O 


..( 3 ) 


..(4) 


a 


or we can write the equations (3), and (4) the form 

0 + £>*'/»=0, where 

Z> 2 0+(|Z> 2 + |)</< = O. 

Eliminating 'A. we have 

[9 D,+ T D, a+ 2 fl 8 = 0 

(t^+JKt+S)*-* 


dr* 


= £> 2 


or 


or 
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i.e. either 
or 



Hence the periods of small oscillations are 



and l7, \J O- 


To determine the principal mode, multiplying (4) by k and 
adding to (3), we have 


( 5 +*) (('+( 1 + 1 *) £+| ( 29 +*^)= 0 . 

Hence 29 + k'fj will be a principal co-ordinate, provided 

<f + *) _<1+*A:) 

2 ~ k • 

i.e. if k 2 —k —2 = 0 , 

ie. k = 2 or 1 . 


Changing the principal co-ordinates A and p, we get 

A = 2 (9 + <f>), 
n = ?0-‘K 

i.e. for the p mode, A = 0, which gives 6 = —>f>. 

In the A mode, /z = 0 which means 2 9 = <j>. 

Hence the required results. 

Aliter. We can also find T by another method. Since G t 
has got two velocities aq, with angle (9—<f>) between them, 
hence we have the K. E. 

T=\.2m + h.2m d* + m y <j> 2 +2d<t cos (0— 0 )J. 

Resultant of P, Q at an angle r = ^{P 2 + Q 2 + 2PQ cos a). 

Ex. 2. A ring of mass 2m is free to slide on a smooth hori¬ 
zontal wire. A light inextensible string is attached at one end to the 
ring and at the other to a particle of mass m. At the middle point 
of the string is fastened another particle of mass m, and the whole 
system is at rest with the string vertical. Find the periods of the 
principal oscillations of the system, in the vertical plane containing 
tin wire, about this position of equilibrium. Show that in one of 
the. principal modes of oscillations .the lower half of the string 
always makes with the vertical twice the angle between the upper 
half and the vertical. (I. A . S# 1957) 
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Suppose the ring is 
sliding on the fixed wire 
OP and at certain time has 
moved through a distance 
x while 9 and </> are the 
inclinations of the strings 
AB and BC to the vertical 1 C 

where AB=BC=a. Let m be the mass of each particle fastened 
to the strings AB and BC. 

The co-ordinates of the masses at B and C with O as origin 
and OP as axis and another axis perpendicular to OP throuch O 
as the vertical axis. 

For B, X=x+a sin 9=x+a9, -» 

Y=a cos 9=a, I for small values 

For C, X x =x+a (sin 6+ sin 'A) = x+a (0 + 0), f of 0 and*, 
y, =a (cos 0 + cos <f>) = 2a. ) 

Hence the kinetic energy for the system is 



T=\2.m& + \m (V 2 +Y 2 )-Mw (Y 2 +y 2 ). 

=mx % + \m [.x ,2 + (.v‘-l-a0) 2 q-(.v-Fay-fa^)*]. . ..(i) 

V=C+2mga (1—cos 9) + mga (1—cos <t>) 

= C+mga (^ 2 + y J for small values of 9 and *.. .(2) 
Hence the Lagrange’s equation in x gives 

d (dT \ . ar 

dt\d*J ° 1 e ' dx~ c 

4.\‘-f-2tf0-F<7</>=const. 

= 0 since 0 = x‘ = <^ = O initially.. *. (3) 
Lagrange's equation in 9 gives 

d_ (*T\__dV 
dt\do) 00* 

2a It + (*‘+*0+^)1+ 2ga0 = O 

* +<*y-H'x + ati+a$) + 2gO=0 

2 (.V+ ay) + af + 2g0 =0. ...( 4) 

Similarly in <f>, we have X+ay m +a$ + g'f>*= 0. ...(5) 

Since neither T nor V contains x explicitly, it is called an 
ignorable coordinate. 

Elimination of .V from (4) and (5) in virtue of (3) gives 


or 

or 
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2 ti+$+ 4 * 

2 y+?$+~ ^= 0 , 


...( 6 ) 
• ..(7) 


or (6) and (7) can be written in the form 

(2D Z +^ 0 + 2) 2 <£=O where j ( stands for D 

and 2Z) 2 0 + (3Z> 2 +^) <£=0. 

Elimination of </> gives 

( 2 Z) 2 +l0 (3D 2 -f 4 jQ 0-2Z) 4 0=O 

or |4£ 4 + 20D 2 1' + ~f*J 0=0. 

Putting 0 = /i cos we get 

D 1 6 =—p 2 A cos (p/-f/3)= — p 2 0, 
and D x d=p x d. 

Hence (8) is transformed into 


...( 8 ) 


(v- 


20* . 16g 


a 


P' + 


'-SO— 


or 


or 


\/ («)■ " d 2 V ©• 

Hence the periods of small oscillations are 

2i, \I © and "V ©• 

To find the principal coordinates, multiply (6) by A and add 
to (7); we have 

(2A. + 2) »+(*+• 3) (M+«=0. 

(A0-f *A) will be a principal coordinate if 

2A-f 2_A+3 


Hence A 2 —A-f2 = 0 or A=1 or —2. 

Hence the principal coordinates A, p are expressed by 

A = 0-f-<£, p — <f >— 20. 

Hence for p mode, A=0, i. e. 0 = —</»; 

for A mode, /x=0 1 . e. <£ = 20. 

Hence the result. 
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Ex. 3. A uniform rod BC, of length Sa, is suspended from a 
fixed point A by means of light inextensible string, of length 13a, 
attached to B. If the system be slightly displaced in a vertical 
plane , show that 0-\-3<f> and J2d — 13<f> are principal coordinates, 
where 0 ana 4> ore the angles which the rod and string respectively 
make with the vertical. 


Let at any time t the rod BC 
and the string AB make angles 0 
and with the vertical. 

Referred to A as origin, the 
coordinates of G are 

x=\3a sin <£4-4 a sin 0, 

# 

y=\3a cos <£4-4a cos 0. 

Hence 

T=\m [169a a <£ 2 4- \6a z (j 2 + 104a 2 cos (0—<£) Q<j>] + \n » 



°6 


16 a 2 


0 3 


= £l69a 2 <£ 2 4-y— 0 2 +lO4a 2 ^ J 


...( 1 ) 

for small value of 0 and <£, 


= C-f mg a for small value of 0 and <£. ...(2) 


i. e. 


or 


/. e. 


V=C—mga (13 cos <£4- 4 cos 0) 

13<£* 40 2 

2 

Lagrange’s 0-equation gives 

^Va0y + a0 

[( 6 3 fl, 0 + 52a V)] + 4«^=0. 

16£4-39£+?f 0=0. 

Similarly for ^-equation, we have 

^ r 3 ^+ a - K = 0 

13£+40+|*=O. 

Multiplying (3) by and adding to (4), we have 
(4 + 16*) 0 + (13 + 39*) $+ g a (tf + 3*0) = O. 
<£4-3A:0 will be prinicpal coordinate if 


...(3) 


...(4) 
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4+16* 3k 

13+39* ~ 1 

or 


U7*=+23* — 4=0 

or 


(13*+4) (9*—l)=s0. 



• 

I 9 * 

1 

II 

** 


Hence the principal coordinates are 



0+ 3'A and 120—130. 


These give 

D'- (6+3*) = -**- (6 + 3*) 


and D* (120—13^)=—~ (126—13$). 

.. the periods of oscillation are 

2n \/ (?) and 2 " \/©- 
Ex. 4. 4 ring slides on a smooth circular hoop of equal mass 

and of radius a which can turn freely in a vertical plane about a 
fixed point O in its circumference. If 0, 0 be the inclinations to 
the vertical of the radius through O and of the radius through the 
ring, prove that the principal coordinates are 29+ an d <f >-9 and 

the periods of small oscillations are 2n ^ Q? ^ and 2n 

(Agra 1962, Madras 1954) 
Let O be the fixed point about which the hoop turns and 
let the ring have moved to P and 

radius through the ring makes an angle 

•l> with the vertical while the radius , >a& 

through O makes an angle 9 with the 

vertical. J jk 

The ring has two velocities one a<j> ' ^~ Q 

perp to O’P and another oq perp to OO' _ 

through P, the angle between these two velocities is ( 0 —. 0 ) 

With O as origin and horizontal and vertical lines through O 
as axes the coordinates of the centre of gravity of the circular 
hoop and that of the ring respectively are : 
i. e. O x=a sin 9 , v=a cos 0; 

and P X=a (sin 0+sin <f>), Y=a (cos 0+cos 0). 

Hence the kinetic energy is given by 

2 T=m (.v ,2 -f .V 2 )-f-wo 2 ^ 2 -f w (X 2 +Y*) 

=m (a'b'+a'-e*)+, n [a^+ a *f-+2a*ei cos ( 0 - 0 )], 
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/. e . 


i. e. 


i. e. 


i. e. 


/. e. 


T= 2 [3flV + flV*+2a 8 W) 

for small values of 0 and 0. 

Work function 

C/= C-f wg (o cos 6+a cos 0-fa cos </») 

— C-\-mga (2 cos 0-|-cos <£) 

Hence the Lagrange’s 0-equation is 

d_nT\dU 

dt KdeJ^W 

3# + -f—0 = 0, 

3Z) 2 0-f-2Z) 2 c/>-f — 0=0, where 2) =— /i\ 

a dt' •••w 

Similarly Lagrange’s ^-equation is given by 

d (dT\_dU 
dt \d(f>) d<f> * 

e+£+f*=o. 

’■ ZFfl+ /)*,/, + |. A = 0. ...(2) 

Eliminating 0 between (1) and (2), we have 

[( 3 Z>. + !)(/>’+f)-Z)‘]*=0 

[ 2Di + i a D ' +2 f\+=°- ..-(3) 

Substituting </>=A cos (/>/+/?) in (3), we have 

O‘-|W|0=0’ -.(4) 

since Z) 2 '/'=—/?*</>, and D i <p=p i <f>. 

The roots of (4) are given by 

(V-i) (V-2f)=o, 

e - p ~\/(ia) ° r r~\/Qi)- 

Hence the periods of small oscillations are 

2 ”\/( '%) and 


...( 2 ) 


..•(3) 


...(4) 
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Multiplying (2) by A: and adding to (1), we get 

(3+*) y +(1+*) £+| (2fl+^)=0. ...(5) 

2 0+kj> will be a principal coordinate if 

3+A: 1 +k 

2 ~~ir* 

i. e. A 2 + A—2=0 giving A=1 or —2. 

Hence (5) becomes when A=l, 

4-y+76+ S - < 2fl +^=°> 

D (29+*)+^ (29+tf)=0 

2 . 

£> 2 (9-*)=-?5 (9-*). 

Therefore the principal coordinates are 29+<f> and (9 — <f >) 
while the periods are given as above. 

Ex. 5. At the lowest point of a smooth circular tube, of mass 
M and radius a, is placed a particle of mass M‘ / the tube hangs in 
a vertical plane from its highest point, which is fixed, and can turn 
freely in its own plane about this point. If the system be slightly 
displaced, shew that the periods of the two independent oscillations 
of the system are 

2 "\/ (?) and 2 ”\/ (w+m)s/ G ) 

and that for one principal mode of oscillation the particle remains 
at rest relative to the tube and that for the other , the centre of 
gravity of the pat tide and the tube remains at rest . 

(P. C. S. 1952; Agra 55, 60; I. A. S. 56; Delhi 61) 

Let O be a fixed point about which the 
tube has turned through an angle 9 and 
B the position of the paiticle at any time 
r such that AB makes an angle */> with 
the vertical 

With O as origin, horizontal and 
vertical lines through O as axes, the co¬ 
ordinates of B are 

x = a (sin 0 + sin <f>), y=a (cos 6+ cos <£). 



i. e. 

and when k = — 
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Hence (the velocity ) 2 of B 

=x 2 +y z 

=a 2 (cos 0 0 +cos 0 <j,) 2 +a* (sin 6 0 + sin 0 ±p 
= a*d 2 +a 2 <j> 2 + 2 a 2 d<j> cos ( 6 — 0 ). 

Coordinates of the centre A of the tube are 

sin 0 , y=a cos 0 . 

(velocity ) 2 of the centre = .> 5 2 +y 3 

=a 2 o 2 . 

Hence the kinetic energy is 

2T=M ( a 2 e'+a 2 o 2 )+M ' [a 2 e*+a 2 <j> 2 +2a 2 d<!> cos (<f>- 0 )l 
= 2A/a 2 0 2 +Ai'a 2 o 2 + A/ , a s f- + 2a 2 M'0j> 

for small values of 0 and 0 . 

Also U the force function is 

U=Mga cos 0+M'ga (cos 0+cos 0 )+c 

—C— (Afga-j-M'ga) ^— M’ga 

c * 2 

tor small values of 0 and 0 . y cos 0 = 1 — 0*12 etc. 

Lagrange’s 0-equation is 

d (\ T \cU 

dt \00 / 00 

°C (M'ay, + Ara*o)=-Arga/, 

or ii+t+l * =0 


or 


Z) 2 0 + (/)>+?) 0 = 0 . 


...( 1 ) 


Similarly Lagrange’s 0-equation gives 

^ {(2A/H-A/0 o + M'<j>) = -(M+Af) ? 0 


a 


or ( 2 M 0=0 

a 

or j(2A/+AOZ> ! +(jtf+A/')f} 0 + ^'£>V=O. ...(; 

Eliminating 0 between ( 1 ) and ( 2 ), we have 
[ {(2W+AO £>» + (*/+Af')f} ( (z>=+«) }_A] fl = o 

or [2A/Z)* + f (3A/+2«')2) 2 +f’(A/ + A/')] 8 = 0. ...(; 
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or 


or 


or 


Put 6—cr. cos (pt+(3); then 

D*0=-p*0 t D*0=p*0, 
H ence (3) becomes 


[ 2 Mp'-\ (3M+2M') p*+^(A/+M')J 0=0 

^2Mp*-^(3M+2M’)p*+^ (M+M')J =0 

since 0^0 

(V-f) | Mp>-(M+U') |J = 0. 


Pl= \/(0 

The times for small oscillations are 


(M+M 

Ma 




2 n 2 n 

— and — 
P\ Pi 

2 . v /( 


M 


-D* 


M+AI 

Multiplying (1) by k and adding to (2), we have 

(2A/-f M'-\-k) 0 {(M+M') 0-\-k<f>} = 0. 

If (A/-fA/'i 0+A’0 is a principal coordinate, then 

2A/+ M'+k_M'+k 
M + M' - k 

or A 2 -f AA/ —A/' <A/-f A/') = 0 

or k—M\ or — (A/ + AZ'). 

When k = Af\ (5) transforms into 

2 (A/+A/') 0 + 2A/'0 + (g/a) [(A/+A/') 0 + A/' 0)] = O 
or £ 2 [(A/+A/') 0+A/'0] + (g/2a) {(A/+A/') 0 + A/' 0} = O 
and when k= — (A/+ A/'), (5) changes to 

^ ((/-« = - (9-0). 

Hence the principal coordinates are 

(A/ + A/') 0 + A/' 0 , and 0-0. 

Elimination of 0 between (1, and (2) gives 

2A/tf + (A/ + A/')*0-A/'*0=O. 

a 

In the first mode, where 0 = a cos (V^'+O , we have 

-2A/ f 0+(J/ + A/')* 0-A/' ^0=0. 

*0 a a 
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6 = y COS 


{n/C 


Hence < e='f> 

i. e. the particle is at rest relative to the tube. 

Similarly for the second mode where 

, ~ - M )a l + S i‘ 

we have MO+M' < 0 +,/>) =O . 

Coordinates of the common C. G. are 

= _¥ a sin 0+M’ (a sin d+a sin <f>) 

M -f M’ 

== A7Til7 7[yV/0+A/ ' (*+*)] for small values of d and 0 

=0 in virtue of the above relation. 

Hence the C. G. is at rest. 

«*• 6 - A Uni [° ,m rod le "Z ,h 2a - w h'ch has one end attached 
to a fixed point by a light inextensible string, of length >j 

ZrfrZ os r c ‘ l,a "' ons '« a vertical plane about its post' 

V'©™' ■v'(s) 

<*• A - S. 1947, Agra 1934, 54, R a j. 1953, S 3 ) 
Take A as the fixed 
point. Let 6, <f> be the angles 
which the string AB and rod 
BC make with the vertical 
at any time t, where 

AB~5all2. 

Let 2 a denote the length 

°hro u e g ;1 f s C ax r th , h 1 35 H ° rigin - verti -' -d horizon,a. lines 
nrough A as axes, the coordinates of G the C. G. of BC arc 


2n 



__ 5a 
X= sin 0+a sin <f >, 


Hence 

jr*+y* 


y SO 

^ — ^2 cos Q + a cos 0. 


cos 0 6 + a cos 6- A'+Q a sin 0 6+a sin 0 A 

25 a 2 / 

“144' 0 + fl V* + «« l 0 ^ cos (0 —</,) 

25a 2 . 2 

144 for small values of 0 and </». 
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HenCe the K. E, 
2T= 


- [f * 


a +j|4«’e 2 +^*+w] 


[19?^*+25fl*+120^] 


144 

and the force function 


or 


or 


or 


or 


or 


or 


or 


U= c -f mga 


[& 


cos 0 + COS </* 


] 


—'-T [ii *’+*■]• 

Hence the Lagrange’s ^-equation is 

( 192 £+ 60g) — — mgaji 

5e +16* + ^ *=0 

*+5Z) 2 0=O. 

Similarly for ^-equation, 

/,,a * osvj.sni*,- 5m ^/j 
j44 (250 + 6O<£) =-j 2 -0 

50 + 1204 --^ 0=0 

120 2 *+(5Z> 2 +-^) 0=0 
Eliminating </> between (1) and (2), we have 

r( 5D . + !^) (l6D 2 + -^-60D»J 0 


^5D‘4-63 | D 2 +360=0. 


Putting 0=a cos (/>/+£), we have 

(5p*-63^’+^f-) 0=0 
63g _ 9 , 36g 2 


5P 


i _ 


a 


p 2 +-?~=0 


a- 


e. 


(V-t) 0-^)= 0’ 



Lagrange’s Equations 


525 


So the periods of principal oscillations are 

2n 2 77 

— and — 

Pi P 2 

or n \/ GD and u \J (!) 

Ex. 7. A uniform straight rod, of length 2a, is freely movable 
about its centre, and a particle of mass one-third that of the rod is 
attached by a light inextensible string, of length a, to one end of 
the rod; show that the period of principal oscillations is 

(V5+l)~^/Q. 

(Agra 1945, 56; Osmania 54; Punjab 56) 

Suppose m be the mass of A 
the rod which is movable about 
O its centre, BP is the in¬ 
extensible light string to which 
is attached a particle of mass 

Let 0 and <J> be the angles 

which the rod and string make 
with the vertical at any time t. 

With O as origin and OM ***/•*) 

and ON as axes, the coordinates of the particle are 

x=a (sin 0-fsin </>), 
y—a (cos 0-fcos <t>), 

& + 3 ?3 = (velocity) 2 of particle at P 

=a i 0 2 +a*ij>+2a*d cos (0—0). 

Hence the total kinetic energy is 
T=\m d z +i j [a i b 2 -\-a 2 <j > 2 -\-7a' t o </> cos (0— </>)], 

= i —y [2o a -f</, 2 + 2 o<j>) for small values of 0 and <p. 

U the force function 

= C-f ~ a (cos 0-fcos «/>) 

= C'— m ^ a - (0 2 -f*/» a j for small values of 0 and </,. 
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Hence the Lagrange’s 0-equation is 

± (*T\dU_ 
dt\h9)-ie 


i. e. 


i. e. 


i. e. 


d /2 ma z . ma- 

dtV 


0 — 


mga 




g 


W+f+a 6 = 0 


J 

Similarly </>-cquation is 


( 2D*+$\ 6+DH^O. 


d f ma 2 . mar 

jX 3 * + T # 


>)- 


mga 




or 


or 


0 + *=<> 


or 


(V + ^) t + D'0= 0. 

Elimination of <£ between (1) and (2) gives 

[0*+0 (2^+Q-^j «-0 

[^ + a *>’+£)] *= 0 . 

Putting 0 = a cos ( pt-\-(3 ) in (3), we get 

0 *-?^+S) , “ 0 - 


Hence 


which gives 




,2 


0 


0^0 


o_3± V(9-4 ) g 
P ~ - 2 a 


.(I) 


• • 


.( 2 ) 


. 0 ) 


3±V5 

2 


vs- 


g 6±2v/5 


vs 


hence 


^ u/ 5 2 + Vl— y WC> 


Hence the times of oscillations are 

2n 2 n 

and —. 

Pi Pz 

Hence the period of principal oscillation is 

2 7T 


(VS-On/I 


2=4tt >^|±J /? 

£ 4 V g 


= " (VS+D/vV". 
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Ex. 8. Two equal uniform rods AB , BC, each of length l 
smoothly jointed together at B, are suspended from A and oscillate 
in a vertical plane through A. Shew that the periods of the normal 

esc illations are — where 

n 


n *-(J±6V7) tr 

n -I- g. 


(Agra 1950) 


Let the two rods AB, 

BC be inclined at 0 and <f> 
respectively to the vertical at 
any time t. 

A being the fixed point, 
take it as origin and vertical 
and horizontal through A as 
axes. Then the coordinates 
of (7, are 

sin 0. - cos 0^ 
and those of G t 
(j sin 0-Hj sin <f>, l cos 0+^ cos 

Hence the kinetic energy is 

r=*m [('*fV 4 * *■) + ('- **+/■*■+£ f-+l>d <f> COS (0-,/>) 

= y +- for small values of 0 and <f>, 

and the force function is ' 

L r =C+~ cos 0+mg Q cos 0 + ^ cos «/»^ 

= \rngl (3 cos 0+cos </»)+C 
= (3» 2 +^). 



Lagrange’s 0*cquation is 

</ /ar\ at; 

dt\df ) = d0 s,nce T ,s ,nde pendent of 0 

or J d , m+m=- 3 -§e 

or 8/0 + 3/£+9g0=O 
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or (8Z>*+^) 8+3/5’</.=0. ...(1) 

Similarly "/-equation gives 

3ff+2£+-/*=0 

or S&B+fllP+fS 'A=0. ...(2) 

Elimination of </> between (I) and (2) gives 

[(>-D : + y) (2D’+^)-!>D*J 8=0, 

+ D'+ 2 3ffi=0. ...(3) 


Substituting d =a co9 (n/+(3) in (3), provided the periods of 

oscillation are the values of — , we have 

n 


i. e. 


( 7 „.- 4 ^ „r+ 2 V) 8=0, 
7*-3s*+?¥- o. 


0^0 


or n2 _4 2±y/f(42) »-4.7.27}^ 

14 / 

42±6v/(7*-21 )g 
14 / 

21 + 3\/28 g 

= (3 ± V) / f 

= ( 3± ^)f‘ 

Ex. 9. A uniform rod AB of length 2a is suspended from a 
fixed point O by a string OC of length ^ attached to a point C 

of the rod such that AC=j a. Find the periods and normal modes 
of the oscillation in a vertical plane. (Agra 1943) 
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Let 0, <f> be the inclina¬ 
tions of the string OC and the 
rod AB to the vertical after a 
time t. 

The velocity of C is ^ q 

o 

perpendicular to OC. Clearly 
the rod rotates about C; hence the velocity of G the centre of 

gravity relative to C is ^ <£. The angle between these components 
is (</> — ^). 

Hence the total kinetic energy 


+~ 04 , cos (4,-0)+f jr-1 


36 


1 


= a * [\6<js t +25()* + 20^ cos (<A —0;] 

~ll a * m n6<A 2 -f 250*-f-2O o<j>] for small values of 0 and <A 

The coordinates of G with O as origin and horizontal and 
perpendicular axes through O are, 

sin sin <l>, 

^ o 3 

5a n . a 
y= — cos 0+= cos <A. 
o 3 

Hence force function 

U=C-\-nig cos 0-f | cos «A^ 

= C '-T[f+* 2 } 

Lagrange’s 0-equation is 

dt\do)~dO' 

nc. , m/sl 

<//|_ 36 


/. e. 


i. e. 


(25a + 10^J = _ 5 -‘ 

5 »+^'+f e = o. 


0 


..( 1 ) 


Similarly for <A, 


50 + X<j> -f- ~ «A=0. 


...(2) 
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Substituting d=>A sin (pt+B), 

<i>=C sin ( pt + D) 
in the equations (1) and (2), we have 

(-5 A — 2p T C=0 

and -5P 2 A + (^-Sp*^ C= 0. 

Eliminating A and C, we have 



-~ p2 +~ -2 p 2 1=0 

-5 P* tf-8p' 1 

i. e. 

(f- 5/,, )© 8p, )" 10p ‘ =0 

/. e. 

30p.-’ 8 £V-^=0, 

/. e. 


i. e. 

and 

(*■-?) ('-?)-«■ 


2 ^ 

Hence the periods of small oscillations are —, — 

Pi Pi 


i, e. 


271 v 7 © 


and 2rr 


V 7 Gg)' 


From the first equation in (3), we have 

A C 


2p 2 6 g 


a 


-5/7* 


_2g 


Putting p 2 =~ c ', we have 


i. e. 


4g 6g lOg _ 

a a a ~ 

A C 

-f. 1 — _ 1 ~ a i sa y 


c 

4 g 


a 
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Similarly for /? 2 2 = ^|, 

A__ £ _ C_ 

6^ _6 ^_3 g~~}g 
5a a a a 


A C 

Y=j- = * 2 say. 


Hence the complete solution is 

0 = cx x sin ip x t+B x ) 4-2* 2 sin (p t t+B t \ 

‘^ = -a 1 sin (pj+BJ + Sats sin (p 2 t + B,). 

Ex. 10. A uniform bar, of length 2a, is hung from a fixed 
point, of length b, fastened to one end of the bar ; show that when the 
system makes small oscillations in a vertical plane, the length l of 
simple equivalent pendulum is a root of the quadratic 



(Agra 1957) 


Let the string AB of 
length b and the rod BC of 
length 2 a make angles <f> and 
0 with the vertical at any 
time t. 

Taking A as origin and 
the vertical and horizontal 
lines through A as axes of 
reference the coordinates of G 
are 


A 



x—b sin <fr+a sin 0, 
y=b cos ‘A + fl cos 0. 

Kinetic energy of the system 

= e 2 J 

= }/n j^b ! <^+a ! g 2 +2abg^ cos (,/, — g)+^ ,j=J 

= [y-' 0 2 + b‘4, 2 +2abo,fj 

for small values of 6 and 0. 

V the force function 

= C+mg (b cos 0 -\-a cos 0) 

S=C '“"2“ for small values of 0 and 0. 
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or 


Lagrange’s equations for 0 and <t> are respectively 

3 b'+b$+gO= 0, 
b$+a§+g<f>= 0. 

Eliminating <f* between these equations, we have 

(y 0=0 

^+(y+^)^+g a =° f 


...(!> 

...( 2 ) 


where D== 


...(3) 


df 


Now putting 0=a cos f / +< 8 ) 8 ives 


m — A w-wf**) 


and 


z>'0=+p0. 


Hence (3) becomes 

4a 


0=0 


or 
/ e. 
i.c. 


{??-(?+*) M 

* +v j.o 

3/2_(4a+3&);/+a&=0, 

/,_(| +6 ) |+*_ 0 . 


• • 


0^0. 


Hence the length of the simple pendulum is a root of the 
above equation. 

Ex. 11. (a) Two heavy particles m, M are attached to the 
points A, B of the light inextensible string , the upper extremity 
O of which is fixed. Prove that the periods of the small oscillations 

are — and — where p x andp % are the roots 


Pi 


Pt 


1 a+b 1 m Q b_ n 

p 4 ~ g p^M+m'g* ~~ 9 

OA—a, AB=b. 


where 


(I. A. S. 1951) 
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Suppose the strings OA 
and AB whose lengths are a 
and 6 make angle 0 and <f> 
with the vertical. Taking O 
as origin and vertical and 
horizontal through O as axes, 
the co-ordinates of A are 
(a sin 0 , a cos 0 ). 

Hence the (velocity ) 2 of m at A 

=a 2 0*. 

The co-ordinates of B are 

(a sin 0 + b sin </>, a cos 0+6 cos <f>). 

(velocity ) 2 of M at B^ag+bj.)* for small values of 6 and 0 

=a"-g*+b'4?+2abdj,. 

Hence the total kinetic energy is 

(a*o*+b*p+2abd,j>). 

Force function U=C+mg cos 0-f Mg (a cos 0+6 cos <f>) 

= c ~f fa (m-f A/) 6 2 +A/6<£ 2 )]. 


0 



Lagrange’s 0-equation is 
d 

di ff Wfl2 F^a 2 ) 0+Mab(j,] = —ga (M+m) 0, 
* ,e * a (/w + A/) 6'+A/6,j!>'+g0 (A/-fm)=0, 

(W+-A/) (aD 2 d+ S 0) + AfbD i <f>=0. 

Similarly ^-equation 

6^» + ^6 +g$=0, 

or ( bD*<f>+g'f,)+aD*0 = 0 . 

Eliminating <f> between (1) and (2), we have 

[(m+A/) (<rT > 2 + g) ( 6 Z) 2 +g)_o 6 A/Z)»J 0=0, 
i.e. [mobD*+(m+Af) (a+ 6 ) gZ) 2 +(m + A/> g 2 ] 0 =o ’ 

If the times of small oscillations are —, then 

6=A cos (/?r+5). 

Hence (3) becomes 

[mabp*-(rn + M) (a + 6) g/? 2 + (w + A/) g 2 j 0 =o> 
i.e. mabp*-(m+Af) (a+ 6 )/>>g+g 2 (A/ +m) = 0 ’ 


...d) 


•..( 2 ) 


...(3) 


...(4) 
since 0 /iO. 
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Dividing by p* (m + M) g 2 throughout, we have 


1 

P* 


(a-\-b) _ m 

gp- + m + Mg* 


whence the result. 

(b) A mass M hangs from a fixed point at the end of a very 
long string whose length is a ; to M is suspended a mass m by a 
string whose length l is small compared to at prove that the time 

of a small oscillation of m is 2-n -J. 

This is exactly the same question as before. 

Here m = AI, and AI=m, a=a, b = l. 

Hence the equation (4) in the last exercise becomes 
Malp'-(m + AI) (a+l) p-g+g* (A/+m)=0, 

V a) r * ' All 2 


l ° 

• • ~ » 


Ml 


o. 


or 


Since a is large in comparison to /, hence 
Hence the above equation becomes 

Af + m 


l 

a 


--> 0 . 


' “ -Ml 


S= o. 


Time of small oscillation=—=2^* / ( 

P V \M+m gj’ 


A{ 

M-\-mg 

Ex. 12. A particle can slide freely on a smooth circular wire 
which is suspended from a fixed point on its circumference. The 
system being in equilibrium under the action of gravity, a small 
velocity is communicated (i.e. a slight displacement) to the panicle 
in the direction of a tangent to the circle. Investigate the resulting 
small oscillations and show that the periods are given by 


x _?m+ni g 2 m + M g 2 

P 7 M ‘n P + 0\4~ *t — U > 


2M */ 1 2AI a 
where m and AI are the masses of the particle and the circular wire 
and a the radius. (I. A> s> 1949) 

[Proceed exactly in the same way as in Ex. 5 P. 520 # 
because here simply a change of AI’ to m will give that question ] 

Ex. 13. A thin circular ring, of radius a and mass M, lies 
on a smooth horizontal plane and two elastic strings are attached 
to it at opposite ends of a diameter, the other ends of the strings 
being fastened to fixed points in the diameter produced. Shew that 
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for small oscillations in the plane of the ring the periods are the 
Values of ~ given by 



Let the figure (i) represent the initial position when o is the 
centre of the ring and AB=CD=l (equilibrium length) and * he 
radius. Let .he dm meter BC after a time , make an angle 5 
wth its inrttal position and O be the mid.-point of AD which 
was tmhally at O Let AB-,„ CZ)=/ 1 , be the stretched lengths 

length)! ^ ^ ^ ‘ he UDStretched '««tb (natural 

With O' as origin let (at, y) be the coordinates of O. Hence 
i (tf'W x a cos s j n 

=(/—*+^- +...) +(y+aO~^ 

=l'-» x +*'+y'+2aye+ a (/+«) ol0. 

I 2 *=(a+l+ x -a cos 0)+ ( a sin 6—yf 




-r+vx+*+?-i,.*+, " lu ' or * 

higher powers of 0. 

Kinetic cnergy = £A/ 

The work done by the tension 
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= A j~ V— /’—2 b (/i- /) + (/ 2 2 -/ 2 )- -26 (L-/)J 
Hence work function 

u =-j b [V+4*—2/ a — 2 * (i.+h-m 


since / 


[-? 


2ay8 x l +y--i-a (I-ha) 62 


4 - _£I4- 
' [2 1 




+ 




1/2 


lx-ayd . . x 2 +y 2 +a (/-f-a) 0 2 ( Ix—ayd ) 




-I 


= y £/*—/*+ fly*+■ 

Similarly, 

/ 2 ='[/H/jc-oj’e+ 

TT I . I -,1 0+ a ) 0 2 1 

Hence ^+<2—21= --j-r. • • 

U=-~ [2x 2 +2y-+2a (/+fl) 0 2 - 


l* * /« 

(/-f-o) 0 2 1 flx—ayOy 


+ 


-! H 


...] 

■•••] 


A 2 + y + o (l+a) 0- , f!x — ayd\~ 




26 (>- 2 -f a (/+fl) 6 1 } 
/ 


+ 




= -g[^+/+a (/+o) {y-+ a V+°) + ] 

a r . 

= -bl X 


+i- b y'+ a Jl± a ) f it± ) e'+...] 


Now the Lagrange’s equations give, 

2\x 


MX = - 


6 ’ 


My=-2\ 

^/a a 6==-- A(/ ~^ ) / (/ : h<? ) ad. 


...( 1 ) 


...( 2 ) 


...(3) 


If time of small oscillations are the values of 2?r/p, then putting 

cos ( pt+B), 
y=C cos ( pt + D), ■ 

0=E cos (pt + F) 


in the above equations respectively, we have 



2A l—b 

h ~r or 


2A l—b 

b i 


a 
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We know that the tension 

r-A l ~ b 
r ~ A b * 

„ IT 




...MO 


Mp*= 


2T 


and 


w 2 2 T t+a 

Mp -T ' V- 


...(50 


Thus the times of small oscillations are given by the equation 
Mp'l l 


2T 1 '"/-A 1 or 1 ~* 1 




Mlp'._ 6 
2T /-/> 


/+ a 

or -1, 


0 or - 


Hence the required result. 

Ex. 14. A sphere of mass A1\ is connected by means of a 
string with another sphere, of mass M, whose centre is fixed, the 
string being attached to their surfaces . Find the time of a small 
oscillation of a system under the action of gravity in a vertical 
plane and if the radius of the sphere whose centre is fixed be a 
and of the other sphere be c, and the length of the string be b, 

prove that the time of a small oscillation, ~ is given by 

2Ma g i ~o 

5M 1 + A 2 b c • 




7c_g 

5 A 2 


Let O be the fixed centre 
of the sphere whose mass is 
M, and the two spheres are 
connected by a string AB 
which was initially vertical 
and A and B coincided with 
Q, and P respectively. At any 
time t let the radius of the 
upper sphere have turned 
through an angle 0 while that 
of the lower through an angle 


<8> 
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0; also let the string make an angle <f> with the vertical. 

Wifh O as origin the coordinates of O' are 
x=a sin 6-\-b sin 0 + c sin 0 1 

— ad+bfr+efi . (for small values of 0, 0, 0). 

y—a cos 0-f-o cos •P+c cos 0. ] 


j 


T=\M. 


) 


= {a + b+c) 

Hence the kinetic energy is 

y f + W (*»+}>’+y* 

= 4 [ 2a y e'+A/' { 2 S - ?H«B f H HV)* }] 

and the force function, 

U = D + M'g (a cos 0-f -b cos -A f c cos 0) 

= D'—Mg (aet+b^+ciji 2 ), for small values of 0. 


Lagrange’s 0-equation gives 



~ Mfj+M'a (a(j+b$+cV) ± M'gad=0, 


/. e. 

Q/ft D '+ aD ' +g ) 9 + bD '++ eD '* ==0 * 

...(1) 


Similarly 0 and 0-equations are 



ait + =0 


/. 

flZ) 3 0-f-(/>i) s fg)0-f-c£) ? 0 = O 

...(2) 

and 

y 0+<*0+&0 +C0+g0 = O, 


/. e. 

(y Z) 1 +g) 0+aD , 0+6Z)’0 =0. 

...(3) 


To solve the equations (1), (2) and (3), put 



d=P sin (Ar+y), -A = Q s ‘ n ( Af + y). 0 = R sin (Af+y). 

D 2 d=-\ Z P sin (Ar+y) etc. 

If the time of oscillation is y * 


Hence (l), (2), (3) become 


[^+0-10 e+^« ] 

[ a p+*e+A(M0] 


sin (Ar + y)=0, 
sin (/>/ + y) = 0, 
sin {pt + y)=0. j 


4 
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Since sin (p/ + y)^0, the above equations can be written as 

(.Tat +<3 _ a i ) p + b Q+ cR=( >. 

aP+(b-fy Q + cR = 0, J- ...(5) 
aP+bQ+Q~- f„) R= 0. 

Eliminating P y Q, R from (5), we have 

2Ma 
5M'* 

a 


I a 

Hence the result. 

Ex. 15. A smooth circular wire, of mass 8m and radius a, 
swings in a vertical plane, being suspended by an inextensible 
string of length a attached to one point of it; a particle of mass m 
can slide on the wire. Prove that the periods of normal oscillations 

are V © ■ 2n \/ Gg) • 2 "\/©- (A « ra i9si > 

Let OA the string, AC the radius 
of the wire and CB the radius of the 
wire through the mass at B make 
angles 0, 0 , 0 respectively to the 
vertical after a time t. 8m is the mass 
of the wire and m the mass of the 
particle placed at B. 

Take O which is a fixed point as 
the origin and the vertical and hori¬ 
zontal lines through O as axes. Then 
the coordinates of B are 

X=a (sin 0 + sin 0 + sin 0 )=a (0+ 0 + 0 ) + highers terms in 

0 , 0 . 0 ... 

Y=a (cos 0-j-cos 0-f cos 0)*=3a-f higher power* of 0 <p, and 0 

where d t 0 , 0 are small. 


O 





b -h 


Jc_g 

"5 A* 


= 0 



540 


Dynamics of a Rigid Body 


Similarly those of C are 

x=a (sin 0-fsin <A)=a (0 + 0) 
y=a (cos 0+cos 0) = 2a 
Hence the kinetic energy 



small values of 0, 0, 0] 


T=\.m [A" 2 +y 2 ]-(-5.8m [a^ 2 +*’+J> 5 J 

= Jm [a 1 (j + ^+^*+8a* [^+(fl + ^) 2 J 
= ima ! [9fl ! +17^ +18^-f- 2^+2^j-$•]. 


Work function 


U=C+Smga (cos 0-fcos 0)-f mga (cos 0-f-cos 0+cos 0) 

= C+ Smga (2-0*12 -0*/2)+mga (3 - 0 2 /2 - 0 2 /2 - 0 2 /2... 

= C'-'”f [90 2 -j-90*+0 , J (for small values of 0, 0, 0) 


Hence the Lagrange’s equations for 0, 0, 0 are 


9i>+9$+f+9 g i ?= 0, 

...(1) 

9» + 17^+^ + 9^=0. 

...(2) 


...(3) 


If 2 w// 7 are the times of small oscillations, putting 
9=P sin (pt + y), 0=0 sin (/>/ + y), 0 = /? sin (pt+ y), 

we get 

e = -Pp- sin (pt fy) ; $——Qp i sin (/>/+y), 
0=—i?p 2 sin (^/ + y). 

Hence (1), (2), (3), become 
[9 (p'-g!a) P+9p'Q +p*R] sin (/>/ + y)=0, 
[9/j*f > +(17/7 2 -9g/a)2-fP 2 /?J sin (p/ + y)=0, 
[p-P+p-Q + (p*-gla)R] sin (p/+y)=0. 

Since sin (pt- fyJ^O, hence (4) becomes 

9 (p 2 -g/o)/>+9/>*2+/> , *=0, 
9/> 2 P+(17p a -9*/a) 2+/>**=0, 

+ (/>*—$/«) tf=0. 

Eliminating P t Q t R from (5), we have 

9 (p 2 -gla) 9p 2 /?* 

9^ 2 \lp*—g\a p'- 

P 2 />* P 2 —gl a | 
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0 

P'—gla 


= 0 


Lagrange’s Equations 

Subtracting 1st row from the 2nd row, we have 
9(P 2 -g/a) 9p* 

+ 9 g\a Sp 2 -9gla 

P 2 p * 

the 3rd column from 2nd column, 


Subtracting 9 times 
we have 



9 ( P 2 —g/a) 

0 

P 2 


9g/a 

Sp 2 ~9g' a 

0 


P* 

-&P 2 +9gla 

P z ~g!a 

Adding the 3rd row to the 2nd row. 

we have 


9 (p 2 —gla) 

0 

P* 


p*+9g/a 

0 

P 2 —gla 


P* 

—8p 2 +9gla 

P 2 -gla 


= 0 . 


= 0 . 


Hence we have 

(8/> 2 -9g/a) [9 ( p 2 -g\a) (/>*-g/a)~/? 2 (p*+9 g / a )^ 0 

or (Sp* — 9gla) [8p*-27p t g/a+9g’/a-]=0 

or (8/>*-9g/a) ( 8p'-3gla ) (/>*-3g/a)=0. 

•** Pl= \/Wa ,Pt ^ \/8a’^ 3== \/ 

and the times of small oscillations are — — 

Pi’ />8* /V 


f. e. 


2 "\/l’ 2 "\/:§- 


Ex. 16. A perfectly rough sphere , lying inside a hollow 
cylinder , w/i/c/i «j/j o/» a perfectly rough plane , slightly disphc 

from its position of equilibrium. Show that the time of n n 
oscillation is J Smal1 


0 /(a-b 14M \ 

V \ S J0(M+7m))> 


where a is the radius of the cylinder , 6 that of the sphere and if 
tn the masses of the cylinder and sphere. 1 * 

(Agra 1942, Rajasthan 1955 , 59) 
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Let at any time t the cylinder 
have turned through an angle 
i. e. the line CA 0 fixed in the 
cylinder makes an angle ifi with 
the vertical. Similarly C'N a line 
fixed in the sphere makes an angle 
^ with the vertical. Suppose the 
line of centres makes an angle 0 
with the vertical. Initially A 0 was 



Taking O 
equations. 


at 0, the point of contact with the horizontal plane, 
as a fixed point, we have the following geometrical 
Since there is no slipping, hence 

02?=arc A 0 B=atft, and arc A 0 P= arc PN 
i. e. x=atf> and a (0-f ( 0+<t>), 

i. e. ...(1) and a (e+ij>)=b ...(2) 

i. e. from (2), (o—b) Q=b<j>—a$. 

Referring to 0 as origin, the coordinates of C are 

X=a++c sin M where c=(a _ 6) . 
y= a—c cos 0 J 

Hence the K. E. 

T=\M (in YH 2 y 


= \M cos 0 

V 2 b* 


+ 


4 


Now substituting for b<j> from (2), we have 

T^MaH'+km [J (cfl+a^+cV+aV+^Ml 

for small values of 0 

-■v [T 


L 

\0M+lm ... 


7m 


i. e. 


- io fl V+io 

Also the force function is 

U=C+(a—b) mg cos 0 
— D—cmgd % l2y for 0 < 
Lagrange's 0-equation is given by 

-y [c«i>'+flri»-cmg0, 

7c0+7a$+5g0=O. 


1. 


...(3) 
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(4) 


Lagrange’s Equations 
Similarly ^-equation is 

10A/4-7m lm 

-5— 

** e * (10A/+ 7/n) a# f 7m<tf=0. 

Elimination of <>" between ( 3 ) and ( 4 ) gives 

7 « +5 —.<*&-« 


or ZOA/C 0 

10 A/ -f-7m- 

or 14wc^ __ 

10 A/ 

Hence time of small oscillation is 2* K /( 14A/ ( a ~b) \ 

V \g (10A/ -f-7w)/ ‘ 

Q. 17. A hollow cyfindricil garden roller is fitted with a 

counterpoise which can turn on the axis of the cylinder, the cylin - 

taluo TA T t ^ h0riz ° n,al P ,a ” e ^ oscillates under 
gravity , ‘f 2*1 p be the tune of small oscillation , show that- p 
is given by the equation. p 

p'\(2M+M')k'-M'h'\^(2M+M') gh 

is'T f ^ ,he ° r ' h ‘ r °" er ani counterpoise ■ k 

" ,he of gyration of M' about the axis of the cylin I r and h 
is the distance of its centre of mass from the axis. 

Suppose O' is the centre 
of the cylinder and G that of 
the counterpoise of mass AT. 

Let at any time /. O'A a line 
fixed in the cylinder make an 
angle 9 with the vertical and O'G 
a line fixed in the counterpoise 
make an angle <A with the ver¬ 
tical. Since there is no slipping 
hence 0 B =arc AB=a 9. 

Taking O as the origin the coordinates of G are 

x=a0-\-h sin <f> 

= for small values of 6 

y=a—h cos '/> 

=a—h where <f> < < I 

Since the radius of gyration of the counterpoise k k k 
• hence the square of radiu * of gyration about G is <*»!*•? U ‘ 
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Coordinates of O’ are (a0 t a). 

Hence the K. E. 

T=\M (a 2 0 s +a*#*)+ \M’ [[k*-h 

{(k*—h 2 ) 

= 2W+A/' [(t 2_ A!) ^ +A y +2fl A^] 


(2M+M') 


a’e'+lM' [kW+laheil. 


Also the work function 

U=C+M’gh cos 0-C'-JI/W*/2. 

Lagrange’s 6 equation gives 

(2Af-f A/') a*o+M’ah(= 0 ...(1) 

Similarly ^-equation 

k*6-\-ahii= —gh<f >. ... ( 2 ) 

Substituting for ff from (I) in (2), we have 

** (2A/-HA/0 * 

/>. [(2A/-4-A/0 A*—A/Vi 2 ] £*-(2Af+JIO g/tf. ...(3) 

If 2ir]p be the time of small oscillations, put 

•f*=C cos (pt+D), 

Hence (3) becomes 

[(2A/+A/') A: 2 - A/7» ! ] p*=(2M+M’) gh t since 

which gives the required value of p. 

Ex. 18. A perfectly rough sphere, of mass m and radius b, 
rests at the lowest point of a fixed spherical cavity of radius a. 
To the highest point of the movable sphere is attached a particle 
of mass m and the system is disturbed. Show that the oscillations 
are the same as those of a simple pendulum of length 

in l , 4m’ + \m . 

' a ~ 0) m+m' (2-alb) 

O is the centre of the fixed sphe¬ 
rical cavity and C the centre of the 
sphere; at B is attached a mass m\ 

MB was vertical initially and N 
coincided with A. Let d be the angle 
the line of centres makes with the 
vertical and </» be the angle the line X 
CN fixed in the sphere makes whth 
the vertical. As there is no slipping, 
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hence the geometrical equation gives 

arc AP =arc NP 

• e ' ad=b ( 0 +i,) 

? r (a-b) 0 =b<f> 1 / 

1 {a—b)Q = b^ ) ' geometrical relation) 

Referred to O as origin, the coordinates of C are 

x=(a—b) sin 6 = (a — b) 0 for small values of 0 . 
an< * y—a—(a — b) cos 0 = b, 

neglecting squares and higher powers of 0, 
Similarly the coordinates of B are 

X=(a—b) sin 6 -\-b sin <f> 

= (a — b) 6 +b<f> 

and y=( a —b) cos 6 —b cos <fr 

=a— 2 b for small values of 0 and >f>. 

Hence the kinetic energy 

r=4 '"LT + [(«-*) 0+bif- 

= !»< ff 12b,,,\' 

L 5 J sine e (a—b) ()=b<l, 

= h im bW + ni'.ltff-, 

r=( 7n ’+ 2 to” , \ 

\ 10 ) n< p- ...( 1 ) 

Work function 

U==c + mg ( a—b) cos 0-f m'g [(a—b) cos 0—6 cos <f>] 

— C-f(w-j-m') (a — b) cos 6 —m'gb cos <£ 
fw-f w') (a-b) 62 . . 6-/.' 

C 2 -+ '"* T 

- C Un+m’) b 2 , b-f > 2 
C = - a-b++ m8 ~2 


C- 


2 

8 


2Ja^b)^ m it ~ m ) b% - b ( a ~ b ) 


C- 


2 Ja-b) + b2 -abm’) 2 *. 
Lagrange’s <£-equation gives 

7/w-f~20w* 

5 b ^ = (m+2m') 


...( 2 ) 




or 


(4m'-f-|vM) (a- 6) .. 
(2-afb) $ 


8<t>' 


...( 3 ) 
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Hence the length of the simple pendulum is 

la-b) -i w '+» w 

v ’m+m'{2-alby 

Ex. 19. A perfectly rough sphere rests at the lowest point 

of a fixed spherical cavity of double its own radius. To the highest 

point of the movable sphere is attached a particle of mass 7120 

times that of the sphere and the system is disturbed. Show that 
the oscillations are the same as those of a simple pendulum of 
length V times of the radius of the sphere . (Agra 1959) 

[Hint Proceeding on exactly as in Ex. 18 or putting ;n / =7w/20 
and a=2b, we get the required result.] 

Ex. 20. To a point of a solid sphere, of mass M , is freely 
hinged one end of a homogeneous rod , of mass nM, and the other end 
is freely hinged to a fixed point. If the system makes small 
oscillations under gravity about the positions of equilibrium , the 
centre of the sphere and the rod being always in a vertical plane 
passing through the fixed point. Show that the periods of small 
oscillations are the values of 2-njp given by the equation 

2ab (6+7n) p*-p 2 g [10a (3+n)+21b (2+n)] + 15g* (2+n)=0, 
where a is the length of the rod and b is the radius of the sphere. 

Let AB be the rod of 
mass nM and length ^ 
a whose one end A 
is fixed and the other end 
is freely hinged to a sphere 
of radius b and centre C. 

Let the sphere and 
rod have turned through 
(f>, d to the vertical at any 
time t. 

Referring to A as origin and the horizontal and vertical lines 
through A as axes, the coordinates of C are 



x=a sin d+b sin </» 

y=a cos 0-f b cos <f> 
=a+b, 


i 

> 


neglecting square and higher 
powers of 6 and <j> as they are 

small. 


j 


Similarly the coordinates of G are 


X=\ sin Q= \ d > 

cos 0 =? 


if0 << 1. 
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Hence the kinetic energy of the system is 

T=zl - M \jJ o 2 -\-x s +r*J 

= lAf[ y <j> 2 +(a0+b</>) 2 J + lnAf Q*+^ 0 -J 

7 / ^ 

= 6 - a 2 (« + 3) 0 2 + ~ Mf+abAfdi. 

Work function 

U=nMg | cos 0+Jlfg (a cos + 6 cos </>) + /) 


gives 


i. e. 


.(3) 


Hence the Lagrange’s 0-equation 

<L (*£\jdTjdU 

dt \de ) dd dd ’ 

gives ^ a t (n+3) g +abM $^ -Mg(n + 2 ) q(J 

* e- 2<* (n + 3) (j+6b$=—3 (n + 2) gO 

i.e. [2a{n + 3) /)* + 3 (/i + 2) g] 0 + 6Z/Z7 2 * = 0 . _ <(3 

Similarly Lagrange’s </>-equation is 

76 2 

— — Mgb<1> % 

i* e > 7 b<f>-\- Say ~ — 5g<f>, 

ObD*-\-5g) <f> + 5aD' l 9 = 0. ,.. (4) 

Eliminating </> between (3) and (4), we have 
[2a6 (7/1+6) £>» + {10a (/i + 3)+2i& («+2)} $Z) 2 +15 (//-f-2) g*j 0 = 0. 

...(5) 

If the periods of small oscillations are given by the values of 
2n/p, then 

0=A cos (pl + c), 

D 2 0= —p 2 A (cos pt + c)=—p-0 and D'0=p'0. 

Hence (5) becomes 

[2 ab (7// + 6) p 4 -{10a (/i+3) + 2I6 (« + 2)} g// 2 +15 (// + 2) g*j 0 = O 

but 0=/z0, 


...(4) 


Hence we have the required result 
[lab (7« + 6 ) /> 4 -{!0a (/i + 3) + 2IZ> (n + 2)} £//* + I 5 ( /; + 2) /? 2 J=0. 

Ex. 21. /I plank, of mass M, radius of gyration k and length 
2b, can swing like a seesaw across a perfectly rough fixed cylinder 
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of radius a. At its ends hang two particles each of mass m, by 
strings of length l. Show that, as the system swings , the lengths 

of its simple equivalent pendula are l and . 

(M+2m)a 

(Agra 1945, 48; Punjab 52) 

At P and Q the free ends of the A 
strings which are tied to A and B 
are fastened particles each of mass m 

Given AQ=BP=l. Let AB be 
the plank placed on the cylinder with 
C its point of contact. 

When the radius to the point of 
contact C has turned through an 
angle 0, let 6, 0 be the inclinations 
of the strings to the vertical. 

Since there is no slipping, hence 

arc DC=GC=atf), i. e. BC=b—a*p t 
where AB=2b is the length of the plank and a the radius of the 
cylinder. 

With O as origin the cordinates of Q are 

X=a sin 0-f (b— aip) cos 0+/ sin 6 

=at+(b-aM (l-|*)+/(«-^) 

-f... higher powers of 6 and 0 

= b-\-ld—\biJt' i neglecting higher powers of 6 and 0, 
Y=a cos 0— (b—ai/j) sin 0—/ cos 6 

=a Q-^ 2 ' • .)—(£>—a0) ^0—Tr**) 

/ 0 2 \ lo* 

f 11 —/>0—/+— approx. 

= <7-/-£0-H<70 2 +U0 3 . 

x=id—btpijr t r=-/>0-M00+/00. 
kinetic energy of m at Q 

= \m (A(/**»+*»**). 

Similarly for tne particle at P, by changing 0 into 
to 6 , we have 

kinetic energy for w at P=\m (/*<£*+£*0*). 


—0 and 0 
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(-£•••) 


and 


The coordinates of P can be written as 

x=b + l<f> - A60 2 

and y = (a-1) + 604- \af~ 4- \ h*. 

The coordinates of G the C. G. of the plank 

x=a sin 0—o0 cos 0 

=a ( 0- ** 

~~6 ne S* e cting higher powers. 

X = 00*0 

y=a cos 04-o0 sin 0 

dip* 

=04-— neglecting higher powers. 

3> = o00. 

Hence the kinetic energy of the plank 

— \M (k 8 0 2 + a 2 0 4 0 2 +a a 0 ’0 2 ) 

= iA/k*0 2 neglecting higher powers. 

the kinetic energy of the system 

T=\m (/ 2 tf a + Z> 2 0*)4-*m (/*0 a 4-6 2 0 2 )4-iA/k 2 0* 

= | (Mk 2 +2/nb 2 ) 0*+im /* (02+0*). .. .(1) 

Work function 

O 0 2 A/.* 


U—C—mg (a— /—£>04-~-f-— ^ o—/+A0 + 


2 +t) 


= C / —\a (M+2/n) g0 2 —*mg/ (0*+0=). 
Lagrange’s 0-equation gives 

rf/arx ar at/ 

^\00/ 00 = a0* 

i. e. I(j= —go 

and 0-equation gives 

Similarly 0 equation is 


—A/g ( fl 4-~) 
...( 2 ) 


...(3) 


...(4) 


/. e. 


J t [{Mk 2 +2mb 2 ) 0J = — o (A/+2m) g0, 
(Mk 2 + 2mb 2 ) 0'=-go (A/ + 2m) 0. 
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Hence the lengths of the pendula are 

. . , Mk*+7mt* 

a 

Ex. 22. A plank 2a feet long is placed symmetrically across a 
light cylinder , of radius a, which rests and is free to roll on a per¬ 
fectly rough horizontal plane. A heavy particle whose mass is n 
times that of the plank is embedded in the cylinder at its lowest 
point. If the system is slightly displaced, show that its periods of 

oscillation are the values of ~ v© given by the equation 

4p* — (n + 12) p*+3 (n—l)=0. (Agra 1949) 

Let AB=2a be a plank placed 
cn the cylinder and G be its C.G. 

Mass of the particle placed at 
Q is nM while M is that of the 
plank. Suppose the cylinder and 
the plank have turned through 
angles 0 and 0 from thei r initial 
positions. Initially G coincided 
with M which was at the highest 
point of the cylinder. 

There being no slipping, 
hence C'G= arc MC'=a (0 — 0 ). 

Since there is no sliding between the plans and the cylinder, 
hence OP— arc QP=ad, where O was the point of contact of 
the cylinder and the plane initially. Co-ordinates of G with O 
as origin are 

x=aQ+a sin 0 — a (0 — 0 ) cos 0 

= 2a0+ ..., neglecting higher powers of 0 and 0 . 
y=a-\-a cos 0 -f a ( 0 - 0 ) sin 0 

= tf + fl(l-2 +. .)+a(0-0)(0-...) 

= 2n-n00-f a ^ + ... 

— 2(7 with the same approx, as before. 

Hence the K. E. of the plank 
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Similarly the co-ordinates of Q 

x — ad—a sin 6 'l 

i 

a 3 r I 

y=a-a cos 0 >* when 6 is smal1 


6- 

= a 2- 


I 

I 

J 


Hence the total kinetic energy 


L 

and the work function 


T=\m r~ <j>*+Aa 2 0 *j for first order approx. 


U=—Afg (2a—a0<f> + a —■ J— nMga -f- C' 

= —nMga j—Mga ^ + + 

= C'+ A *f a [-«fl 2 + 2fl,s-0'j4-... 

Hence for small oscillations, Lagrange’s 0-equation give 


or 


4 £>* 0 =-^ 0+ 8 ,f> 
a a 

( 4 o-+^)«-£*=o- 


...d) 


Similarly ^-equation gives 


3 a o 


or 


0 


or 


+ 'A-- 0=0. 

v a J a 

Elimination of between (I) anJ (2) gives 

[( 4o, +t)( o, +!')-3*:] 9 = 

[^ 42) 4 + ( n - 4 - 12 ) ^ /) 2 + («— 1 ) 0 = 0 . 

If the periods of small oscillations are the values of 

2n / f a \ ■ 27T 

P v U- 


..( 2 ) 


...(3) 


0 — A cos 


vey 

[VO-4 


then putting 
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we get 


D T 6=—p 2 g e, 

a 


D , e =+ P ‘ g « 


# 

Substituting these values in (3), we have 
[V f a -(n+12)/r ! | i +(n_ 1) J 8=0, but BjtO. 

Hence 4p* — (n-f 12) /7 2 -f-3 (n—I) = 0 the required result. 

Ex. 23. A uniform plank, of length 2b and thickness 2a, rests 
m equilibrium on the top of a fixed rough cylinder , of radius a, 
whose axis is horizontal. Prove that , if a is greater than h, the 
equilibrium is stable , and that , if the plank is slightly disturbed 
the period of an oscillation is that of a simple pendulum of length 

b*+ 4 h* 

3 (a-hy 

At time t let the edge AB ^ 

make an angle 9 with the /n. 
horizontal. Initially Q C o- / 
incided with H the highest \ 

point of the cylinder. Since N. 6/V 

there is no slipping between 

the plank and the cylinder, >>s \. 

hence QP= arc HP=a9. 

Take O as origin and the f z' \\ A* 

horizontal and vertical lines [ ' ] 

through O as axes; the co- \ ^ 1 

ordinates of G the C. G. of V / 

the plank are given by 

x=a sin d- a 0 cos 0+h sin 9 

= /i0-f higher powers of 9, for small values of 9. 

y~o cos 9-{-q9 sin 9-\-h cos 9 

+ higher powers of 9 

_ . a9 2 h0°- 

~ a + o— ~T + h, Sher powers of0. 


h| 
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Hence the kinetic energy 

T=^\M [^ 2 +* 2 +y 2 ] 

= IM [{k 2 +h*) r+aMV] 

= lA/[ /,S +*- e ! 4A ! e-+a 2 e 2 0 2 ] 

= jA/ £ 4 *I±*' g* +a t fl.g.J 

neglecting higher powers of 9 


= \M 6 2 for small values of 9. 


Work function 


U= —Mg £a+ 


f_f + ...] +Mg(a+h) . 


Lagrange’s 0-equation gives 

d_ / dT \ dT 
dt V0£; = 


i.e. 


i.e. 


* h ~t~ 9— ~S {a-h) 9, 

4h2+bi y=- s e, 


3 (a-//) 

which means that the motion is simple harmonic motion. 


...( 1 ) 

...( 2 ) 



Hence if a > h the equilibrium is stable and the period of 
small oscillation is that of a simple pendulum of length 

4 h 2 +tf_ 

3 {d-hy 


Q. 24. A uniform plank of thickness 2h rests across the top of a 
fixed circular cylinder of radius a whose axis is horizontal. Prove 
that if it be set in motion the equation of energy is 

$ (k*-\-h 2 +a 2 9 i ) b 2 -j-g [a9 sin 9 — (a-\-h) (1 —cos 9 )]-=const. 
on the assumption that the motion is of pure rolling. 

Hence, show that if a>h, the horizontal position is stable and 
the period of a small oscillation is the same as for simple pendulum 
of length (k* + h*)l(a-h). (Agra 1951) 

This is the same question as before. Simply a change here is 
that the system has been given a velocity. Hence using the same 
figure as that of Ex. 23, from equation for the kinetic energy, we 
have 


(k 2 +h'-+a 2 9'-)e- 


initially 
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initially when 0 = 0 , 0 =Q, 

T=\M (A: 2 -f-A*)D 2 
and the work function 

U=Mg [( a +h)-{a+h) cos d-ad sin 0] 

= Mg (a+h) ( 1 —-cos 0)—Mga9 sin 0 
= C—Mg (a—h) e*{2 for small values of 0. ,,.{!) 
Hence by change in K. E.=work done, we have, 

(k*+h*+a'-0*) r-hM (k 2 +/i 2 ) Q*=Mg (a+h) ( 1 -cos 0) 

— Mg ad sin 0 , 

ie. ■ h (k*+h*+a*9*) e 2 +g [ad sin d-{a+h) (1—cos 0)J=const. 
For small values of 0 by Lagrange’s equation, we have 

(k 2 +h 2 ) 1i=—g (n-/i) 9. 

k 2 4-h 2 

Hence the length of the simple pendulum is - r and the 

a—n 

\ 

horizontal position is of stable equilbirium if a>h. 

Q. 25. A solid homogeneous sphere , of radius b, makes 
oscillations at the bottom of a thin spherical shell, of radius a, the 
surface being sufficiently rough to prevent sliding , and the motion 
being in a vertical plane . Show that , when the shell is free to roll 

on a horizontal plane , the corresponding length is 

M (K ' +a*) (k*+b ') 

1 J Mb 2 + (k 2 +b 2 ) 

where m and M are the masses of the sphere and shell, and mk* 

and MK 2 be thtir moments of inertia 
about a diameter. 

Let the shell have rolled through 
a distance x on the plane and turned 
through an angle </>. The common 
normal CC' makes an angle 0 with 
the vertical ahd C’N makes an angle 

with the vertical. Since there is 
no slipping. 

.*. arc BP= arc PN. 

{■ e - a (0A-'f>)=b W + O), 

*• e. ( a—b) 6=bif — aj> 1 

and also x=a<f>. ) Geometrica > equation ... ( 1 ) 

Taking O as origin the coordinates of C’ the C. G. of the 
sphere are 
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X=a<t>+(a—b) sin 0 "1 

— a<f>-\-(a — b)9 I 

=bip. 

Y= (a—b) cos 0 
=(a—b) (l -0*/2) 

Coordinates of C. x=a f >, >>=<7. 

Hence the kinetic energy of the system is 


I for small values of 6 and i> 

r ...( 2 ) 


J 


r=*M (rf 2 -f -K*i 2 ) \-\m [X*+ ¥*+&¥} 

= \M [(a* + K~) 0 2 ] 4*m [( 6 - 4 A 2 ) 0 2 ] 

= \M (a' + K 2 ) «A 2 +iw(A: 2 4-6 2 ) 0 2 

for small values of <b and 0. 

Work function 

U=C+mg (a-b) (l-0 2 /2) 

=c ,_mgJo-6) ()2=c ,_^_J__ (A0 _^ )3 [from (1)] . 

Hence Lagrange’s 0-equation gives 

m (k*+b-) (bt-ab) 

or [(A 

Similarly the 0-equation is 

M (K*+a*) $=+£f b a (b^-ab), 

i. e. [M (*«+*») D'-+^' b ] 

Eliminating 0 between (3) and (4), we have 

!««•«■. »'+r;j {■*•+« 

/. <?. f ~M(K z +a 2 ) (k* + b 2 ) Z)>4 D \ 

{ a—b 


...(3) 


..(4) 


x{ma* (k a + b 2 ) + Mb- (K* + a 2 )} 0=0, 


i. e. 


...(5) 


/ e. M (k 2 + a*) (A 2 4*> 2 ) (u-£) £> 2 0 = —£ [mu* (A 2 -f-fc 2 ) 

4 A/6 2 (A'* + a a )] 

A/ (A' 2 4fl 2 ) (A* 46 *) (u-6) v_. 

mu 2 (A 2 +/) 2 ) + A/6 2 (AT^+a 1 /* ** 

This shows that the motion is simple harmonic. 

Hence the length of the simple pendulum is 

M (A' 2 4u 2 ) (A 2 4 A 2 ) (a-b) 
ma t (k' + b'j'+Mb' (AT*+a ! ) * 
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Ex. 26. A uniform rod AB y of length 2a, can turn freely about 
a point distant c from its centre, and is at rest at an angle a to 
the horizon when a particle is hung by a light string of length l 
from one end. If the particle be displaced slightly in the vertical 
plane of the rod , show that it will oscillate in the same time as 
simple pendulum of length 

. a % -f- 3ac co s 2 a -f- Sc 2 sin 2 a 
a*-\-3ac 

(Agra 1953, Punjab 1955) 

Let m be the mass of the 
rod and in' that of the particle 
suspended from B by a light 
string of length /. The rod can 
turn about a point O such that 
GO = c. G being C. G. of the 
rod Let the length of the rod 
be 2a. Hence BO = (a -c). 

Let at any time the rod make 
an angle 9 with the horizontal 

and the particle make an angle <f> with the vertical. Since the sys¬ 
tem is in equilibrium, hence taking moments about O, we have 
(since D is vertically below B in equilibrium position) 

m' (a — c)=mc . 



Taking O as origin and the horizontal and vertical lines 
through O as axes, the coordinate* of D are 

x=(a—c) cos 9+-1 sin <f>, 
y=(a—c) sin d + l cos </>. 

$ = — (a—c) sin 6 q+I cos $ <f>, 

,V = (a— c) cos 9 o-l sin </» <£. 

Similarly the coordinates of C. G. of the rod i.e. G are 

(—c cos 9, —c sin 9). 

Now the kinetic energy of the whole system is 
T=im' (.v‘ ! +.y s ) + £'" (c 2 tf 2 + j,)2 ) 

= }«i’ [l^ + (a- c )^--2l ( a-c)g sin (9+*)] 

+f(«V+£*). 

Work function 

U = —mgc sin 9-\-m'g {(a— c) sin 9 -f-/ cos 0} 
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= -f m'gl cos «A, since m' (a — c) — nic~0 

,2 

= C—m'gl— for small values of 0 . ...(2) 

Putting 0=a-f 0, (j— 0 , since </>, 0 and 0 -f 0 are small, 

T—\m 0 ° J + *w # (/ 2 0 2 — 2/ (a-c )0 0 sin a-f (c—c ) 2 0 2 J 

higher powers of 0 and 0 being neglected. 
Lagrange’s ^-equation gives 

<L(cT\_dU 

dt\ccf>J~ 00 * 

/*0 — / (a — c) 0 sin a = —g/ 0 , 

/. e. /0 —(a-c) sin a. 0 =—g 0 . ...( 3 ) 

Similarly 0-equation gives 
3c*^ 4- 

m —j 0+m' (a-c ) 2 0 — mV (a—c) 0 sin a=0, 

3c 2 4-a 2 .. 

or m —~— 0 -f me (a—c) Ip—mlc 0 sin a= 0 . 


or 

or 

or 

or 


since m' (a 

[3c 2 -fa*3c (a—c)] ip—lie 0 sin a 
(a 2 -f 3ac) 0 = 3/c sin a 0 . 
Eliminating 0 between (3) and (4), we have 

/v 3/(a—c; c sin 2 a.- 

'*-a 2 +3ac 

a 2 -f 3ac —3ac sin 2 a-f 3c 2 sin 2 a ... 

a 2 +3cc /0-g0 

a 2 -f 3 qc cos* a-f 3c 2 sin 2 a ... 
a 2 -f3cc ^ 

length of the simple pendulum is 

a 2 -f 3cc cos 2 a -f 3c 2 sin 2 a . 
a 2 f 3ac 


— c) = mc 


...(4) 


Ex. 27. Four uniform equal rods, each of length 2a, are 
hinged at their ends so as to form a rhombus A BCD. The angles 
B and D are connected by an elastic string and the lowest end A rests 
on a horizontal plane while the end C slides on a smooth vertical 
wire passing through A / in the position of equilibrium the string 
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is stretched to twice its natural length and the angle BAD is 2<t. 
Shew that the time of small oscillations about this position is 

/ (2a (1+3 sin * 11 .) cos g \ 

^VV 3g cos 2a )' (Agra 1956) 

Suppose the rods make 

angle (a+ 0 ) with the vertical 

after a slight displacement, while 

in the equilibrium position they 

make an angle a with the vertical 

6 being a small displacement. 

. . j D 

Taking A as origin and 
AC as y-axis while horizontal 
through A as axis of x t coordi¬ 
nate of G t are 

x=a sin (a-f 0 ), 
y=3a cos (a-f 0 ). 

(Velocity)* of G 2 =a> cos* (a+fl) 0 *+ 9 a*, sin* (a+0) fl* 

=[ 1+8 sin* (a+ 0 )l o*fl*. 

Due to symmetry the same is the velocity of G, the C. G. 
of the rod CD. 

Now the coordinates of 

x=a sin (a-f 0 ), 

y=a cos (a-f 0 ); 

hence the (velocity)* of G^a*®*, and the same for DA. 

Hence the kinetic energy of the whole system 

= 2 Am [l+J + 8 sin* («+»)] a* 0 *+ 2 . 1 m(aV+p*) 

=m [ 2+8 sin* (* + 0)+3] a* 0 * 

[l + 3sin*(a + 0 )]a* 0 *. 



And the work done by the rods 

= 2 [—mga cos (a-f 0 ) —3 mga cos (a-f 0 )] 

== — 8 mga cos (a-f 0 ). 


Work done by the tension 


r2a sin fo+«) 

J o 


A 




= —j ) { 2 tf sin ( 0 -fa) — 
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2b being the unstretched length of the string and A the 
modulus of elasticity. 

Hence the work function 

U- — Smag cos (a+ 0)—^ {2a sin (a+0) —6} 2 . 

Lagrange’s 0-equation is given by 


- f V 

dt \de ) 



gU 
30 ' 


d_ j-1 6ma* {l-f3^sinMajhoj}jj_ 1W sin (a+tf) cos {x + 6) ^ 

= %mga sin (a + 0 ) — y a cos (a + 0 ) {2a sin (x + 0 ) — b\ 
i. e . [1 + 3 sin 2 (a+0)] 0 + 16ma 2 (a+0) cos (a+0) e 2 

= 8 mgasin (a+ 0 )——cos (a + 0 ) {2a sin (a + 0 ) — b). ...( 1 ) 

Initially, when 0=0, 0 = 0=0 and b=a sin a. 

We have from (1), X = 7mgbla cos a. 

Putting this values of A in (1), we have 

—[1 + 3 sin 2 (a + 0)] 0 = 8 mga sin (a f 0) 




16wa 2 


I, e. —y- H+3 sin 2 0 = 8wga (sin a + 0 cos a) 

8wg (cos a—0 sin a) 


cos a 


{2u (sin a + 0 cos a )—a sin a} 


. 16 ma 2 .. . . , . .. 

/. e. —i— (1 + 3 sin 2 a) o 


= %mga {sin a+0 cos a —(1—0 tan a) (sin a + 20 cos a)} 

o f • , n • , a sin 2 a 

= 8 mga <sin a + 0 cos a—sin a+0 —^ 

— 20 cos a+20 3 sin a^ 

f — cos 2 a +sin 2 a g ~l neglecting higher powers of b 2 
- cos a J and q 2 


0 cos 2a 
= — 8 mga — 0 

° COS a 


» • 

0 = — 


3g cos 2a 


2 a cos a (1 + 3 sin 2 a) 
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Hence the time of small oscillation about the position of 
equilibrium 



2a cos« (1-4-3 sin 2 a) 
3 g cos 2a 


} 


Ex 28. A rod OA, whose weight may be neglected , is attached 
at O to a fixed vertical rod OB , so that OA can freely rotate round 
OB in a horizontal plane. A rod XY, of length 2a. is attached by 
small smooth rings at X and Y to OA and OB respectively. Find 
an equation to give 9. the inclination of the rod XY to the vertical 
at time t, if the system be started initially with angular velocity ft 
about OB. Show that the motion will be steady with the rod XY 


inclined at a to the vertical , if ft 2 =^ sec a, and that, if the rod 

be slightly disturbed from its position of steady motion , the time of 
a small oscillation is 


4 Vl 

Let the two rods OA 
and OB be attached to a 
fixed point O, where OB 
is a 1 ne perp, to the plane 
of the paper, the rod rotates 
about OB in the plane of 
the paper. Let it have 
turned tluough an angled 
from its initial position at 
any time /. Also let a rod 
XY of length 2a be attached B 
to the rods OA and OB by rings, and is inclined to OB at an angle 
0 Let G be the C G of XY and Z_BOG=/_OBG=9, since the 
£BOY is a right angle and G is the C. G. of the rod XY, such that 

OG=a=hXY. 

Coordinates of G are 

x=a sin 9 cos >f> , x=a cos 9 cos $—a sin <f> sin 9 (f>, 
y=a sin 9 sin ,V = a cos 6 sin <t> q+a sin 9 cos <f> </>, 
z = a cos 9, ~= —a sin 9 f 

Hence the kinetic energy of C. G. 

= \M (rf’+ys-f ~2) 

= [ a- 9 2 +a 2 sin 2 9 ft]. 
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And the kinetic energy relative to C. G. 

= a £<a 2 2 -{- C<o 3 2 ) 

in the three planes, provided we have GX, GY and a line perp to 
Xrin the plane XOY and normal to the plane as principal axes. 

Here we have 

R - M * i m /% 

~ 3 » u - 3 ~» ^=0, sin Q, tu 4 = 0 , 

since in the plane XOY the angular velocity is q i. e . about the 
normal to the plane and about OX is ^ which when resolved in 
the direction of XY and perpendicular to it in the planes eives 
^ cost/ and (f> sin 6 respectively. 

T=\M [^ 2 -f-sin 2 6 tf] a 2 -\-\~- [#*+f sin 8 tfj 
2 A/a 2 ., 

= ~y [ 0 *+sin 3 6 <f>*] 
and work function is 

U=C+A{ga cos 0. 

Lagrange’s ^-equation gives 


d C4ma- 

dt I “T ' 


sin 


i 2 *]-o. 

*• e • sin 2 6 <^ = const =Q sin 2 a. 

Lagrange’s 0-equation gives 

d /ar\ w 


d (dj\ ej_ 
dt \do ) dd~ 


00 


or 


i. e. 


4a 2 .. 4a 2 . A 

-J 0 — y- sin 0 cos 0 sin 

The motion will be steady when 0 = x if jj=*\ 

Putting if—O and ^=£2 in (2), we have 
— 4a 2 . 

2 ~~ sin a cos a ft 2 =— ga sin a. 

I 2 f =^ sec x 
4a 

With this value of <£, we have 

..__3g [sin* cc cos 0 . T 

_ 4a T^n~ sia »} 

For small oscillations 0=x+i/>, hence 

y_ 3g- /"sin 4 a C03 (a-f-i/r) . "| 

* <a Lsin* cos a~ S,n + 


...( 2 ) 
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'Xg fsin a (cos a —0 sin a) . , V *1 

= ^- ; r ,- 7~r-: a -”( sin «+0 cos *) I 

4a [_ cos a (1 + 0 tan a) 3 r J 

[sin a (1 —0 tan a) (1 — 30 cot a)—sin a—0 cos a] 

=|| [sin a —30 cot a. sin a—sin a —0 cos a —0 tan a sin «]. 

• 0'=—?^[+cos a + sin a (tan a+3 cot a)] 0 

-M 

= - - (1 + 3 COS* a) 0. 

4a cos a 


sin* a , « 

cos a +-h 3 cos a I 

COS a J 

4 cos 2 a + 


f*sin*_aj 


• • 


Time of small oscillation is 

4a cos a 


2n 


v( 


ft> 


1 + 3 cos 

Ex 29. If in the question 28 the rod OA be compelled to 
rotate with constant anguiar velocity a>, shew that if 4au) z > 3g, 

the motion will be steady when cos a= t and that the time of a 


8naio 


small oscillation will be I6a 2 tu* _ 9&*)* 

Here 0=a>; 0 = 0. 

Now if fl‘=0, motion will be steady which on substitution in 
( 2 ) gives 

|mar sin a cos a.a>*=wag sin a. 

* a>* = sec a 


or 


4a 
3g 

C0S a = W* 


Hence with this value of 0, we have 
y=iu* sin 6 cos 8 —^ sin 8. 

For small oscillations put 0=a+0 and we have 


3g 


0 = cu* sin (a+ 0 ) cos (a+ 0 )— (sin a + 0 ) 


= a»* [(sin a+ 0 cos a) (cos a —0 sin a)]—^ (sin a +0 cos a). 
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Hence 


#=£<«>* (2 cos 2 a—1)—l^cos aj (fi 

-*r 


—9g 2 -M 6a 2 &) 4 “) 

16 a*cu 2 J- 

Hence the time of small oscillation is 

& Trau> 

\/ ( 1 6a*w A — 9 g £ )‘ 




Examples 7 (b) 

A uniform thin hemispherical bowl of radius 2a and mass 

3m is movable about a diameter of its rim which is horizontal. 

A solid uniform sphere of radius a and mass 5 m rolls inside 

the bowl. Shew that the free periods of small oscillations 
are 


where A,, 




are the roots of the quadratic 
96A 2 -I0\ + I5=0. 


A uniform circular hoop of radius a and centre C is hung up 
from a fixed point O by a light inextensible string of length 
2a 

~2 attached to a point A of its perimeter. Show that, when 


the hoop makes small oscillations in a vertical plane through 
O about the position of equilibrium, the periods of the princi¬ 


pal modes of variation are 2lT \/and 2n \/ GD 

Denoting by 0 and <f> the angles which OA and AC make 
with the downward vertical through O, show that, if originally 
the hoop is held at rest in the vertical plane with 6 and <fr 
small and in the ratio of either I : — I or 2 : 3 , then this 
ratio persists throughout the oscillations when the hoop is 
released. 


3. A light string OAB is tied to a fixed point at O and carries 
a mass 2m at A and a mass m at B. The length is OA OB 
l 31 

2*4 respecting. The string is force to move in a 


arc 
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vertical plane and the system oscillates about the position 
of equilibrium. The inclinations of OA, OB to the vertical 
are 0 , respectively. Find the normal coordinates. The 
system is held with the string straight and inclined at 
small angle a to the vertical and is let go from rest in this 
position at the time f=0. Shew that at any subsequent 
time /, 

0 = ^ (2 cos nt + cos 2/), <f>=j (4 cos nt—cos 2nt). 



where 



A hollow cylinder, of external radius a , rests on a perfectly 
rough horizontal plane. The axle which is smoother and is 
rigidly attached to the cylinder, supports a compund 
pendulum which can swing freely in the cylinder in the 
vertical plane through the middle point of the axle and 
which is symmetrical about this plane. Prove that, in the 
small oscillatory motion of the system, the length of the 
simple equivalent pendulum is 

[A/it* (A:*+fl*)+mfl* (* 2 -/>*)] 
h [A/ {K 2 +Q z )-+ma*) 

where A/, m are the masses of the cylinder and pendulum 
respectively K and k their radii of gyration about the axle 
and h is the distance of the centre of gravity of the pendulum 
from the axle 


5. A uniform rod AB of mass 3 m and length 2a is pivoted at its 
middle point C. To the end A is fastened an elastic string of 

4(2 

natural length a whose other end is fixed at a depth -y 

vertically below C. From the other end B hangs a mass 
m at the end of an inextensible string of length b . If in the 
position of equilibrium AB is horizontal, prove that the times 
of small oscillations in a vertical plane through AB are 

3 ' ”\/ g and 2w \/g‘ (Delhi 1959) 

6. A uniform rod, of mass 5m and -length 2a, turns freely about 
one end which is fixed; to its other extremity is attached 
one end of a light string, of length 2a, which carries at its 
other end a particle of mass m; shew that the periods of 



565 


Lagrange’s Equations 

the small oscillations in a vertical plane are the same as 
those of simple pendula of lengths — and —. 

7. An equilateral triangular lamina ABC whose side is of 
length 2a and mass 3m is hung in a vertical plane with 
vertex A fixed. Particles each of mass m are suspended by 
strings of length c from B and C. Prove that for small osci¬ 
llations in a vertical plane the period equation is 

(cp--g) [lacp'-p*g (4<V3+13a) + 4*V3]«0. 

8. A rigid lamina is suspended from three fixed points A , B, C 
in the same horizontal plane by vertical weightless strings 
each of length l. Find the principal oscillations of the 
system and show that their periods are 

2rr \/ l ~> 2tt^ /- and 2tt » //- ~ l \ 

v g V g V U (/**-<!*)[’ 

where R is the radius of the circle ABC, d is the distance 
of its centre from the vertical through the centre of gravity 

of the lamina and k the radius of gyration about that 
vertical. 

9. A rod of length 2 a suspended from a fixed point by a 

string of length b, is fastened at a distance c from the centre; 

find the equation to give the modes and periods of principal 
oscillations. 

Solve the problem completely if b—~ , and c = j, proving 

that in one mode of oscillation the uppermost end A of the 
rod will be approxiraitely at rest and in the other a point Cat 
a distance c below the centre. 

10. A string AC is tied to a fixed point at A and has a particle 
attached at C and another equd one at B, the midd'e point 
of AC. The system makes small oscillations under gravity, 
if at zero time ABC is vertical and the angular velocities of 
AB and BC are w and a/, show that at time t the inclinations 
0 and 4 to the vertical of AB, BC are given by the equations 

\/20= ~ + sin nt and >b- 20 = Y 2aj . s i n n't 

n fi 9 

where AB =BC~a, = ^ (2-\/2) and /i' 2 =*(2+ x /2). 
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Ex. 11. Four uniform rods, each of length 2a, are freely 
jointed together so as to form a rhombus. A rigid wire , of length 
a and negligible mass, is attached to one of the rods so as to be at 
right angles to this rod at its mid-point / the wire is outside the 
rhombus and in the same plane with it. The system is suspended 
from the free extremity of the wire and moves in a vertical plane. 
Obtain the Lagrange's equations of motion, taking as coordinates 
l (0±<f>), where 0 and 0 are the angles made with the vertical by 
the wire and the pair oj rods which are vertical in the position of 
equilibrium, and show thit these coordinates are the principal 
coordinates of the small oscillations about the position of stable 
equilibrium. 

Show also that the rods can make finite oscillations retaining 
the form of a square. 

[Let OE be the wire 
through which has been sus¬ 
pended the whole system; 
let each of the rods make an 
angle </> with the vertical and 
the wire an angle 6 with the 
vertical. 

Taking O as origin the 
coordinates of G the centre 
of gravity are 

x=a (sin 0 +sin <f>), 
y=a (cos 0 -f-cos <f>). 

Hence (velocity ) 2 of G=a , ‘ 0 , ^-fl , ^*-^- 2 a , cos (0—<f>) 0 <j>. 

Hence the total kinetic energy is 

T—\Am [a 2 () ! + a 2 ^ a -{-2a 2 cos (0—0) 0 $ 

-H.2 m [(**+a s ) (0*+ <£*)]. 

= [V- ( 0 2 +</* 2 )+ 80 <£ cos ( 0 -</»)]. 

For small oscillations we could put cos (0—0) = 1, but in 
view of the 2 nd part of the question we have retained it for the 
present. 





F=the work function=const.—4/wga (cos 0 -fcos </») 


—const. —8mga cos 


0 + <t 
2 ~ 




• • • 




0 -<£ 


Put 


...(3) 
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Hence we have 


ma 


2 


. 2 


and 


^—~2 (* + p )4~8 (A — /i ) cos 2/x] 

V=C- 8 mga cos A cos /x, in view of (3). 
Hence the Lagrange’s A equation gives 

d (dT\_dT__d_V 
dt\di) aA~ 0A* 


40 .. 


= _ 8 g 


i.e. — A-j-8A cos 2p.= —~ sin A cos /x, 

» ^|+cos 2/x^ A= — ^ sin A cos/x. 

Similarly the p —equation is 

^—cos 2 p — p* sin 2p = —^ cos A sin 


...(4) 


...(4) 


...(5) 


Since for the small oscillations A and /x are small and [l 8 is 
neglected (being of the order of the square of a velocity), hence 
we have 

|a+*a=o. 


which shows that A and p are principal co-ordinates and the 
periods of the oscillations are 

4 WQd and 2 *\/G0 

In the first A mode we put /x = 0, henc0=‘/», showing that 
the system swings as a square. In the p, mode A=0; that is 
0 = which shows that in this mode OE and A B are equally 
inclined to the vertical on apposite sides 

If A is not small; the Lagrange's equation (4) gives 

.. ^ Q 

A-f sin A = 0 and /x = 0; 

od 

showing that the system can make finite oscillations as a square. 


7*3, Establish Lagrange’s Equations for impulsive forces. 

'Delhi 1959, Punjab 1954) 

Let the system defined by the aibitrary co-ordinates 0 , 
be subjected at the time t to impu/s ve force v which act at definite 
points. It is required to deduce the changes produced in the motion. 
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Here as in § 7'1 of this chapter we are not dealing with con¬ 
servative systems of forces. The geometrical equations may 
contain the time explicitly, but the restriction that they do not 
contain 0.. .is retained. 


Let (x, y, z) be the co-ordinates of any particle m of the 
system referred to rectangular axes. Let them be expressed in 
terms of certain number of independent variables 0, 0, 0... so 
that x—f (/, 0, <f>, 0...) with similar expressions for y, z. 


The system of applied impulses is the exact equivalent of 
tlie system of changes of momenta and therefore it follows for 
any imagined geometrical displacement that the virtual work of the 
system is equal to that of the other. 

To find the virtual work of the applied impulses, suppose X , 
Z to be the components of the applied impulses at (x, y, z). 
fhen the virtual work in question =Z (X dx+Y dx+Z dz) 
*\hich gives after the substitution for x, y, z in terms of 0, 0, 0, ... 
of the system i e. 



— A 80-f-Z?8 '/•+ C 50-f.., 

Hence A 80, B 50 , C 50 . .. [where A , B, C. .. are functions 

of 0, «/».represents the virtual work (moment) of the appllied 
impulses corresponding to the displacements 80, 50, 50 and let 

8Q=ASd+BS<f> + C50 


represent respectively the virtual moments of the applied impulses 
corresponding to the displacements 50 , 50 . 50 ... 

If («o, v o »»’o) are the velocities of a particle m just before the 
impulses and («,, v lt »v 2 ) just after the application of the impulses. 

The virtual work of the system of changes of momenta is 
equal to 


{(«!-!/„) 8*+(*!“*•„) Sy+O^-u’o) 5 z) 

Take 0 O , 0 O . .as the values of f),0... just before and Oi . 0 t .. 
as the values of q, 0... just after the application of the impulses. 
Since 2T 0 = Em (w 0 2 -f v 0 2 -f h' 0 2 ) 

(T 0 being the K. E. before the impulse) 

~°= Em (ii c i>+ v 0 |5? + 

< 0o \ c0 o d0 o ° dtfo' 

Now the expression 
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Zm (w 0 $*+v 0 8y+ »v 0 8z) 

= ^"'[( u »ai +v “ 

("o 


dy . dz 


4»v 0 


4 


a y 


) 


90 o 

dx , 
t ^-4 »‘o ^, 4 
o</»o 3A 0 


O £ * + .]• 


since 


Zx =k se+ U„ H+ & H+ 

dx 


etc. 


the term 8t is absent, because when displacement is conceived 


[ 

there is no variation in timej 
But as before, 


Hence 


__dx dx dx fix . . 
" 0 ~*“Ff + 90 o ® 0+ a*o*° +,,,; 
9t/ 0 ax 
90o 90o* 

a t 


=Zm (u 


dx 


900 “*" V” o 9-0 o n " ro 90o' rrvo 90 


dy 
90o 


32 


• \ 

I / . (y m i 

o ^a-4v 0 4 h» 0 — J, etc. 

fix 


...(0 




_9 Ml C-/J , '"0 J , . m n - . 

~3^ S9+ M,*** 7 ^ S0 -‘- 


("o 5 *4v 0 8y+w 0 8z) 

dT n .. . ar, 

900 

similarly we can show that 
Zw («! 8x-f v, 8^4 -w, 82) 

- 0r ' S04. 8r i * <A4 _ 87 ’. ,, , 

~'a«, M+ ^ I h+ Mi *++■■■■ 

where T x is the kinetic energy just after the application of the 
impulses. 

Hence Zm {(u t —u 0 ) 8*4K —v 0 ) 8y 4 (w, - H - ) Sz} 


(dj\_dr 9 \ ?e ,(dT l _d_T n \ 

' 90i 90o/ \3 Aj d<p 0 J 


S‘A 4 .... 


_vf 97 ’, ar 0 \ 

- r U, ” w.j 0 • 


Virtual moment of the applied impulses. 

= 4 80 + Z? 80-f-C 80.... 

Hence equating the virtual moments of the applied impulses 
to «hat of the changes of momenta, we have, (4nce 8q , 8«^... are 
arbitrary independent of each other). 
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90i 90o * I These are known as the Lagrange’s 

9^1 ?Zo_j_d f equations of impulsive forces. 

9^i 9^o J 

• •• ••• ••• etc. 

or the change in the generalised component of the momentum is 
equal to the generalised component of impulse. 

Ex. 1. A uniform rod falls upon an inelastic horizontal plane . 
At the moment of striking , its mid point has a velocity u vertically 
downwards , and the rod is rotating with angular velocity to. To 
find the motion after impact. 

Suppose the rodjs inclined 
at an angle 0 to the vertical 
at any time t and the distance 
of the centre of gravity G bej' 

from the plane. Let P be the 
impulsive reaction of the plane 
at X. 

Hence the virtual work of 
the impulse 

= Pd (AX) 

— Pd (y — a cos 0) 


= Pdy—a$\nOdd •••0) 

and 2 

Hence the Lagrange’s equations give 

(fi-Jo)— p * ...( 2 ) 

Ima 2 ($ 1 —Q Q ) = Pa sin 0. ...(3) 

where y 0 = — u, q 0 =—o>. ...( d ) 

Since the velocity of the point A is zero just after the . impact 
as it docs not rise off the plane due to inelasticity, hence 

a sin 0 0 ! = O. .. .(5) 

Eliminating P from (2) and (3), we have 

m 0 ^+m) a sin 0 = \ma 2 (P|-fw) 

i. e. >\=* ( 9 i+«>) si| J e -u. ...( 6 ) 

= — a sin 0 in virtue of (5) 

. aoi (14-3 sin 2 0) atu 

3 sin 0 3 sin 0 


3 u sin O—aco 

° e ' = a '(1 + 3 sin* 0 ) 
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and 


P= 


ma 

3 sin 0 
m 

3 sin 0 


[. 

r 


+ OJ 


3 u sin 0—aio 
Tl +3 sin 2 0) 

3 u sin 0 -f 3aco sin 2 0 


] 


1 + 3 sin' 0 


] 


m ( 1 / -fgqj sin 0 ) 

~~ (1 + 3 sin 2 0) 

Ex. 2. Three equal uniform rods A B, BC, CD, each of mass 
m and of length 2a, are at rest in a straight line smoothly jointed at 
B and C. A blow I is given to the middle ro l at a distance c from 
the centre G in a direction perp to it; show that the initial velocity 
of G is 2113m and that the initial angular velocities of the rods are 

5a + 9c 6cl 5a—9c 

30ma 1 ’5ma 2f lOmar ' (Nagpur 1958) 



Suppose the impulse / is applied at P such that GP=c . Let 
y and 0 be the linear and angular velocities of 5Cjust after 
the impulse. Also let <f>, be the angular velocities of >4& and 
CD respectively. 

Let the vertical velocity of G v be u. 

Geometrical equation gives 

vertical velocity of B referred to rod Z?C=vertical velocity of 

B referred A B, 

y— O 0 = velocity of B due to BC. 

Now velocity of B referred to A B 


= velocity of G i t-velocity of B relative to (7, 
= u—a<j). 


or 


Hence u—a<j>=y —oq 

u=y \-aj>—aQ. 

Similarly the vertical velocity of G 3 is 

v = y+tf0+<7(j,. 

The total ki letic energy is 
r=K. E. of (AB + BC + CD) 


= \m [£ tf+V-ad + **)*] + *« 0 2 +)? 2 ] 
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= \m f3 r+~+~ 4 2 + ~ 2 j,‘+2a'Qj, + 2afy-2a^ 


Initially the system was at rest; hence T 0 — 0. 
The virtual work of the impulse —/S (y-\-c0) 9 

8V=I8y+Ic80. 

Hence the Lagrange’s y equation gives 

d T dT, = 

W Wo 

1 • e ‘ 3m v V -f maip + ma<j> —7. 

Similarly 0, cf> t ^ equations are 

Ic 

&d-a<l>+aj,=~, 

V-I- ta<j>-ae =0. 

$ + iab+ao= 0. 

Eliminating $ from (3) and (4), we have 

3? -F 2 o<f> 4* 2aip — 0. 

From (1) and (5), we get 

2 / , 21 

jV= - or V=^—. 
m 3m 

Subtracting (4) from (3), we have 

i a (<£ — «/») = 2<70 

i- e - $ >d =a^—aj,. 

Now from (6) and (2), 


lab = 


7c 

ma 


61c 

,e - B ~ Sma r 


Substituting the values of .V and q in (4), we have 

2/ 6 Ic 4 . 

Tm+5iFa - ia * 


i e. 


. t _,r5a+9c-] 

v / Ll0wa* J 


+2oy 


*} 


...(I) 


...( 2 ) 

...(3) 

...(4) 

...(5) 


...( 6 ) 


is in the negative direction and similarly 

from (3), we have 

. , . 6/c 2/ 

*a<f=ae— .V = - — 

5ma 3m 


/. c. 




\ 1 Oma 2 / 
(5 a— 9c) 

j0m<i* 


Hence the required result. 
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Ex. 3. Six equal uniform rods form a regular hexagon, 
loosely jointed at the angular points, and rest 01 a smooth table / 
a blow is given perp. to one of them at its middle point ; find the 
resulting motion and shew that the opposite rod begins to move 
with one-tenth of the velocity of the rod that is struch. 

(I. A. S. 1953, Agra 1946, 1960, Raj. 1952, Pb. 1952, 53, 56, 


Let / be the impulse applied 
at the middle point of AB; 
since it is perp. to AB, hence 
the resulting motion of BC, AF 
and CD and EF will be symmetri 
cal. Hence each of these rods 
will be inclined at the same angle 
after the application of the 
impulse Hence their angular 
velocities are the same, say <o. 

Let $ be the linear velocity 


i^ciui 17^7; 



' - -r—ai ici impulse. 

Now velocity of C in the direction of y (perp. to AB) referred 


to rod BC 


= velocity of B +velocity of C relative to B 
=y-f 2ao> sin 30° 

=y+a<o. 


Velocity of C in the same direction referred to rod CD 
= velocity of D-f velocity of C relative to D 
= — 2a oj sin 30° = .>l — aw. 


Since the rods are simply connected, hence the two 
are equal, /. e.. 


y-\-aco = £—aoj 


velocities 


°r aco = \ (*—y). 

The velocity of G 1 relative to B is au> perp. to BC, and 

its components parallel and perp. to AB are acu cos 30 and 
a<o sin 30°. 

Velocity of G t parallel to AB=aoj cos 30° 
and velocity of G x perp. to AB= velocity of B+ velocity of G 

lelative to B 

= y-f aw sin 30° 
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Therefore, the kinetic energy of BC 

9 2 T 

= \m £( aw cos 30°) 2 4-0'+ flra> s * n 30°) 2 H j- J 


= \m £ 


4a 2 - 2 


CO 


-f--f- 2$auj sin 30' 


> 


=Jm 

=j/» Q (x-vj'+^+^-w] 

=^[2^ ! +5y'-^J. 

Similarly the K. E. of AF^the K. E. of BC. 

And the kinetic energy of CD 

= *'" cos 30) J +(r*—3<u sin 30) ! }J 


i"'[ 






-i»[j (H-jO'+f’-j W-«] 

= im I 3 +>* ~2+ 2~ 3 + 3 J 


='~ [W'+JjP-stfJ 

= that of EF. 
the total kinetic energy 

r= *m.v* + *wj, v 2 +A. 2m [ 5tf 2 + 2y 2 — 

+ *.2m[5jP+2ji* 

=™ [5.« ! +5.y ! -yy]. 

7' 0 =0 because the s>stem was at rest. 

Also 8 K=7 8y (virtual work of the impulse). 

Lagrange’s ^'-equation gives 

07' 07' o _ 


-tfj 


U = / 
ev 0 * 


fYl 


r (W-*)-/. 


...(D 



Lagrange’s Equations 


575 


Lagrange’s ^-equation gives 

10*-y = 0, 

*• e. *=y/10. 

From (1) and (2), we have 


...( 2 ) 


l °y-n >= Z 


and ^=//33m. 

Hence the required result, and then 

3/ 


atu = h (x—yj — — 


22m 


which means that the angular velocity is in the opposite direction 
to that as marked. 


Ex. 4. A framework in the form of a regular hexagon 
ABCDEF consists of uniform rods loosely jointed at the corners 
and rests on a smooth table / a string tied to the middle point of 
AB is jerked in the direction of AB. Find the resulting initial 
motion and shew that the velocities along AB and DE of their middle 
points are in opposite directions and in the ratio 59 : 4. 


Let each rod be of length 2a; 
let !/,, Vj te the resulting velo¬ 
cities of the C. G. of AB along 
and perp, to AB, and its angu¬ 
lar velocity. Let u 2 , v 2 and o> t 
be the corresponding motion of 
BC and so on. 

Considering the motion of 
B w. r. t. AB and BC, resolving 
along and perp. to BC, we get 

w 2 = w 1 cos 60°+ v A 


(Punjab 1957) 



sin 60°— aoj l sin 60° 


4- (Vi—qady/3 
2 



Also considering the motion of A with respect to FA and 
AB, we have after resolving in the directions of AF and perp to 
AF. 
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or 


w 6 = w 1 2 cos 60° —(v, sin 60+tfa^ sin 60*) 
u i— (v i 4-^a> 1 )- v /3 


= 'm v~'- + . 


2uq~u i - \ . W|”2 i/j /<iv 

—~“( v ’i + 0aj i) <> r v,+ aw l = -^y-'• •••( 2) 

By equation (1) and (2), adding and subtracting, we have 

U 2 -U e _U y-Ui — Us 

l “ y/S ’ V3 * 

Kinetic energy of AB 

= \m +- Vi 2 + a y 1 -J 

3 - + 8 3 J 

= -iV» [9IV+V+^4w 2 2 +4w„ 2 -4w 2 w a -2M 1 M 2 - 2 m,?/,] 

= [ 5iV+2 m** -f- 2 m # 2 —2 w*w 6 — u t u s -Mit/,]. 

Hence the kinetic energy of the system 

= 2? ™ [5M l 8 -f2M 2 a +2« 6 2 -2w 2 M e -M 1 M 2 -t/ 1 t/ # ] 

= ~ [5 27 tv+2 2: m 4 2 +2 27 V-2 2; Wii/2-2 27 w x w 3 

—2 27 WjWs—2 27 w^] 
[(9i/ 1 2 -2M 1 u a — 2 m a i/ 3 —2^/5—2five sets of similar 

terms. ...(3) 

Also S0 = /5.x when 1/4 = *. 

Lagrange's equations give 

9 

9u 1 -w 2 -w 3 -w 6 -i/ 6 =2^ 7 » 

9 u, — 1 / 3 —w 4 - w 6 — u x = 0, 

9// i 1 -«4-W5-w 1 -i/., = 0, y ...(4) 

9i/ f - m 6 — i/ a — m 8 — w 3 —0, 

9 </ 5 - »«“ »i — "a — u * = 0, 

9u e — Ml — m 2 — u 4 — w 6 = 0. 

Adding all the equations in (4), we have 

9/ 

Wi-f w 2 -f- w 3 4-m 4 +w 5 + w 6 = *..(5) 

Combining (5) with first equation of (4), we have 

10 " 1 + "‘ = KW “*< 6 > 


I 

J 
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Combining (5) with fourth equation of (4), we have 

9/ 


W! + 10w 4 = 

Solving (6) and (7), we have 


10//T 


(7) 


u 


u 


59 4 “ 110m’ 

which is the required result and similarly other velocities can 
found. 


be 


2a 


Ex. 5. Three equal uniform rods AB, BC, CD are freely 
jointed at B and C and the ends A and D are fastened to smooth 
Jtxed points whose distance apart is equal to the length of 
either rod. The frame being at rest in the form of the square , a 
blow J ls S iven perpendicular to A B at its middle point and in the 

plane of the square. Show that the energy set uo is 3J -- where 

‘ 40m' 

m is the mass of each rod . Find also the blows at B and C. 

Let each rod be of length 2a. 

A blow J has been applied at G the 
middle point of the rod AB. 

Let the rods AB or CD have 
turned through the same angle then 
the rod BC will remain parallel to AD. 

Energy of either rod AB or CD is 
and that of BC=\m (laq) 2 . 

Hence T=2.\m ~ e* + £m.4a*o 2 

10 nta 2 

—J-*'- • 

Also bV=zJa 5 0 (virtual work done by the impulse). 

Lagrange’s ^-equation for the blows is 

(ID,-(2 )r J - a - 



20ma 2 . 

—3 ~ 0 = J.a i.e. 


. _ 3J 
0 20m a 9 


9J* 


The required energy = . - - 

3 400m-a- 

__ ?J 2 
40m * 




578 


Dynamics of a Rigid Body 


Let Jb and Jc be the impulses at B and C. 

Taking moments about A for the rod AB , we have, 
change in angular momentum about the axis through A 

= moments of the impulses about this axis, 

4a 2 . w r 


he. 


m o=J.a—Ja . 2 a 


2ma ■ _ 1T 2ant 3 J _2j 

— 3 ’20 ma~ 5 


moments 


i.e. J B=y- 3 m 20ma~ 5 

which is the impulse at B. 

Similarly considering the motion of CD and taking moments 
about D, we get 

4/7* . T 2/wtf . J 

m.-y- ()=J c2tf, * — 3 ^ = 20* 

Hence the results. 

Ex. 6 . Four equal rods, each of mass m and length 2a, are 
freely jointed at their ends so as to form a rhombus . The rhombus 
is let fall with a diagonal vertical and moving with velocity V, when 
it hits a fixed horizontal plane. Find the motion of the rods 
in.mediately after impact, and show that their angular velocities are 

each eijual to ~ Z)' where “ " "" angle eflcA r ° d 

makes with the vertical. 


Show also that the impact destroys a fraction 
the kinetic energy just before the impact. 


j+3 sin 1 a 
(Agra 1952, 59) 


Let A BCD be the rhombus 
formed of four rods freely 
jointed Let z be the height of G, 
above the horizontal plane and 
AGp-=2a cos 0, 

where <BAG l = 8 and s the velo¬ 
city of Gj. 

Let E. F, G, H be the middle 
points of the rods AB, BC, CD, 
DA respectively. 

Hi rizontal velocity of E 
relative to G x 

= (a sin 0) = ao cos 0 . 
dt 

vertical velocity of E rela- 
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tive to G x 


= —^ (a cos 0) = a sin 6 q. 


Similarly, 

horizontal velocity of H relative to G x = —ae cos 0, 

»» »> F »» G x *=aQ cos 0 , 

»» »» ^ COS 0. 

vertical velocity of H relative to G x =a sin 0 0 , 

»> »» ^ »» C/ 4 =—a sin 0 

*» »» » G x = — a sin 0 0 . 

Hence the K. E. of the system is 


= i [in, {*- e 


0 sin 0 o) z + a z cos 




{ 2*2 

^y- + (i-a sin 9 g)'- + a » cc » 2 9 <j 2 jj 


=»< [-| , fl=+2i 2 + 2a-tf 2 J 
=m[^ 9 2 + 2i 2 ]. 


Taking a displacement consisting of a lift 5z of G, and an 
increase 60 of 0. in which case latter depresses A a distance 
8 ( 2 a cos 0 ), 

i.e, 8Q = P 8z-\-P ( — 8.2a cos 0) 

= P ( 8 z-f 2a sin 0 S0;. 

Lagrange’s ^-equation gives 

4mz+4mV=P, ...(I) 

(V » 0 =— V) 

l6ma 2 o 16ma* . . . 

and —^—--j-— o 0 =P.2a sin 0, 

. \6ma 2 y , 

Le > —3—=^.2asin0, v 00*0.. ..(2) 


and 




Since the point /I has its motion destroyed, hence 

z + 2a sin 0 0 = 0 . 

Eliminating P between (1) and (2), we have 

1 -~- = 2 sin 0 (4£-f4K) 


...(3) 




~y =sin 0 (* +* r >* 


..( 4 ) 
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Substituting for z in (4) from (3), we have 

^-=sin 6 (—2 a sin 6 o+V) 

2a (1 + 3 sin 2 9). ,, . „ 

-^- r Q= V sm 9, 

3 V sin 9 

6 2a (1 + 3 sin 2 !)* 

K. E. after impact=2 m +4a s sin 2 #J q 

o... _o 


= - i |- (1 + 3 sin 3 9). 

6m V 2 sin 2 9 
“(1 + 3 sin- 0)* 

K. E. before impact= \.4mV 2 =2mV' 2 . 


9 V* sin 3 9 


4a 2 (1 + 3 sin 2 9) 


Loss of K. E. 
Original K. E. 


2mv[l- 

| 1 +3 sin 2 0J 
2 mV* 


1-1-1 «in2 fl* 


Note. This question has been done in the chapter on Impul¬ 
sive Motion in Two Dimensions on page 434, but here it has been 
solved by the method of Lagrange also. 

Ex. 7. Three uniform rods AB , BD, DC of equal mass , 
smoothly jointed at B and D, are at rest, forming two opposite 
sides and a diagonal of a square A BCD. A blow I is applied at A 
in the direction DA. Prove that the kinetic energy imparted is 


1851 2 
11dm ’ 


where m is the mass of a rod . 


(Delhi 1959) 


Suppose each rod be of length 2 a and impulse I be applied 
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at A. Let u, v be velocities of A after impulse and also let to, ut', 
03 " be the angular velocities of the rods AB, BD, DC respectively. 

Let the horizontal velocity of G v be w\ 

The velocity of A perp. to the rod = velocity of G v 

-f- velocity of A rel. to (7, 
— u' a<j> = u. 

Hence u' = u — acu. 

Similarly the components of the velocities of G., are 

[ u — 2 aco — ato', v-t-aw'] 

and those of G z are 


[u —2 a to — 2 a to '— atu", v-f“ 2 tfa/] 


as marked in the figure. 

Now the kinetic energy is given by 

r— 2 2 

T=\m (u —V*-f* — — 0a/) 2 +(V’-f tfco') £ 

-f- (w— 2 acu — 2 a<o '— acu" )* 2 a«/) 8 -f-~ <o " 2 

Also 86 = I8x where u=ji. 

Lagrange’s (u, v, <o, w\ oj”) equations give 

3u— 5aoj — 3aoj'—auj'’ = — ...(1) 

m 




1 dT 

- * 

ma 0 a» 


l dT 

ma do/ 


3 (v+tfa/) = 0, ...(2) 

= — uA-ftot H —^ —2 (u — 2aa» — aco') 

— 2 (h — 2tfo> — 2ao/ — a a/) ~ 0, 

-5M + V^ + 6aa. , -i-2fla> ,, = 0. ...(3) 

= — (w—2aa> — ao/) + {v+a<jj') + §ao/ 


i. e. 


— 2 (u — 2aat — 2ci<o' — tfa»*)-l-2 (v-b2tfa/) 

— 3M+6aa>-f-* 3 *^^'+2flcu' , = 0 in virtue of (2). ...(4) 

1 dT 

— —(u — 2 a to — 2 a at' — au") -f- \ato" 


ma dot 

i. e. —w-f- 2 flcu-f- 2 fla* , -f~ 3 ^cu” = 0 . 

Adding twice of (1) to (3), we have 

2 / 


u—'ja co¬ 


ni 


Subtracting (4) from (3), we have 

~ , 10 acu 5 ao/ „ 
-2u+ —- - = 0 , 


...(5) 


...( 6 ) 


...(7) 
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and subtracting | times (5) from (4), we have 

3v 1 Aaut _ 

- - + 3<7«H—- -- =0. 

Multiplying (7) by V and adding to ( 8 ), we have 

71 , llaio 

10 “ + 3 °' 

Hence from ( 6 ) and (9), we have 

185 I 




...(9) 




57 m ' 

Hence the energy created = hfu~ 


I85/f 
J 14//T 


Ex. 8. /our equal uniform rods AB, BC, CD. DA, each of 
mass M and length 2 a, are smoothly jointed together and form a 
rhombus A BCD. A particle of mass M is in the line CA produced 
and is connected to A by an inelastic inextensible string, which is 
originally slack. The rhombus is moving in a smooth horizontal 
table, on which lie also the siring and the particle with uniform 
velocity V in the direction AC. The angle BAC is equal to a. 
Trove that when the string tightens, the loss of kinetic energy is 

2 MV * 

5 + 5 sin 1 a* 

Suppose the velo¬ 
city of the particle M 
as well as of the point 
A be u, when the 
string has tightened, 
and io the angular 
velocity of the rods. 

Let E, F be the 

middle points of AB, BC. Referring to A as origin and AC and 
a line perpendicular to AC as axes, the coordinates of E are 

(a cos a, a sin a) 

and those of F arc 

(3a cos a, a sin a). 

Hence the velocities of E and F with respect to A are 

d . 

(a cos «) = — a sin a a = — aco sin a in the direction of AC. 

d , . , 

j, (a s,n — a cos a a=aw cos a in the direction perp. to AC, 

Since a = to. 
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Hence the actual velocity of E is 

(u — aoj sin a, am cos a). 
Similarly the velocity components of F are 

(« —3 am sin a, am cos a). 


Hence the relative kinetic energy is given by 

I 2 2 

T=\Mu 2 + M 1 (V— u+aoj sin a) 2 +a 2 o > 2 cos 2 a + + 

(V— u + 3au> sin a ) 2 + a 2 m l cos 2 a + y-J 

or 7 , =+A/u 2 + 2Af (V —w ) 2 + 8 A/ (V—u) am sin a 

+ 8 A/a 2 a>* sin 2 a-f-fA/a 2 o 2 . ...(1) 

Clearly the values of u and m are such as to make T sta¬ 
tionary. 


• • 


i.e. 


t.e. 


-i — = u—4 (F— u) — 8^7 cl» sin x = 0, 

M 3w 

5u — 8 a> sin a — 4F=0. 

|^=8 (F—u) sin a+16acu sin 2 x+^ am = 0 
A/ a doj j 

— 8 u sin a-f- ~ (1 + 3 sin 2 a) + 8 K sin a = 0 . 


..(3) 


..(3) 


Solving (2) and (3), we have 

u a to _F_ 

8 — —3 sin a 2 (5 + 3 sin- a)* 


r=^- 


A/F 2 


[32 + 8 (1+3 sin 2 a) ! 


2 2 (5 + 3 sin 2 a ) 2 

+ 8 (1 + 3 sin 2 a)( — 3 sin 2 a) + 8 (1 + 3 sin 2 a) (3 sin 2 a)l 

_ 2A/F 2 
(5 + 3 sin 2 a) ! 


2 [4 + (l + 3 sin 2 a) —3 sin 2 a (1 + 3 sin 8 a)] 


2 A/F 2 

(5+3 sin* a) 2 


(5 + 3 sin 2 a) 


_ 2 A/F 2 _ 

— (5 + 3 sin 2 a)* 


Ex. 9. Four inelastic rods freely jointed at their extremities 
form a parallelogram of sides 2a, 2b, and the masses of the corres¬ 
ponding rods are respectively m x , m 8 ; a is the acute angle between 
a pair of adjacent sides. The system, being initially at rest on a 
smooth table, receives a blow J along the tabic in a direction 
making an acute angle (i with a side 2a and at a point on that side 
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distant c from the middle point. Find the motion immediately 
after the impact . 

Suppose the rods AB, AD 
have made angles 9, 0 with 
the fixed direction just after 
any blow. 

Also let (x, y) be the co¬ 
ordinates of the centre of 
gravity with reference to 
fixed axes which are instanta¬ 
neously coincident with AB 
and perp. to AB. 

Hence the components of 

the velocities of G are (s, y) and the angular velocities of AB and 
AD or GF and GE are q and <j>, i.e. the velocity of F relative to G 
is a() and that of E is hj>. 

Kinetic energy = K.E. of the whole mass collected at G f that 

of all the four rods about G. 

T=]^ 2 (;w,-f m 2 ) (Ar*-f-y 2 )+^.2w, p+b*^ 

Let HV be the virtual work of the impulse. 

Clearly the virtual displacements of G are Sx, by parallel and 
perp. to AB, that of E relative to G is b 50 perp. to GE, having its 
components b 50 sin a along AB and b 50 cos a perp to AB in the 

downward direction opposite to the direction of the impulse 
applied perp. to AB. Velocity of O relative to £ is c Sd perp 
to AB. K 

Hence bV=J cos /5 [Sx+6 50 sin a] 

+ J sin ft [5y— b 50 cos a-f c 50]. ...(2) 

Initially 7’ o =0. 

Lagrange’s equations give 
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2 (w, + m 2 ) *=J cos p, 
2 (mj+Mj) sin 0 . 


2 (y+'” 2 ) a* 0 =Jc sin j3, 

2 ( m i+3 § ) b *<j> = Jl> sin (a— p), 


giving the required motion. 




Ex. 10. Four equal uniform rods of mass m are freely jointed 
together to form a square. An impulse J is applied at the mid 
point of one of the rods along a line which makes an angle p with 
the rod and lies in the plane of the square. Show that the kinetic 
energy created is 


j 2 

(5—3 sin 2 p) (Punjab 1954) 

It is a particular case of question no. 9 solved above 
Here a = b, m x =m z and r = 0, a = 90°. 

Hence from (4) above, we have 

4 m*=J cos p, 


4my=J sin p 
8 ,m 3 = 0 , giving 0=0 


8 m 
3 


a(J>=J sin (90— P) — J cos 



Hence substituting these values in (1) of Ex. 9 above, we have 
T=2m (j^+jPj+maV'+y-V 
r 2J 2 4 , 9 1 

3 y COS ^'64 J 

-l ^ f2 + 3cos2 « 

~\bm 3 sin * M- 


Ex. 11. Two uniform rods AB t BC, each of length 2a, are 
smoothly jointed at B and rest on a horizontal table with their 
directions at right angles . An impulse is applied to the middle 
point of A B, and the rods start moving as a rigid body Determine 
the direction of the impulse that this may be the case, and prove 
that th? velocities of A, C will be in the ratio y/13 : /, 
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Let each of the rods AB ard 
BC be of length 2a, and mass 
m. Suppose (.V, y) are the com¬ 
ponents of the velocities of B 
referred to fixed axes Ox, Oy 
parallel to the undisturbed posi¬ 
tions of BA and BC the rods. 
Also let the angular velocities of 
the rods BA and BC be 9 and 
respectively. 

Horizontal velocity of G 1 
horizontal velocity of B=ti. 



Let u' be the vertical velocity of (7,; then 
vertical velocity of 5= vertical velocity of <7,+ vertical velocity of 

B relative to G x 

or y = u'—ao 

or w'=(v+<70). 


Similarly the horizontal and vertical components of the 
velocities of G, are (rf— a<j>, y). 

Hence the kinetic energy of the system is represented by the 
following equation : 


T=.*m 


r 


_*» • •» 
a0 


*-+(y+ao) 2 +-f -f(*-^) 2 +.)> 2 + 



Let I and J be the components of the impulse applied at G x 
parallel to the axes Clearly the point of application of the 
impulse is displaced to a small distance by Sx in the direction of 
the axes of x and 5y \-a 50 in the direction of the axis of y. 
virtual work 6 V=I Sx-f-J ( 83 ’+a 50). 

Lagrange’s equations give 


or 



2 .«- 4 =/, ...( 1 ) (2 y) + ag) = J m , 





...(3) —a.'i-\-$ir<j> = 0 . 


• • 



If the system moves as a rigid body, then o=<j>. 

Solving the above equations we find 

^ = I __\J 

d 3 3 — 5 m ~~ 5 m' 
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Thus we see that /=/, which means that the direction of the 
impulse makes an angle of 45° witn BA. 

Horizontal velocity of A 

= horizontal velocity of Gi-f-horizontal velocity of A with 

regard to G x 

=jj + 0=.\‘. 


• • 


Vertical velocity of A 

= vertical velocity of G x -+■ vertical velocity of A rel to G x 

=y + ad + ae=y + 2ae. 


Similarly the component velocities of C are (x—2a<j>, V). 
Resultant velocity of A \/[j 5 8 + fy+ 2a$) 2 J \/(l64-49) y 

Resultant velocity of C~ \/[(x —2a </>)*+y']~ V(HD y 

V(65) //ii» 

- V(5j =V(13> - 


whence the result. 

Ex. 12. Three equal uniform rods AB, BC, CD freely 
jointed at B and C are placed so as to form three sides of a square 
ABCD. If a horizontal blow P is applied at A in a direction 
making an angle a with AB, prove that the kinetic energy set up is 

(32 cos 2 a -f/JJ sin 2 a ) Pf 
84M 


M being the mass of each rod . 


Let AB, BC, CD be the rods each 
of mass m and 2 a denote the length of 
each of the tods. Suppose )i, y are the 
components of the velocities of B with 
regard to the fixed axes Ox, Ov parallel 
to the undisturbed position of BA and 
BC or CD. Let q , <j>, ip be the angular 
velocities of the rods BA, BC, CD 
respectively. 

Clearly as in the previous question the components of the 
velocities of G x , G 2 are (tf, y + ad) and (d — a<f>, y) respectively. 

Now horizontal velocity of C 

= hori?ontal velocity of G 2 + horizontal velocity of C iclative 

to G-i 

— a(j> -a,[>=d — 2a<j> 
and vertical velocity of C 

— vertical velocity of G 2 

-y 
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Let the horizontal and vertical velocities of G 3 be (u 3 , v 3 ). 
Since the rods BC and CD are smoothly hinged, 

velocity of C referred to tfC=velocity of C referred to CD 
1 ' e ‘ x—2a<j>=u z 

and J-V3-4. /. v 3 =y+4. 

Hence the kinectic energy of the system is given by 





+ (y + ai ) )-+ a 'f+(s-a < j,r-+^ + ^i' + (^2 at j >) ! 


+(S+aW+ a 'f] 

M being the mass of each rod. 


Since the impulse P is applied at A making an angle a with 
AB, therefore its components parallel to the axes are — P cos 0 , 
P sin a respectively. 


Obviously the virtual displacements of A are 3*, 5^ in the 
direction of the axes, that of A relative to B is 2a BO perpendicular 
to BA. Therefore 

SU=—P cos a Sx+P sin a (3>’-f-2<7 SO). 

Since the motion is started from rest, hence the Lagrange’s 
equations give, 



coefficient of Sx in SU= — P cos a, 
„ By in W=P sin a, 
n SO in SU=2aP sin a. 


„ Scj> in St/=0, 


„ in 6£/=0 • 

M (3a! — 2>a<j>) = — P cos a, 


Af (3v +00 +<?</,) = /> sin a, 

...(2) 

M (3y -j-4<j0) = 6/ > sin a, 

...(3) 

3*- l6 3 "^=0, 

...(4) 


...(5) 


or 



Lagrange’s Equations 


5S9 


Eliminating s fiom (1) and (4), we have 
/ \ 6a<J> — -j A — p 


- P cos a or «. 


.V= — 


16/* COS a 


Substituting for y from (5) in (2) and (3), we have 

P sin a *\ 


— 3aj, + ad = 


and 


..... 6P sin a 

—4atp + 4ao = — M 

Solving these equations, we have 


...( 6 ) 


P sin a 
a ^~~4M 1 


ao = 


IP sina 
4 Af 


. 4a</» P sin a 

3 3M • 

Now the components of velocity of A are 
horizontal velocity of /! = horizontal velocity of < 7 ,-f horizontal 

velocity of A relative to 
• 16 P cos a 

21 

Vertical velocity of .4 = vertical velocity of Gi + vertical velocity of 

A relative to G x 

=y+aO + ad=$-t-2ao 

P sin a . IP sin a 19 P sin a 


3M 


2 A/ 


6A7 


kinetic energy set up 

= — \P cos a (sum of the horizontal velocities before 

and after the application of the impulse) 
+ hP sin a (sum of the vertical velocities before 

and after the impulse) 

—i ' - ■ (- !5 w-‘)+< '*■"«("‘ *) 

8 P 2 cos 2 a 19 P 2 sin 2 a 32 P 2 cos* 0+133/ 52 sin 2 a 
~ 21 M + 12 M ~ 84 M • 

Hence the result. 


Ex. 13. Three uniform rods AB, BC, CD freely jointed at B 
and C lie on a smooth horizontal plane. They are originally moving, 
as a rigid body with velocity V parallel to CB , A and D being on 
the same side of BC and the angles B and C being at right angles. A 
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is suddenly fixed. Prove that if 2a, 2b, 2c are the lengths of the 

rods and 3m, m, 2m their respective masses, the initial angular 
velocities Q, $ of A B, CD are given by 

5ae=20c^=3V. (Agra 1961, I. A. S. 1954) 
Let AB , BC. CD he the rods 

of lengths 2 a, 2b, 2c and masses 
3m, m, 2m respectively. Suppose 
G lt G 2 , G 3 be their respcctives 4* 
centres of masses. Let t), <j>, </» 
be the angular velocities of AB, 

BC, CD respectively. 

Suppose x, y are the compo¬ 
nent velocities of B referred to fixed axes Ox, Oy parallel to the 
undisturbed position of BA, BC as well as CD. Initially the 
system is moving with a velocity V parallel to CB. 

Let the components of the impulse applied at A be /and/ 
parallel to these axes. 

Now the velocities of G x , G 2 , C? 3 are 

(*, y+ae); (*-b<l, S); (.-i—2b(j>, f+cj,) 

respectively, which can be found as in Ex. 12 above. 



Hence the kinetic energy of the system is 

+ 2m {(* - 2ty)«+ (J>+<**)*+ JJ. 

Clearly the components of the displacement of the point A 
in the small displacement of the system are Sx, hy+2a%0 parallel to 

the axes. Hence the vritual work is expressed by the following 
equation : 


5^=/5.v-|-7(5>;4-2a 50). 


i. e. 


Therefore the Lagaange’s equations give 

EC Si SI -« SI 

6m.\' — 3mb(f) = I, 

6my -f- 3 mao + 2mcty -f- 6m V=J, 
3m y + 4m a o + 3 m V= 2J. 

.W- 28A "^=o, 

2my -f Acnuj, + 3m V = 0, 


_ RT? - 

L tyJo 


...(D 

...(2) 

...(3) 

...(4) 

...( 5 ) 


Lagrange’s Equations 
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since y Q =—V, 0 o = 4=«>o = O- 

Eliminating y from (2) and (3) with the help of (5), we have 

3niaQ — 6mc<j, — J= 0,1 

Amao — Amcy — 2J= 0.J •••(6) 

Solving the above equation, we find that 

.2 J . 1 J 

3 m* Cl ^ 6 m' • • 9 0) 

After the sudden fixture the velocity of A is zero. 

But the vertical velocity of A = vertical velocity of (7, + vertical 

velocity of A relative to <7 X 
= y-f ao+ci) = y + 2j0. 
y + 2ad = 0. ...( 8 ) 

Now substituting for y and ao from (5) and (7) in (8), we have 

J_ 9 V 
m~ 10 * 

Substituting for — in (7), we have 




or 


3 m 9 m 


/. e. — — 


m 


500 = 204 = 3 *'. 

Hence the required result. 


Examples 7 (c) 

1. A rhombus of smoothly jointed of uniform rods is rotating 
in its plane about one corner, which is fixed, when a strin<> 
joining the two adjacent corners suddenly becomes tieht; 
shew that the impulsive tension in the string is propor¬ 
tional to the dilference of the angular velocities of the sides. 

2. A rhombus of smoothly jointed equal rods of length 2a lies 
on a smooth horizontal table. It is struck by a blow I 
perpendicular to one of its sides at a point distant a: from 
the middle point; shew that the angular velocity of that side 

instantly becomes where m is the mass of each rod. 

[Proceed on exactly as in question no. 9 and putting /i=90°- 
we get the result]. * 

3. ABCD is a rhombus formed of four similar rods each of mass 
m and length 2 a, the angle A being 2a. An impulse /is 
applied at A in the direction AC. Shew that the initial 
angular velocity of each rod is 3/ sin «/8»w. 

[Proceed on exactly as in Solved Ex. 9; putting 2a for a and 
(180—a) for ft, we get the result.] 



592 


Dynamics of a Rigid Body 


4. Four equal uniform rods are freely jointed at their ends and 
rest on a smooth horizontal table in the form of a square 
ADCD. An impulse is applied at A in the plane of the rods. 
Prove that the initial velocities of A and Care along parallel 
lines but in opposite directions and are in the ratio 5 : I. 

5. A framework is formed of four uniform rods smoothly 
jointed at their ends so as to form a parallelogram. It is 
turning about its centre with angular velocity a> when a 
point in one of the rods is suddenly fixed. To find the instan¬ 
taneous change in the motion. 

[Hint. Proceeding in the same way as in question no. 9, 
we have 

2 * = / cos p, 

2 (w/j-f/Mj) y=J sin p 

and the other two equations become 




2 

2 


C^ 1 +'" 2 ) (0—u)=Jc sin P, 

b 2 — cv)=Jb sin (a— P). 


Eliminating .v, y, J, p, we have 


2 C"J + (6—oj) = 2 (mj+m*) cy 

= 2 (m x + m a ) c ( b<j) cos a— c$) 

and 2 + b 2 (<£— <u)=2b (ffq-j-Wj) (cff cos a —bcj>). 

Four equal uniform rods are smoothly jointed in the form 
of a square ABCD which is rotating with angular velocity a> 
about the perp to the plane of the square through its centre. 
A point in one of the rods at a distance c from its centre 
is suddenly fixed. Show that the angular velocity of that rod 

becomes and that of the adjacent rod becomes 

immediately after the point is fixed, where 2 a is the length of 
a rod. 



[Proceed exactly in the same way as in Ex. (5) above and put 
a = 9C, b=a, and get the required result]. 

Foui like uniform reds each of mass m are smoothly jointed 
foiming a square An impulse is applied at the end of one 
0 tile ro ^ s so that the end begins to move with a velocity 
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V in the direction of the rod. 

. /4m V 2 


of the motion 


V 5 


> 


Show that the kinetic energy 

(Punjab 1954) 


[Proceeding exactly as in Q. no. 9 by putting a = 90, (3=90, 
c=a and y=V— a$, we get the required result]. 


Four uniform rods, each of length 2a, and mass m, are 

smoothly jointed together and lie in the form of a square on 
a smooth horizontal table. A horizontal blow of impulse J 
is applied at one corner in the direction of the diagonal there. 
Shew that the initial angular velocity of each rod is 


3\Z2J(\6am and find find the kinetic energy of the motion. 
[Hint. Proceed on exactly as in question no. 9 sloved and 
putting a=45° and (3=135 °, we get the result], 

AB , BC, CD, three equal rods forming three sides of a 
square and smoothly jointed at the points B and C, lie in 
a smooth horizontal plane, An impulse J is applied at A in 
the direction CA. Prove that the K. E. set up is 55/*/56m, 
where m is the mass of each rod. (Punjab 1955) 

[Hint. Proceed as in solvedEx.no. 12; by putting a = 45% 
we get the result.] 








